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Since as a rule only the simpler tests are needed to determine the validity 
of the expansions in the various parts of the book, the criteria for convergence 
which are so fully covered in other texts have been omitted. Although much 
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CHAPTER I. 


HIGHER DERIVATIVES OF FUNCTIONS OF FUNCTIONS 
AND THEIR EXPANSIONS. 


1. SEVERAL methods for obtaining the higher derivative of a function of a 
function have been given,* but they are not altogether convenient for purposes 
of application. Some of the leading treatises on Calculus} give the general 
derivatives of only the simplest functions, and in most cases the derivatives are 
obtained by special devices or by induction. Also in the expansion of functions 
the first few derivatives are as a rule found by actual differentiation, and in this 
way only the first few terms of the expansion are derived. 

In the following we shall obtain the higher derivatives of certain classes of 
functions of functions and their expansions. 


eoecyen y= (dg + aye-+ aya)? = wr, (1) 
where p is any real number. 
To fing 2. 
da® 
Letting A, + 2agt =U, (2) 
then by actual differentiation we have 
o =puP-ly,, 
ad 
om = 2 (po) uP ~?u,? + 2(p}) uP Mg, 
d®y ~34, 3 9 p-2 
qa = 0 (Ps)? U4? + 12 (py) UP ~ 249, 
dy Anke ae 24 p=27 2 3 
TAS 24 (py) UP 4,4 + 72 (pg) UP ~310;7aiy + 24 (po) uP - 2a”. (3) 


* aa de Bruno, Quarterly Journal of Mathematics, vol. i. p. 359.—Goursat—Hedrick, 
A Course in Mathematical Analysis, vol. i. p. 34.—Arbogast, Du Calcul des Dérivatives, p. 15.— 
Williamson, Differential Calculus, p. 88.—Schlémilch, Zeitschrift fiir Mathematik und Physik, 
vol. iii. p. 65.—Saalschiitz, Vorlesungen iiber die Bernoullischen Zahlen, 1893, p. 67.—Fujisawa, 
Journal of the College of Science, Imperial University of Tokyo, vol. vi. p. 174.—Meyer, 
Grunerts Archiv der Mathematik und Physik, vol. ix. p. 96.—Worpitzky, Lehrbuch der Differen- 
tial und Integralrechnung, vol. i. p. 140.—Todhunter, Differential Calculus, p. 148.—Bertrand, 
Traité de Calcul Différential et de Calcul Intégral, vol. i. p. 140.—Edwards, The Differential 
Calculus, pp. 57 and 449.—Czuber, Vorlesungen iiber. Differential und Integralrechnung.— 
Price, A Treatise on Infinitesimal Calculus, vol. i.—Dini, Lezions di Analisi Infinitesimale, 
part i. p. 361.—Stolz, Grundziige der Differential wnd Integralrechnung, p. 121.—Genocchi. 
Peano, Calcolo Differenziale, p. 52. 

+ Edwards, Williamson, Bertrand, Todhunter, Czuber, Serret, Schlomilch, Harnack, 
Kiepert and others. 


S.M. A 
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This may be written symbolically thus : 


4 2 = 
mee ike Ci "erty Bag o 


5, 
a =5! iG Ms up—dy,5 + : 4uP-4u,3a.+ (5) 3ur-Sn,a,2| 


2 
We now assume 


[3] 
an a . ie 2 Nee ies (6) 


where E | denotes i integral part of 5 = 
n+1 

We shall show that the form (6) holds also for - _ . 

Now one of the terms of the derivative of the &* term of (6) is of the same 
power in wu and w, as one of the terms of the derivative of the (k+1)* term of 
(6). The sum of these two terms of equal powers in w and wu, gives the (k + 1)* 
term of the derivative of (6). This term is 


nl ype ebay 26 P ‘| Ge (p-n+k) 


nN 
n—-k+1 
#20, Fail A ) (n= 2+ 2) Jagt 


=n! uP (n+ Dtky ned -2k (n + 1) (, oy * 2) (” i = 7 a,*. (7) 
We then obtain 
eae 
qr 2 +1-k 
Stoesni gs el DCE Deron a 


But since (8) is of the same form as (6), we conclude that (6) is universally 
true. 


3. To find the expansion of (1) in powers of z. 
By Maclaurin’s theorem we have 


any gn | 
hae Dy 4 da” |, =0 nl (9) 
and by means of (6) we obtain 
< E p \(n-k ; 
“See ) parents a 


If p is a positive integer, the upper limit of nis 2p. For, from ( Pp “iI n-k 
ye 


cannot be greater than p. And since H is the greatest value which k may 


9 
n+1 
assume, n—-k=n—|>5|=|—,—| cannot be greater than p, or n cannot be 


greater than 2p, 
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a Y = (Ug + Ayt + Ag? + agr?)? = uP, (11) 
we fin 

dry Hag p [2] 2\8 (n-—k\ /k- B 
where » Uy = Ay + 29% + 3ag2?, | 


Up = 2a, + bazar, 
Ug — 6a3, 
and by Maclaurin’s theorem we obtain 
2 k 
teas 
= n p n—k\ (k- B -n+tkg n-2 = 
Se SASSO CGP areas as 


n=0 k=0 
Similarly, if 
Y = (Ap + a4 + Aga? + A423 + agar)? = u?, (14) 
3 2 7 
3 SH) EOCDROC CG 
dx” 6b 2*\n-k) £4 \8/ \E- B/ 54 \4/ \B-Y y 
yp-ntky n—-2k+ By k-2b+1y,8-2vy,¥, (15) 


du du dtu 
2 drt = 38 dz? 4 dat 


The expansion of y is then readily obtained. 
In general, if 


du 
where ly = Tn 
zt 


y=( ea aya) = wu”, where p is any real number, (16) 


m=0 
[t+] 


ee r=2,, 
rw Sa2) OGD & OCD 
a hao 24 \n—-k, 9 \3/ Meyda M4 hn — he 


ko= 
[=] 
2 


De ¢ aa ee es = sae ic ae is ye—n+ky u,” -2kitks |. 
k,_,=0 ip King 2 Kepy Kip 


yg ~ Uhyp_othy—1 yy br-2- Phr—1 Uy kr—-1, (17) 


then 


Up—2 
dt 
where Ue = Fath Uy = Ue (18) 
By means of (17) we obtain the Multinomial Theorem in the form 
r-1 r-2, Kino 
a) [eee] ew aaah [3] eee} 1 eames P 
y= oe DD ( P ) > @ 3) >) ( 1-3 ral 2 ey 
y SS ics n— Ky re k, — ke ee Kya — Kyo kes 
OyP— Mth 2 Aatkea ki 2hetks .,, dy obr-s~2r—othr1dy,_qhr-2- 2hr—1 dy Kr—1.* (19) 
* The Multinomial Theorem as ordinarily given (see for instance Chrystal, Text Book of 


Algebra, part ii. pp. 15 and 16) restricts the exponent p to positive integers. The above method 
also establishes a definite way in which the succession of the operations is to be performed. 
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If in (10) we let p= —1, and a,=a,=a,=1, we have 


1 es 1)nn Seca 
On the other hand, 
l a. 3M+a, 
l+2+e? 1- = 0) > 


m=0 
Comparing coefficients of equal powers of 2, we obtain 


3 = 


for n=3m, S(- ae ")=(-1)"5 


pes 
for n=3m+l, 2 (- BPE sear 
Pat 
zi 3m+2—-k 
Ls _1)k ie 
for n=3m+2, ( Da k ) 0; 


or mS) (as )=3[(- il Gs pbs] 


n=3m+y, y=9, I, 2. 
Derive from (13) 


SF S(2( k io :) ye ex (- 


n=4m+y, y=0, 1, 2, 3; 
and by means of (15) 


Seo SJ Aeon =5 | ( cll co EST 


k-a 


n=dm+y, y=0, 1, 2, 3, 4, 


ec. 
and $= Ga) a 


5. The above expansions can also be obtained by the repeated application 
of the Binomial Theorem, and without the use of Calculus. 


ne illustrate the ened we shall find the expansion of Cid): 
Now (11) may be written thus: 


y= >) (B)aye-nanen, (20) 


n=0 
where V =A, + 4,0 +0527, (21) 
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We then have 


no Si(S)antrece nn 
p= 
ap an oS) >) (1) ago Faghat 


=> 3) aa (0 )agPHagtaP (22) 


So 


ax) 


Letting B+k=K, (23) 
and dropping the accent, then 
n Ste Ss B 28-kg k- Bk ¥ 
at a, ( a =ko.k- Bok, 24 
A\8) “ga \k-p) 3 (24) 
: n = 2n k 
Now a Agy= >> Ap,xst (25) 
£=0 k=B k=0 e-{E] 
2 
and by means of (25), (24) changes to 
2n 


w-Se S (pifgommnrs a 
Letting k- B=’, : 
onda, es) ey ay" k+P gk -28q,8. (27) 


B=0 
Applying (26) to (20) gives 


y= > (7) AyP-” S gnt+k b> @ i a) ‘ a) eat F Pagkage (28) 


kan 
Qe Se Step errmenew. on 


n=0 k=n B=0 
Now, by means of the principle 


io) 3n o k 
SD a a Paes (30) 
n=0 k=n k=0 SUES 


* In (23) the variable is k. Now if k=0, then k’=8, and if k=8, k’=28. Therefore as 
k passes from 0 to B, k’ goes from 8 to 28. Now, from (23), k=k’-8. Substituting this value 
for k in the expression under the second summation sign in (24) we have 
2p B 
Py ( , a 2B -k'g k' -B yk’, 
pop \%' -8/% 3 


{+ Expanding the first merece we ag 


Si 3 Aox+ os Aj,x+ 2 Agxt..t y An, ke 
k=0 k=n 
Writing the terms with equal ees e k in plain and adding these columns gives the 
desired result. 


t The proof is similar to the one for (25). 
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with due regard to the convergency of the series involved, (29) becomes 


28 Fle Cae) 
Letting k-n=n', 
ees 


SoS (LACM Caetano 6a 


which is the same as (13), n and k being interchanged. 


Q,20-k+ Bq .b—n— 28 a8. (31 ) 


6. We shall illustrate the above by a few examples. 
(i) ae y= sig7 tg, (33) 
to find SY / and the expansion of y in powers of «. 


dry dn-1 1 


J E 
Now dans deal yaa (34) 
and by (6), 
n- | 
Uigee -4 n-1—-k Spry st 
eee qn (ley P= (0-1)! y Cay) Vaal k )a-2 ai 


(—2x)"-1-2k, (35) 


—§ 7 \ (a1) F ean 2h 
Por Gens Q2n-2k -—2 (eee ); (36) 


erent (Glare Ge ie Ea) 
tL k oa w= )( oa 


therefore 


ea 
d"y (n-1)! gn-t An. Cre NC Se 


dat ae (1 —2)"(1- a2) trea n—1 k Mead eo 
To find the expansion of y we let in (35), 7=0; then oy =0, except 
when n=2k+1. UAr=0 


Hence n must be odd, and as the exponent of z is then 2n — 2k, k can have 
the value m only. 


Writing in (35) 2n+1 for ”, and then n for k, we have 


d2ntly -i 
da2n+i |. = (= 1)r2n)1( ah 8) 
we —y A2n+ly esa 

therefore sin-1g¢ = 2 da2 mt | =0(2n +1)! 


< —A\ y2ntl 
Gl. ate (39) 


HIGHER DERIVATIVES OF FUNCTIONS % 


and since ( a ) GE a) 
n gan \ mn /’ 
sf oo af an g2n+1 * 
igo met ae 
sin-1z Dien agi lerel. (40) 
a ke 2n-+-1 
ii) Show that tan-l7= Bless Lee 
(ii) at tan -ly 2, ( lay 71 S=7S1 (41) 


(iii) To find the coefficient of 2?” in the expansion of y = (tan-!2)?. 
Now, by Leibnitz’s theorem, 


dy % n n qnr-k uy d*® eh 
TP lao Dy (uae x7, tan aie (42) 


and since, for «=0, the terms in the second member of (42) corresponding to 
k=0 and k=n vanish, we have 


dy N=1 py \ gqn-k-1 ij qk-1 ] 
ze leas” Dy (k) FH Ta dak=1 Tae las ‘?) 
Now, by (6), 
n-k-1 
qn-k-1 ] : 2 Py aay ae, 
Packie ne eek)! >) (-1)"( i ) 
a= 
(1 +.22)-m+k+a(Qx)n—k-1—-2a (44) 
Pet auileetonaioh 
with a similar form Ep 5 res 3 


We then obtain 


Te |, 297 (- (4) (n-k-1)!(k-1)! 


1 


Mea n-k—-l—-a 
aA GINA i ) 


a 


=] 
= le B ‘ Spel =e 
> (- 1)°( ) ea k-1-2a+k-1 2] (45) 
B=0 p £0 

=0, except when n—-k-1-2a+k-1-2B8=0. (46) 

We shall now show that under the condition (46), 
nm-k-1-2a=0 and k-1-28=0. (47) 

For, let n—k-—1-2a>0, then, from (46), /-1-28<0. (48) 
But from (" i rae , follows k -1—28=0; therefore the assumption (48) 


is not tenable. Similarly n —%-—1—2a cannot be less than zero, which proves 
the correctness of (47). 


* In the Differential Calculus by Williamson, p. 68—Todhunter, p. 92—Edwards, p. 85, 
and other authors, the first few terms of the expansion are found by the method of Undeter- 
mined Coefficients. 1 

The result (40) can also be obtained by expanding -— —~ by the Binomial Theorem and 
then integrating term by term. oh 
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It then follows that 


are the only values a and / can have, and (45) he to 


a= 
dry = n-2 n-1 
ae ls (- (-1) 2 i Ce Gat (49) 


Now, since n-k=2a+1 and k=28 +1, it follows that k must be odd and 
consequently n must be even. 


Therefore 
gett | ag (OD (00) 
dx" 2=0 at a eae 
1 1 
122 Di\nate 5 
and (tan-12) => 1)"-z "> eS nea (51) 
1 1 1 1 1 
poe In —Ih+1 set 3a (ge naesT tHE) 


Letting n-k=k’, then 
1 ee 


Ss eSaETI ee ~ ne h—1? ve) 
theref ~1 hee 5 
erefore (tan-12)? = >H- ) = Sha’ (53) 
and the coefficient of a?? in the expansion is 
= ree 
ee iE ea Ce 
This result can also be obtained as follows : 
(tan-1z ee )k— — ; = 1-1 i bY (41) (55) 
= 253 =p ms See g2(n+k)—2, 
a ie on 
Letting n+k=n’, then 
2 ] GS g2n—2 
tan-17)? = | \ eae ee 
( ) open | : 2n —2k-1 oe) 
Applying the principle 
oO ao ao nr=@ 
Ain= PA Or 
ek ; pap) E 


* Expanding the first member, we have 


foo} @ feo) 
S meer Aa, 2a+B + 2 Aad, 2ati+s+ D> Age, 2Qa+2+pt.... 
= = B=0 


Adding S in columns gives 
S= : A + : A + : A = 
a+ fp, 2a a a+B, 2a+1 a ats, 2a+2+...= A A 
0 g 0 a > 2a+2 y nk 
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to (56), we have 


~ 1 il 
ea Nr’. Na es 2-1 


n=2 


1 l 
= — ])\n—1ly2n 
Pa a: Sieur EP 


which is the same as (51). 
(iv) Given y=(1+2*)? sin-!2, 


where p is any real number. To find the expansion of y. 
Now, by Leibnitz’s theorem, 


d"y _ n\ a” x 
Ta (aa (1 +02)? sin a. 


Then, by means of (6) and (35), we obtain 


n—-k—-a 


Ls us iz ( p ) (OF batyp nts 
a=0 


dx” mst a. 
pa 
-4 k-1-£ 
(-1)8 ( 2 ) ( ya — 42)B-k+4 (Qyp)n—1—2a—26, 
op k-1-B B 
Now Ta | =(0, except when n-1=2a+ 28, 
da” \z=0 
or n—-k+k—-1=2a4 28. 
But from (ager n—k= 2a, 
and from (a k-122£. 
If we assume n—-k>2a, then by (62) k-1<28, 
and if we assume kK—1>2/, then n-k<2a. 
Therefore only n-k=2a and k-1=28 


are admissible, and m and k must both be odd. 
Writing 2n+1 for n and 2k+1 for & in (63), we have 


n-k=a and B=k. 
We then obtain 


GO & (=F / Pp ) 
Ta |, 7 2"+)! »a 2k +1 Carl ky 


But from Ge wy n—k=0, and k cannot be greater than 7. 


ef n Qk 1 
Therefore a DS, sei Pe 92k ee 7 ( ) vie + 1° 


(58) 


(59) 


(60) 


(61) 


(62) 


(63) 


(64) 


(65) 
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This result can be obtained more directly thus : 
Applying the expansions 


C) ab 2n+1 
(1 +27)? = »), Gat and sin-ly= i - Ii, os a 


. Fm —_ 2n+1 
to (59), we have 


oo oo A y2(k+n)+1 
—1)" cee 6 
= CE) 2A) ea 66) 
Letting n+4=n’, then 
Sy Beng Se gent 
y= Qu I) EDNee de pre oD) 
Now » An = > > Ay nae (68) 
k=0 n=k n=0 k=0 
with due regard to the convergency of the expansions. 
Applying the principle in (68) to (67), we obtain 
ao n 
N m2 rg 2 ey 
ae, oa 1)" (2) (4) eee (2) 
Letting n-k=K’, then 
Fa Tea 
sf ye ee )( k eae 
which is the same as (65). 
(v) Show by both methods given in (iv) that 
n n 
A ty S p i) 
Les a a) ea ok + 1 CY 
[a | 
<7 it “ ( i ies P 1 
and es A Ia ol at 24 n—mk (7): (71) 
(vi) To expand y= log (72? — 5x +3) in powers of «. (72) 
We have 
qn— 
(140 —5)u, where w=(72?-52+3)-1 and oy ee sy (14a —5)u], 
Then, by Leibnitz’s theorem, 
d”y n-1 m —1\ dn-1-k dk 
Ea bape (le 5) ra 
qnr—- qdn—-2 
= (14a - 5) ee Ot 1A (n- One ree (73) 


* Expanding the first member gives 


ioe) n ao 
= > Aont+ > Ajnt >» Alen Enna 


n=0 n=1 n=2 


Writing the terms with equal indices of m in columns and adding these columns, we obtain 


0 1 2 eo 
= > Arnot > Anat > Anet...— > >) Ann. 


kd 


k=0 k=0 k=0 n=0 k=0 


HIGHER DERIVATIVES OF FUNCTIONS 11 


Now, by (6), Ea 
Tai] ns(s). CEU UD IEG: (ae a \ (3) (74) 
r 2 


ee een ee 


Then, by means of oD and (75), we ‘Shiai from (73) 
n-1 
dry foe ] p(%—-1—-k\ (21\% 
fee hel pt dee )Gs) 


see te 1 (" Sad ) (76) 


Hence y=log3—- x (5)'s ys (77) 


= 


where S,, is the expression within the brackets of (76). 
This expression may be reduced as follows. 
We may write 


omar aL Son “e )G5) 8 ve aa) (5) } 


Now, since the upper limit of the first summation is E | if n is odd, and the 


term corresponding to b=(5 Ne is zero, if is even, therefore 


[: oer (m1 aie 
rer? hana) ara borers | eC) 


bo 


k= 
Bales f -1-k -k 
But ee aaa) (80) 
n 
te 1, (ena 20.8 
hence tn ps —F( k ye 


z nm —k\ (21\* 
—-( k \(&)> (81) 


i= 
SU ONT [2] —1)¥/n —k\ (21\* 
and y=log3-} (5) Data al I \(55) (82) 


In general, if y=log (a) + a,7 + a2"), then 


rare Sr ECE 


n=1 


from which log (1-2 +22) = - S)a™S) 


n=1 k=0 


Sn =I (mB) 


OPERATIONS WITH SERIES 


12 
This result can also be obtained without the use of Calculus as follows 


We may write 
oe +B a+ 2), 
Ay a 


Then = 


SP Z00"@" 


k=1 a=0 


Letting k+a=n, then 
Breet 00 (-1)* 2k k ) ay ie gn: ie 
[Ae k (oe G ie) es 


But 
k=1 n=k n=1 k=0 
E 
oo 2 —2k 2 
eve = (-1)¥ (n—k\ (a,\"* =) 
therefore y=loga)— De C1) ae 2» Pease ( he} @ 


S Sayers : mS 
WE % pa ») (@) i mn-k\ & Gee 
Now log (1-2 +2) =log 5* Fe ye es, 
n= 


then 


(oo) gn co x 
el) ee) ‘jiocaaae 
n=1 n=1 


* 3n—1 
= a mes -1 x <i Ces b 5 
2, ( ie Spo oa a) 3n — 2” 
= Qg8n gBn-1 aes 
= 2\enge Ss = ; 
therefore log (1-—a#+.?) 2, ( Dal Seca reea tae 
fe] 
2 ae jh 9 
(—1) Ge ")a(-1ym 2, 


and we obtain oo a i k 


Bese 
2 (=1)F (38m-1-k\ _ 
> ial k J=CU* sor 


[Pe 
: (-1)F /3m-2-ky _ eee 
Sal k )=(- Me 


k=0 
We shall next derive a formula for the higher derivative of a function of 


doe 
a function which is applicable to a wider class of functions 
If y=(w) and u pe then 
eS a (EN ee ee ey 
a rte ena caer ae (88) 


= a 


To prove 
By actual 
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this formula we proceed as follows. 
differentiation we find 


dy _ dy du _ du 
2 ~ du da A ip re 


” d 
Tan ow) Tat "CO (F)> 
dy d3y See deen 7, 2 
Tan (0) eat 38" (w) Fa e+ o"(w) (F2) 


COO meee remem errors seer ee eae nse sseerseesee seer e ese eeeeeEeeeeseeesese 


(wu) + S28 (uw) + 22 6"(u) +... + 8 Hom(n) 


= 57 FMC) 
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(84) 


where the 4’s depend on w and not on y. For a definite u the values of the 4’s 


are therefore 


the same whatever y=¢(u) might be. 


Letting y=$(u) =u 
d"u 
then pat 
Assuming y = $(u) =v, 
we hay a a 1)4 u (3) 4 
ae dx” 5 EGY Cee 
If we let y= U2, 
Nye 
then is = (7) Aw? + (5) dau (5) 453 


and if we assume 7=w?, we obtain 


d”uP 


a = (4) 4ywet+ (5 Agup-2 +... + (2) Apa + Ap. 


85)-(88) for 4;, we have 
1 0 0 0 Dru 
Qu 1 () 2 O Dry? 
3u2 ( u 1 O Dru 


COC e ee eee Oe ee ee eee eee e eer Sonn Heese HHT OSO OOO HOCH Ces eresesereees 


kuk-1 (Gu? (5 )ut? ku Druk 


(85) 


(86) 


(87) 


(88) 


(89) 


8. The following method will render the value of 4; in the form of a 
single summation. 


“By means 


of (85) we obtain from (86) 
anu? a d”u 


2 ae 1) der 


(90) 
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Applying (85) and (90) to (87) gives 


or written symbolically, 


ty) Eo 


Letting 3-k=i’, then 
3 qd” 
A,=(-1)®>)(-1 eS ak 


k=l 
In a similar way we find 


s 4 d” 
A,=(- Dae - Dr) ut—k ane 
We now assume 
Ls k d” 
Ap=( -1) pais Date ) Ces peer 


and will show that this form holds also for 4441. 
Letting y=u*+!, then 


da” 


dr yktt 


Py ea 
Sire = . ) Aautti-a, 


and by means of (93) we have 


from which Apsi= 


drykrl q” 


. Ra a a 
Arai = dan eae ry ( ai Jame 57 (—1)e( 2 wera 


Denoting the double summation in (96) by S, and since 


SL SS Selene 
a=1 f=1 Petey. 
(= 1)Puk+1- amt So (- Ds (Gialca): 
NICE SA 
hence 8-3) —1)! je Caner aw - igiGeeee . 


Now, letting a- B=a' in 
E a(k+1-B 
> (=e a 


a=p a—B 


k 


ah 


therefore 


* The proof is similar to the one for (68). 


wettn(*FT) guar g (M4) ) 4, uk-l 4, ("4") Anu Ane, 


(94) 


(95) 


(96) 


(97) 


(98) 


(99) 


(100) 
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then ee eS (- Dae ae ) 


k+1—, 


== e( p) (-1)FH=(-1)8 (101) 
Applying (101) to (99) gives 


Z k+1 a” 
S=(-1)* — 1) k+1— 6 yP, 2 
Sm (1) > 1) ( B ) a+ ae (102) 

Then, by means of (102), we obtain from (96) 
qryk+t k+1 d” 
Ansi= ga +(-1) i (- ) ne )utn aw 

k+1 d” 
=(-1FH1S*(-1 a( )ubtis ©" us, 103 
(=p (aye ("G) ete (103) 


which is the same as (93), except that £+1 appears in place of k. 
Substituting (93) in (84) gives (83). 


9. For the purpose of illustrating some of the methods of the operation 
with series, we shall show the validity of (83) in the following manner. 


We have = 2 & ; 
ack oon 
from which (ey = "aye - (7) u Ta (105) 


Applying (105) to (104), we obtain 


d’y dwdy , 1 a ee (7) - Puy dy 
da? dat dut 21 AG dx? \1/) dx® |du2 


2 k : 2 
= (2s 16) ae du dy 
ttm k} 24 oe a X dae ae (106) 
Thus (83) holds for 7»=1 and n= 2, and we shall show that it holds true in 


general. 
Differentiating (83) with ey to a, we have 


dttly (1) ah a drut du dé+ly 
dant1 aa ie k! Sie) (a)  da™ de dub} 


Bi (oe lye kee k a Oe” du dy 
i o4 kl 2. | = (4 )e- De ade da” dx duk 
Bel es afk dntiy* dky 
+>! a a) (1) ES Tr Tuk (107) 
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We shall designate the double summations in (107) in order by S,, S, and S3. 


1 /k 1 lpi 
Then, since ag) -9)= Gaol a ) 
we may write 
a (—1)k-? SI a *) ak drut du aby 
Se= ger SON, NS dt dda dak 
Letting k-1=/’, then 


=, (= TF " aru® du dktly 
3,-- SG He a a da” da dxkt) 


(108) 


(109) 


Now (109) with sign changed is equal to S, minus the term in 8, cor- 


responding to k=n; therefore 
(-1)"*/< M\ ng uur du\ dntly 
SO aor Ss (-() da” da) dar+i 


sila) “@at 2 )@+i-a) 


n a n+14,% 
dud™u* ad Deen te u ay eee ue 
dx da” dz dar dgn+h 


Then, by means of 


and (n+ 1-—a)ur-% — 


(110) becomes 


(-1)e1 n+1 _ det ly® dntly 
Vote <—T. ye )*( i ms sea! 


da da” J dur 


(AUP Saye (M41) d (guts a eh aety 
a 


mary oy 


Let —])n+1 s (-1)* Co ‘) E(untina ae) 


n+1 i 
=(-1)e1 aC 1) lee! )unti-a = P 


Now ( ar Derr (” ee ynti—a — ((ett—e)) (1 => un yer ~ = 0, 


and al a dam r =u’ 


then by means of (113) and bay (112) becomes 

chars il 

da 1 —ur’ 
Ayr 

a Tien % Z 

da” l—ur (1—ur)ntv? 


where A, is a function of « only. 


paf aces) (1 — ur)nt+1—_ 


But 


(110) 


(111) 


(112) 
(113) 


(114) 


(115) 


*Where ((7”*1~%))(1—ur)"+! denotes the coefficient of 7+1-@ in the expansion of 


(lary. 
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n 
Therefore p=5 B (toat)) 2 0, (116) 
—])et1 n+1 afvtl drtlyt dn+ly 
and CRU ee Gat 7 dat CS wu eee (117) 


But the second member in (117) may be obtained by letting s=n+1 in S53; 
hence 

dntly aN as k , atte dky 

dgn+1 pare el ae ") uta ie dxntl dyke (118) 


This result being of the same form as (83), it holds true for all values of n. 


10. In the following a few applications of (83) are given. 
(i) By means of (83) to find (10), which is the expansion of (1). 


Letting in (1) AL + Ax? =U, 
then Y= (ay +u)?, (119) 
and by (83), 
qn n k qn gd 
ao aS rane -1¥(5 3) ar aa? k# p Son (dae + ayn)? (120) 
dus qd” B 
Now ——— ( Ja B—yqyeBty 
da” ap? ep se 
=n! i) & a) ayP—Yagyab+y—n, (121) 
y=0 \Y ee 
dty al 2 
and Ea kI(T) (ag + u)P-*. (122) 
Applying (121) and (122) to (120), we have 
d”y 


Pty Sc—0" (0) cba Sate (pera 


SNC erates 


=0, except when k-n+y=0, ory=n-h, (124) 


— 


23) 


dy 


and == 
da” |, +0 


in which case 


a eM y(2)4(- uate. kat 


Pies Pal (125) 


Now from io. k=, and from (Gees) B=k; hence B=k. It then 
k + 
follows from (2 1) = fe i a that k= n : i; 
qd” 2 k ae 
Therefore al ani > ¢ ) (; i i) dp? Fa,2k—-"agn—k, (126) 


ee EP] 


S.M. B 
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Letting n-k=K, 
= [2] p \(n-k 
then y= >> xr 3S, & "4 “ii k ) age -*+Fa" Pha (127) 
n=0 k=0 
which is the same as (10). 
(ii) Given y=(1+2™)?, (128) 
where m and p are any real numbers. 
To find ay 
da” 
Letting in (83) w=a™, we have 
dry n! e k\ (ma 
ay aS (Qe Scan(’)(") aan 
If p is negative, we may write 
- +k-1 
( ee aa (130) 


If m is a positive integer, then from (ec it follows q= las, and that 
m+n-1). ig Ue 
a is the smallest value a may assume. Then 
dry nly = se k\ (ma 
dx” a an 2 pee ay pee ce ee (S (5) n ). (131) 


-(" ae] 


(iii) Given y=a0(1 +a™)P, (132) 
where g, m and p are any real numbers. 
To find ie 
dx” 
By Leibnitz’s theorem, 
ary ~ © tek ge 
oe Be age} Fan le») 


Applying (129) and 


qdr-k de ff ! ie ‘e k) 1gq-n+k 
to (133), we obtain 


dane — 
ae a )>,(-1 y(t eS (Sisece 
tana 2ihn=e) 24D a)errame y-*(e)() a8 
2 mp ; 
Now Pt -1)°(4 \CE =o, if k <a, (135) 
as this principle depends on 
a 
SS) (41) (f) B=, ify<a. (136) 
p=1 
We shall prove (136) first. 
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From (¢ -1)*=(-1)*(1-e)*= IFS) =1"(5 ye 


p=0 


=(-1 35 sc 1)° (8) 8% 


we conclude that S,=(- 1s! Bee ((a)) (e% = 1)*. 


a 
Now (e@— 1)* = mts tates) 
and since in (139) «* is the lowest power of 2, 
therefore S,=0, if y <a. 


We are now prepared to prove (135). 
Since (™ ) is a polynomial in £ of degree k, we may write 
m Lee 
( k ) os kt a B", 
where A, is independent of f. 


k 
Therefore S| = hi 2, (-1)8 a > A, (3° 


Now, if k < a, and since y =k, hence y < a. 
But S,=0, if y < a; therefore from (142) also S, =0. 
Then (134) becomes. 


ae Shien yt W(t ees Ena: ee) 


0 


gna 


= PAG n(@ eee *(p > ate: we) 


Now = ( < ) (oP) = > ((a"—-)) (1 + &)9 ((x*)) (1 + a)B 


= ((a"))(1 + a)etoe 


“(2 


Applying (145) to (144), we have 


ae aS (- (2 lar en) 


And since et (4 =o if a n,* 


therefore a cannot be ae than n, and we obtain 


Sa ae (Eee (BCA) 


* The proof is the same as for (135). 


19 


(137) 
(138) 
(139) 


(140) 


(141) 


(142) | 


(143) 


(144) 


(145) 


(146) 


(147) 


(148) 


20 OPERATIONS WITH SERIES 


(iv) We shall find the expansion of (72) also by means of (83). 
Letting 7x? —-5xz=u, then by (83), 


wl oS Sr (' ate 2 Baya (Ta? ~ 52) =log (3+ 0). (149) 


But a ~ 5a)*=(—1)Pm1 54 (—)9(p) 52-87 E) aes, (150) 


dk del] (k—1)! 


ey Aiyeet ; 
aud dk 8 BY) = duk-1 3+ ca) (3 +u)* 


Applying (150) and (151) to (149) gives 


ae isn (e 72 k—-a ~~. = ) a+p a—p aise ‘ 52 
Ten Boy (g)t8) pa a eZ )p 7 S+uF (152) 


Then wa | =0, unless 8=n—h, in which case 
b \x=0 


aL. a (-- LOS, mG one nr Neer er (153) 


Now from ras a=k, and from &) k2a; hence a=h, and (153) 


becomes 
d™ T\tS Bie Tk 25\* 
ee ee a (154) 


We then have 
yabes Bae LGM GY 


nm+1 
y 


yalog3-+ 5)(—1)"-1(2)"a ss Gn (156) 


z=[" | : 


(151) 


But since k= n -k, 


] is the smallest value of k, therefore 


and letting n—k=k’, we obtain 


which is the same as (82). 
(v) Given y 


ll 


(1-23 +27)”, (157) 
where p is any real number. 


To find the expansion of y. 
Let #3 -—a27’ =u; then 


a = od ~1)8 (3) 730-48 = 7! D2 aye Cs le 2 y8at48—n, (158) 


dk 


and 3 (L-u?=(-1) xi (F |) CL = Wye (159) 
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Applying (158) and (159) to (83), we have 


mem Sy(- vet Ja-wr S(t \\ OL a DG Wey 


¢: ree, ae sk+48—n, (160) 
dry 


le NOE, (161) 


and since 3a+48=n, it follows that 3a-—3k20, and a=k. But from ie 
a=k; hence a=k, and 


any 2 /p\ & k\ (3k +48 
te = ! = 3h = 
ale mt (7) Dy (3) ( n je ie | (162) 
The solutions of 3k +48 =n are, 
k=ky, ky-4, ea 
C=By Bot3, <-> Bor an 1) 


where ky=4 [5 | —-n and £,=n-3 Hi 


Now 6 =k, hence 8,+3(m-1)=k,-4(m-1), or 
Therefore 


= n|_2n 
m=1+| "| 7 
dry 


D+[3]-7] eal 
To (-1)"n! dD ( ple 


p [5 ]-»-4@m-1) 
164) 
[f]-2 aon, Han ae 
2 b+L3)-7] [t]-m—1 
and (1-23 +27)? = S) (—1)r2" Se Gl) 3 
n=0 m=1 
P [5 |-n—4(m- 1) 


LE a= 4 (Mh We steyese-n) (165) 


Expanding (157) by the nae Theorem, we have 
y= (= yee (7 AG Pee 
Dp» b 
and continuing as above we obtain (165). 
Show that 


(1 + 27)?1(1 — 23)P2 


§ Ea -] Ps Pa : 
eee Fo! (-1¥(,-9[22)-2)- aee7[ on) es) 


* For additional expansions see Appendix. 


Then 


(163) 
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(vi) Given y=e”, p any real number. 
To find = A 
Letting in (83) w=c2?, then 


v4 = wt chat S(- Cea) (167) 
and if p is a positive integer, 


dry = oy > ou ckypk > (“1° Ge (168) 


da” e n 
pope A 
11. We shall next obtain a formula by which the higher derivatives of 
a2 \P gp aP 
Gs - ) > sin?z’ (e*— 1)? 


and similar expressions can be more readily found than by (83). 
If wis a function of 2, we shall show that 


Dg (WARD (= YP ON OO 
aan >=p( pd @r Baa (169) 


(0 rm ae 


Letting y=u?, then 


aw => Oar a by (83), 
= - 1)*uP-a “ut > (- a He) by (97); (170) 


and sinee (-i9 (171) 
n n = 

a= > (- (Fone ao” ya S(- 1G 8) (172) 
Letting k-a=K’, then 


s= >) (- (27%) = (-1) Pe a\G (173) 


and lettin : n-a-k=k, 
s=(- 0 S)(- (252) 

=(- 1S) (OR) +a)-M(@mma-by (app 
=(=1)((ar-a))(1 taye—a—1 


=(-1)" Ay) (174) 
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Then (170) ee en a into f, 


5 3(- yr S(- 1e(? Nee Me ar ca! (175) 
If p is negative, then 
- +k-1 
( {)=(- : ), (176) 
fies) n+p 
ee a (177) 
ees R+p\ _ a) ae 
a CEN, am 
Applying (176)-(178) to (175) gives (169). 
be FAs con Ne 
(i) Given v=(a-7) : (179) 
d"y 
To find dan 
Letting “ih =u, then by (169), 
| n+p (- 1) (n\ (a3 -1\-?-* an Ne 
ten =nip(”* pare (7) ( = ) oa(*-z) (180) 


nA) EEY ardor 


g3k—3a+2p—n (181) 
Now if «=0, 3k -3a=n — 2p, and n= 2p, then 
n+p 


a A =(-1)"(-1) ® nlp (| Nees) 
Pate 
teas 


an) 2 rr Me SOO) 
Sree 


only those values of m being admissible for which » +p is a multiple of 3. 
(ii) Glaisher* obtains the coefficients of the expansion of 
x 
log (1 +2) 
in the form of determinants. The method used cannot, however, be conveniently 
applied to the expansion of the more general form 
gP 
Y= TogP(1 +2) 


*The Messenger of Mathematics, vol. vi. p. 50. 


and 


(184) 
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Now, letting v= et (185) 
then, since u-?-*),29=1, 


we have by (169), 


Eee) _p(®tP\< ) | 

5 | x enue »("? pater F(; dan pO. Oe) 
To find ae =| , we write 
=0 


da” 
akuk =log*(1 +2), by (185) ; 
then by Leibnitz’s theorem, 


nt+k n+k\ drtk-a d&% qn+k 
py ( a \ ae =a at a wl a dante og" (I +0)| (187) 


Now as the first member of (187) vanishes except when a=, therefore 
n+k d qntk 
( i )itar *| ag dente Og" ( +2)] 


Oe mi gtk 
and an iP (+b)! dante log*(1 +2)| ae (188) 


qm 
But a &" logk (1+2)| cp agnlogts | OD (189) 


and by successive differentiation we find 


qm ye— af ae k 
om logta = 4 SM eal Jat (logayi-*; (190) 


qnrt+ qnrtk 
hence or log? (1 Pl are tape | a 
=(-1)"#! Qnaz-1,n- (191) 
Applying (191) to (188), we have 
ih nik! 
ele G8 Gray Ontk- 1,n- (192) 


Then by means of (192) we obtain from (186), 


a” = Th +p (ez k! 
ee | a y) nip(” n yoy pth Jaap EAE) 


zP 


n n = 
and ERED GSD Y (me pa) pe Onttcasn: (194) 


We shall now show that Q,,% is the sum of the products of the numbers 
LORS oe eat taken k at a time. 
Letting m—a=a' in (190), we have 


log* x. (195) 
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If we let D represent the operation of differentiation with respect to log «, then 


CA ee k 
dz 08 x= = Dog 2, (196) 
dl? 1 1 
TB log*a = aD log*a - Z D log*a 
ih 
If we now assume that 
(ie ek ae | yk 
Jam 10g «= D(D-1)...(D-m+1) log as (198) 
we find by differentiation that 
qmti x 1 7 
qgmai 10g @= ari D(D— 1)... (D-m) log z (199) 


thus completing the induction. 
An expression for Qp,x% will be given in a subsequent chapter. 


12. The higher derivatives of functions may also be found from their 
expansions, if they can be readily obtained without the use of Calculus. The 
processes, however, by which the results are arrived at are in most cases very 
laborious. The methods will be illustrated by the following examples. 


(i) Given y=(1+2™)?, m and p being real numbers. 


To find cad) from the expansion 
o nn din To p 


y=>) (3) gmk (200) 
k=0 
: dry m D\(UEN pam : 
From (200) mn GG ( (201) 


a=0 
: dry miyQ(-p—\Q (p\ (mk 
we obtain da” = ape a Dake k: ( oe amet, (202) 


Letting k+a=a’ gives 

oe EDA Oy ate 

da* a" a4\ >) b)\n]” ; (203) 
Then by means of (68) and letting s -a=a’, (203) becomes 


P ie) 


dry ny ree ele ee) 
mapa aa) a) \ oa) 
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k-a 
SDN aya] £ GN eee ae 
nen a 9( B jean): 
Letting a+ B=(’, then 


eo orie Bint aG- 5 


Me 
ve ae 


and a 


dx” gr 


p 
22S Sem IySy-o no 
p 


= ye(2 nde rE ae by (97). 
ae Dy (ea) (Gent — a Sea 


i 
n { 2) 
therefore eat > (- 1)?( 


0 
) (1 py —1)*% (6) ea 


Now, if B>n, x Dee) (=o by (135) ; 


we then obtain 


dry niys Wi aatdee ee a (k\ (ma 
Ee Ore 2! | a: 


which is the same as (129), 


(209) 


(210) 


* Any Binomial patient can be expressed as the sum of the products of two or more 


Binomial Coefficient 


b 
(*) => (755) Ca <i} where x>b-k and <a-k; 


(a and arma ene) (a) 


We then have 


z ee ey ee ka 
(p= DE* (sper p) sO DEr® S (oP) +0 ?-8 (aka By Lay -t 


“05 (5)(04) 


and by means of HoGAE (-1)k-a-8 ire a, we obtain (205). 
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(ii) Given y=e°?, p any real number. 


dy ; 
To find — from the expansion 


dx” 
a chk 
y= >) kt 
f=0 *: 
dry nick /pk\ 
Then ean )® ; 


Introducing in (213) the function 
G toe} c& 
ye ss Dae Dee 


f @ =, ice) y ve 
See dry _ 2 een ae Salle CS) Bry 
7 i eer OU re LN 


Letting a+ k=a’, and applying (68) to the result, we obtain 


dy _ YS am S(—1)e(#) (PEM, 
y ie a nN 


dry _niy& t= DF Ke Ay a k pay . 
dx m Oy aa ae Da!) ‘eleez 


a=0 
k k 
and since, if k>n, »\( Det) (e) =0, by (135), 
a=U 
dry my Q(-1F pak a(h\ (pa 
therefore Pree a De a 24 -1) (Cr) 


which is the same as (167). 
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CHAPTER II. 


HIGHER DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 
AND THEIR EXPANSIONS. 


1. WE shall first find the expansions of sin z and cos. 


(i) If y=sinz, then C4 = sin («+%) (1) 
Be ee 9 
and y 22; at bana (2) 
x dry | - nT 
Now eM =sin => 
=(, if m is even, 
n 
=(- 1L2], if n is odd. (3) 
Writing 2n+1 for m in (2), and since 
deme |, 2g 7 6 1)" by 8), 
therefore Tae ) (n+ 1)!" (4) 
n 
(ii) If y=cosz, then aan = C08 («+ es (5) 
n 


n 
=(- pel if m is even, 
=0, if m is odd. 


(oe) gen 
4 U_= = n ° 
We then obtain y 2, 1) (2n)! (6) 
2. (i) Given y= tan a. 7) 
To find a and the expansion of y. 
uy} : 
Now a es a 
dn . dn 
ae a = 2% aay where wu =e, (8) 
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Then, by Ch. I. (83), 


TY _ (ont. (1) ) yest (9) 
don = (22) yD Die ) é o ET 
je wa sin ent 
But Sees (Os ea 
: (u 1)FEL 28 cosk=1z cos*a 
= 96ri seck+ly (cos k — k—-la+isink—12); (10) 


nN 
and since i is real, then, by means of (10), we obtain from (9) 


dn nal : : k 
ae a, tan v= (= 1)9+1 2895 7 secktte sin (k= 1)2)(- "(qa (11) 
f=1 


a=1 
and 


2n+1 2n+1 k 
Ganzi tan a= (—1)n+122"+1 2y 3 aa Deere ae cust) Je (- Ne yaie ome (12) 


Combining (11) and (12) gives 
dn — =e Wg —— 2 k 
qn tan a= (yl? Fans) soot*tesin (5 8+k—12) 5) (-1)8(¢) a" (18) 
where a 
— a" ae 
Now tan “= x re tan | ih (14) 
d si i 0, by (12 15 
and since yatane| = , by (12), (15) 
enti peat k ‘ 
and rear On | =(—1)n-192041 is Gy gm by (13); (16) 
therefore 


g2n+1 anz1 7 


.) k 
tan 7 =2 (-1)" ari Q2n+1 24 3 7 y (-1) at att (17) 


This result can also be obtained in the following way : 
Wes ea 
(w+ 1)etl Qh+1 


in place of (10), then (9) becomes 


jn 1 x 
a (27)"+1 sec2z Sy aeq (1h +7 tan x) ey Dey ,) ar. (19) 


Separating the expansion of (1+itanz)*-! into its real and imaginary 
parts, we have 


Writing sec’a(1+7tana)k-1 (18) 


(1+étan 2)*-1= Nog +iNoga1, 
k-1 


2 
where Nop= >) (- (“5 28 *) tan2®e, (20) 


B=0 
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2 k-1 ) ‘s 
= = B+1y, 21 
and Nogi1 = > ( 1 (vat tan HY ( ) 
Therefore, when n is even, 
an 1920 seota St ES (—1)8() aan 29 
qa ;, tan = (-1)"- 2°" sec*a ” pa 24 ( =) ( QV 28415 (22) 
and when z is odd, 
get n-192n+1 gag? aor ice a(k 2n+1 Ny, 23 ° 
dane ban & (-1) a sei) ae a) @r 2B> ( ) 
Combining (22) and (23), we have 
at | k k 
—— tanz=(-1) 2" sec’a S| (= 1)*()aNapiy (24) 
k=1" a=1 


dx” 
where joeoeal 

To find the expansion of tanz, we let =O in (24), and then obtain (16), 
and finally (17). 

We arrive at (16) more directly by letting x=0 in (9) 

(ii) The expansion of y=tanz can also be obtained without the use of 


ok 
-1)#( “e) sin2*+1,, (25) 


Calculus, 
sin & 
We have y= 
(l- sin?z)? i=0 
To find the expansion of sin**+1z we proceed as follows 
sy ek+1 (kare END EL i 
sins“1 27 =e (eit — e- tx) 2k+ (26) 
a k-1, 2k+1 9 
atl ks (-1)* UBT) geet ee) 
y2k+1 a 
a=0 
2k+1 


(al Paen aa" afzk+1\,. 
=e tal ( +  )@k+1-2a)". (27) 
(28) 


We shall first reduce 
1 . 
ae *) (2h+ 1 — 2a)". 


2k+ 
8-3) (- 


a=0 


2k4+1 
(-1)2 re es1-2 a)", (29) 


+>, 


Ww 

k 

s=(-0 0B) (2k41- 20)" 
a=0 a=k+1 


No 
Designating in (29) the first summation by S; and the second summation 


by S,, and letting in S,, 2k+1-a=a’, then 


x eel Heth <p foes 
$= ->4(-1*( fs )(2a-2k-1) 
= (1rd (=e (7!) one 20jn=(—1) 1g (30) 


a=0 
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Applying (30) to (29) gives 


S=[1+(-1)"-1]8, (31) 
=0, when 7 is even. (32) 
But if m is odd and =k, we obtain from (31) 
S= PS (2 ree *) (b+ 1-2 q)2n+1, (33) 
a=0 


Letting k-a=a’, 
2k+1 
Soya ones Ga + 1241, (34) 
Then, by means of (34) and nebo that n=k, (27) becomes 
LS 2k+1 
2k+1>,— __ a 9 2n+1 
sinthtta mae 5) (1) pe 1) ae Oat. (35) 


Applying (35) to (25) gives 
az & 2 
tane= 5) ( ce i, Vy (-1 (- "On ean DS, (-1)% (reas L272 (30) 


=0 


aaa k = 
from which, by means of ( ope as G 3 and the principle, Ch. I. (68), we 
F k 22k 
obtain 


tan z= yi (- oop we e Sy p(T AD) eae vee (37) 


=o 
3. (i) Given y= sec x.* (38) 
To find a and the expansion of y. 
Letting in Ch. I. (83) u=cosz, we have 
By en 7 ap a ge 
nie pan aia (im Sepa (39) 
=37 (-1)%seorHae costes ("), by Ch. I. (97) (40) 
= >, (-1)*sec & an cos" a}? PY Vt : 
a=1 t= a 
n k n 
But SA )=(@) >) (1 +2) 
k=a a. k=a 
= ((08+3)) [(1 +2)" — (1 +0)" 
n+1 
Cay ee 


* Stern, Journal fiir Mathematik, vol. 79, pp. 67-98, finds by potual differentiation the higher 


x 22 
= ee PA | aimee and pa =» up to 
e+e? e+e 


FP) (x) = B(1385 — 7266Z + 10920Z? — 5040Z*), 
F'(8)(x%) =A (1385 — 24568Z + 83664Z? — 1008002 + 403202'), 


but does not give a general form of the higher derivative. 
Shovelton, Quarterly Journal of Mathematics, vol. 46, pp. 220-247. 


derivatives of F(x)=sechz in terms of A= 
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and (40) becomes 


dry n+1 d” 
Ten oy (EGS 1) sett gen costa: (42) 
n n 
Now = coska = a (e!% + et) k 
Te eave . 
ae ye (k—2a) 
Dk ods (Ae a) 14% 
=> (a) Bayne, (43) 
a= 


and we obtain 


dry | (en): a) Rebar é (ae) . __ Vy\n 
ait >) 5 ee seck+ iS) a) = 2a) 
[cos (k — 2a)a+isin(k-2a)a]. (44) 


Then when n is even, 


J2n 2n ¢ _1\k 7/9 
iaseen (<r GM act, (t-te aa, 


k=1 


and when n is odd, 


gent ee yh one Laer al 
qaanri see 2=(— 1)" a4 ( 5 eee ) sects Se @ (k — 2a)2n+1 
sin (k — 2a)x. (46) 


Combining (45) and a fee 


se (32 a seclstr (ae — 2a)" 
COS G B-k+ 2a) x, (47) 


att 


& seon=|( 


where B= peste Ws 


2 


To express (45)-(47) in terms of powers of sec x and tan . 


From cos 7x +7sin7z=(cos#+7sin x)’, 
3] 
we have cos rr pen -—1)8 (oa cos’—28 x sin28a: (48) 
s 
: z r ; 
and sine = 2S (-1)8 log : “ cos’—28—1y sin*8+1y, (49) 


Then, by means of 


(48) and (49), we obtain from (45) 
he (18 ai Ek 
digzn 8°08 = ee > ee (; k+1 )>, (a) Cee a aa 


(= (| 5.) tan®®x, (50) 
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and from (46), 


@2n+1 2nt+1( _ 1)k /2 bey, 
dg2nti sec 7=(—1)"-1 a ( se Cape \ (b= 2a)en+4 sec2a+ly 


Gos 26+1 
(-1) (5 28 + 7) tan . 
Combining (50) and (51) gives 


se sec a =(— yr ae y C ee :) Se (& — 2a)" sec24+1a 


ete aoe 


a e Na fae) tan2é+yz, 
1-(-1)" 


2 
Letting «=0, then 


qn (= 1)F 2841) 25 (BR 520 
qm seen] =(-1)" aE Gop slele 2a)", 


since tan??z|,9=1, for B=0 only. 


where y = 


2n+1 


And i SOC «| =0. 
z=0 


dx2n+1 


To reduce (53), we shall show that 


If & is odd, the upper limit of S is 


2 


Then, by means of (53) and (54), we find 


sect= >)(-1)" 
n=0 


This result can also be obtained by letting «=0 in (44). 
Ss. M, Cc 


kl 
en ae ee) cal 


(20)! a4 24-1 
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(51) 


62) 


(53) 


(54) 


(55) 
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(ii) Another form of the n™ derivative and the expansion of sec z is arrived 
at in the following manner. 
CU ee 


From 7 =sec2, we have = —s 
Y 2 dam ~ dxm ea 4) 


(56) 
and by Leibnitz’s theorem, 


n, n n--k k 
Tt 9s (0) 4 pulses (57) 


dat —~ dark” dk ria +] 


k=0 
ae Mee 
Now ace Pine, (58) 
dk ] (2)* i e2iax 
and dat Gay] x4] Pay eriz + 1)2 a ta 1) 3 ee (59) 
Then, by means of (58) and (59), (57) ee 
d”y k e2iax a a 
apa sec 2 Cy 2 De Oe -1)4( ) 2 60 
> Dy ery oy! "(g)8 (60) 
< eran 1 ‘ Ps 
Now (ete 12 = ga (1 + ttan 2) 
] A 
= 5a (Ney + 1Noy41), (61) 


where Nz, and N2,+1 are of the same form as (20) and (21) respectively, except 
that a is written in place of k—1. 
Applying (61) to (60), we have 


dry, oes | Ne ee ise 
Chai" sec # Dp ya (Noy + iNayes) SY = 1° (g) 2s (7) 88 by Ch. I. (97). (62) 


And since i (- 1) < 3) Bt=0 0, if k<a, by Ch. I. (136), 
_ =O 


therefore oy =i" seca DE ga (Nay + tN 2y+1) se 1)*(6 ) >) (28) (63) 


B=0 k=0 

Now 3 (i) CBR= (+28), 

and (63) becomes 
a i sec a 3 5a (Ney +¢Noy+1) y(- 1)*() (1 +2)". (64) 
Then, from (61) and (64), we obtain 
2n 2n [2 a a a 

yan SCC f= (—1)" sec: © D7 2 (- 1) (gy tanto 3 i (4) (1+2/)2", (65) 
and 
q2n+1 antl 7 = a a 
Tanti SC: a=(-1)"-1sec « DB, 5a 22 (-1) (ae 1 tanya) (- 1)8 


(a) (1+26)2+1, (66) 
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Combining (65) and (66), we have 


dn [“- n _— ao a 
Jan SC t= (-1) sec x >, a 24 (~1)°( 9, 5) tame S1(—1) 


a=0 


(3) +28) 


leo 15" 
—_ 


“ 


Then, from (65), 
en ne a 
=(-1)" 3°25, 3)(- 1)8( 7) (1 +26), 
seen] = (-1* Sy58 ds (- 1G) (1 +28) 


dx2n 


where 6= 


q2n+1 
and from (66), —,; sec o| =0, 
c= 


Therefore 


scon= 30(- 1)" (ny! ya Ds -1)°(8) (1+ 28) 
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(67) 


(68) 


(69) 


(iii) Still another form for the derivative and the expansion of seca is found 


as follows. 
Weh dn ee i 
e nave qpeee| =i Te Be | 
2 
Letting e=u and REDS 
ity Sa (— 1k & a(t og! a 1 1 ) 
peon Taga k} aie) “)* "dat dut\utit uni 
n 
(w+2)Pt1 + (u — 2h 
PE: (u2 + 1)FH mat (= 1*(q) 
And letting u= cot 8, 
, €8 Areas 
whence Ut+t=— and w—1=——. 
sin 0 sin 0 


Then, by means of (74), (72) isa to 
dry >) 2. cos (k+1)0 aS) (= 1) (Nar 
a 


dat = ~ coseckt1@ — 
”. cos [(k +1) cot-let k 
< 2S) seel Weme re aed) ~1)4 () a”, 
= (e+) Ss 
Therefore 
: seo. | =i"./2>) 7 008 (k+1)= (- 18 (A)ar 
lan ae 1) ay’ 


and as n must be even, 


ENDS (-1)* ” on 


n=1 


S 
ro 
3 


gene 


a 7008 (k-+1)7 7 1) oo 


= 


= 


(70) 
(71) 
(72) 


(73) 


(74) 


(75) 


(76) 
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The expansion (77) can also be obtained by the following method 
(78) 


We h cee es Sat 

rte ey era eal Cera er) we 
dn any 

then aan See = 17 


), w=2e'%, we have 


Letting, in Ch. I. Oe 
Se 
io) sae} (79) 


dy 
dan > ae > 5( S mG ) Sao eae (1 =e) FH 
1 +ie* = 2 cos G * 5) Gt®) i 
fh © 
1 —7e* = —2sin G+ 3) ¢ AG ai 


Applying (80) and (81) to (79), and proceeding as before, (77) is obtained 
(iv) The expansion of seca can also be found without the use of calculus. 


seczv= acan'ae- aD ( => 1) dla: -) sin2* wv. 


But (80) 
(81) 


and 


(82) 


Now 
Following the method which has led to (27), we find 
OY An eS: nan A = Ne 2k z 
sin®* ¢ = ox 1) 5 a)” (83) 
= 
and as n must be even, 
_1)k 2 
sin?! 7 = ( = > 1" De i s- ie k= a)", (84) 
a n=0 
A qa (2k : ; 
Now a) ( \ (t=) m=, if n<k, by Ch. I. (135), 
s ee 2k : 
=2(- 1 -"(, a if R= Kk; 
Chesetor 2k = 1)mQ2n al 3 12 (.2* \ pen 
erefore sin? = 5 #1 (~ Gnyi 2a (- ) ae i (85) 
Applying (85) to (82), we obtain, by means of Ch. I. (68), 
< nom oO ~< 2k\< eae Nae 
sec v= 2 a 92 Gay Dy gap) aD Ga” (86) 
4. (i) Given y = cota. (87) 
To find ey 
da” 
Now He 
Ow Y= tea] > (88) 
hd) Rae gM el RE 
== 2% = 20 nl (89) 


then 2 es 
da” da” et — ] 
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But, by Ch. I. (83), 


GG, en k uk < 
Ten = ( = i2) 13, Sy —1)* C ja qn bi FH Nast UW = Er, 
Now uk = = (cosa +ésin a)*1 
(u—L)e Qe etl gin? a sin*-1 
- sea cosec’ (1 —icotx)e1 
and (1 —tcot £)*1= Mog —i Mog+1, 
= 
2 
; S a(e-1 28, 
where Mog= >) (-1)*( a9 )cot? a, 
p=0 28 
baz 
| 
and Mog11= > (-1)° 28+ | Jeottee! i. 


Applying (92) to (90), we ies from ae 


pn n—-192n < See a2” Mog+ 
192 2 > 
cotz=(-1) cosec*.L 2 (=) ( ) 2p+1 


na S: yar} 
dam ? a=1 
wi ks R 
(2n a | k 
and quanri COba = ( — 1)"22+4 cosec?a o>) ye Dy (- 1)" ie ant! Mog. 
é k=1 7 a= 


Combining (95) and (96) gives 


| 
an Sele era (*) S 
gos reat 2 4 Sl STR n 1)8 
qn cot @=(-1) 2" cosec Ds mE Da ( Ce es (2) 
& k-1 cot2s+1-y, 
2B+1—-y¥ 
(ee 
where oe. ie 


y=<Z cobs. 
; 2a 
We have Y= W+ a | 
dy an UID Be | 
eal fan (eh | 
ae Felco ( ) dan ex — | a=0 
hy Ay A, 
SN —-l e-] e+4+1 
Letting 2x =z, then 
d™ Mw waa” z pee o 
da” @@—-] ~~ dae—l ~ dam @—-1’ 


and, by means of (102), we obtain from (101) 


at > 7 ie | 
mea |..7 Fae Oe Neco 
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(90) 


(91) 
(92) 


(93) 


(94) 


(95) 


(96) 


(97) 


(98) 
(99) 


(100) 


(101) 


(102) 


(103) 
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n . Jn—k k 
But we My aN) Q dl” es d , ] 
ta N 


da e +1 dam—k™ dak ¢@ +1 
eres 1 on sieht 11 
dam e& +1 dal em 41’ 


dny ih (20ers 
hence da” Ap =o 2 —ladet e+ “ier oy 


(104) 


Applying 
1 a ia 
da"—1 aril, 0 oH pan 1) C a®-1, by Ch. I. (83), (106) 


(105) becomes 


dy) BENT LS aya) got ; 
Tes | co ee si) 2a 2h 2(-)) (2 . (107) 
Therefore 7 must be even, and we obtain 


5 nQ2n 2m BR—L Y k 
/) = — _ — fn-1 
xcota=1 mi Doom »D) x I ("ae - (108) 


5. (i) Given y = cosec a. (109) 
To find ~~, in terms of powers of cosec # and cot 2. 
Let w=sinz; then, by Ch. I. (83), 


d”y n+l d” 
Ai -Sy(- Lye en cosecttla 7 sin” x, (110) 
ak re : a(®S e220) 3 
Now sin*x=(—1)¥5 eS | e(k—2a) te (TEL) 
i \a/ 
Cte intk : 
and sa sinks = (— 1) Dy(-"(G)@—2ayretani (112) 
tnerefore 
dty tt i 1 a I 
= = 1" a ey 1 )enseotta, > -1)* G (& —2a)"(cosa+7sin a)k—2a, (113) 
But (cos +7 sin 2)*—20 = (—1)*2*(sin e —7 cos #)k—22, (114) 


and separating (sin # — 7 cos z)*—22 into its real and imaginary parts, (113) becomes 


dry ty (—1)F/nt1\ & (ke : 
aan oa e ti ) my ({) (k — 2a)"cosec®*+1a( Mos —iMogii), (115) 


k=l > a=0 
2]7" g(k—-2a 
where Mz= >) (any 28 cot? (116) 


k-1 
al i k 2a 
and Mog41 = pay ( a Os + 1) cotta, (117) 
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Therefore 
(q2n 2n (—1)k 2 k /I 
aan Cosee & = ( — eed ( oe ( ee » lee 2a)**cosec**+1z Mo, (118) 
k=1 a=0 
q2n+1 yon ee 
and anpi cosec@=(—1)" S) oem 


Fy So 
ke k 
SS @ (k — 2a)2"+1 e0sec22+17 Moa41. (119) 
a=0 


Combining (118) and (119), we obtain 
a” 2) SB (-1) (n+l & 7b 
gn Cosec a = ( -21S 3E 6 i i) Dy @un 2a)" cosec22+1y 


Ce] 


See 155 B15) cotta, (120) 


where y= a 
— 


(ii) Another form for the higher derivative of y=cosec z is found as follows : 


gy 
oa ge pnt (121) 
ele 
where A= se" 
hi Loi Gps ihe 3 
Then A >) (F) rie a ee: (122) 
and, by Ch. I. (83), 
dk 1 e2iax iyi 
dak erie —] —1 55) (era a 1) a+l NE 1)°(3) B¥. (123) 
Hence 
qn ere Nn a eriax a a ; 
ar 1G se Dy eae Dy (HN ae (124) 


Now, applying to (124) the method by which (64 
(63), we have from (121), 


= 


as obtained from (62) and 


dry n eriax a 
a= aa D1 (-1) 2B)%, 2 
ant De 24 (aie re 2a | 1) (B)(u+ (eae (125) 
But eee (126) 
(er —1)% a 
and (1 —7 cot 2)* = Mo, —iMe,41, (127) 


where Mz, and M2, are the expressions in (93) and (94) respectively, except 
that a takes the place of k —1. 


40 OPERATIONS WITH SERIES 


Hence 
qn ee 
Tam cosec w= (— 1)"cosec DS oa yy (-1)8 (b) (1 + 28)2" Mo, 


and 
q2nt+i 2n+1 


] a 
feesemnees = (—L)Poonees S95 S4(—1)8() (1+ 28) Maye. 
; a=0 ~ g=0 


Combining (128) and (129), we obtain 


n 


jun coseos=(— 1) #Deoseow 8) 35 3) (—1)* (G)(1+ 26) 


a een Ny a Qy+8 
( 1) & 3 )eot DOs 
where 6= 


(iii) We shall next find the expansion of 


y =X COSEC a. 


Now ve Qine” iat ia 
ie) Y= Rig] Gey ea]? 
dry ae & 1 ad” 
ee TE |pco ee e+ 1. 22-1 dam wy =} by (108), 


gr-1_] qr ¢ 
= Qin eae 
HEM po i 
Qn] dyn-i sail 0 


= 2m” 


and since 7 must be even, then, by means of (106), we have 


gn es 


dx? 
and finally obtain 
nae 92n-1_y 2n-1 1 
k= 


= —])\r 
& COSEC & es i 1) (2m)! 2?”—] 


yl 1)2 (jam -1 


(iv) Another method for expanding y=z cosec x is the following : 
Let «=sin—106, then 


Sine) <S 4\ 62% 
ye ol IEG aecq> by Ch I. (39) 


> (-1) te 
Le JOE N? 


2 92n—-1 _ 2n-1 k ib 
Gant cosee 2 | oa : 1 ~ (-1)«(*) a2n—1 
c= 


(128) 


(129) 


(130) 


(131) 


(132) 


(135) 


(136) 
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and by means of (85) 


1 = : n a 2k mn 
mes ee Gs De oa ok (,- a) 


67) to (137), we obtain 


41 


(137) 


(138) 


CHAPTER III. 


SERIES OF BINOMIAL COEFFICIENTS. 


In the preceding chapters we have had occasion to reduce Binomial Coefficients 
and to find the value of a series of them. We shall give here a few examples 
which will illustrate additional methods of the operations with Binomial 


Coefficients. 


1. (i) To find the value of 


k=0 
4 fan S/o Ne! 
Let 51> > nee) yn)? 
: ata ay} 
then S+5,=>) (7 )=G+ p= 2, 
k=0 \ * 


Letting n-k=X’ in (2), we have 


k=0 k=0 
2n 
zs 2 - ( ); 
n 
Qn 
or S — Sy = ( ). 
n 


ite 2n ; 2n—1 
and S=5|2"-(7) ) [=a Ae ): 


(ii) To find the value of 
= 29 
ce D*( a 
k=0 : 


Let $= (-1)" (- 2n i 
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(4) 


(5) 


(6) 


(7) 


(8) 


SERIES OF BINOMIAL COEFFICIENTS 43 


then Saas) Si-ut(P)=c aire 0 (9) 
and fos ates ey (10) 

Therefore S= ee (eS) (11) 
Es HEU) Cm) as 


The results (11) and (12) might also be obtained as follows : 
Letting in (7), n—k=K’, then 


s=(-1" 3(-(,",) (13) 


rs 1 (a4) 0 +a)" ((an-*)) (1 Fa)? 
=(=1)9(("))(1 +2)" 
Sareea Gs 4) 
“(15a Ga) 


which is the same as (11). Ina similar way (12) is obtained. 


w = ore 
(iii) To show that a rel =) ie a = 20-1, (14) 


k=0 
Designating the first and the second summations in (14) by S, and 8S, 
respectively, we have 


‘ Y ey nv n 
S+%= (7)? ° (15) 
Now, since Crew i bet 
[5] oath [5] 
therefore =1+ va ("5 9}: \eS = Ga i) 
fai 2" 
1 


n-1 
— Re il 
iy 2 ( 2h )+ »D Ca (17) 


d eae ) : a) a 
a ie (Chat ea ( a] 


Then (15), (17) and (18) give (14). 
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iv) Show that S ae Sy Veet 
(iv) Show tha SG Seen =? 


£=0 
In+1 LE A Hip 
and S & ) 2 G ) = 92n. 
2k KA\2k +1 


(v) To find the value of 


f=1 
n—-1 

Let as e(,,” 

: SOIT EG el 

k=0 
E 
ST. 

Now s=) ies ie 
k=0 \7" 


and Sis ; “ es 
: 2 2k +1 


then Ses (ei 
k=0 \" 
and cS De Ha (1-3. 
k=0 : 
Me Dey gy oN WS ce. OE 
But (1 +2)" =(/2) peep) = (Y2)" (cos | + ésin *) 
= (J2)re 4. 
nri 


Similarly (1 —7)"=(,/2)" cos— —isin— pea 2)me 4, 
y 4 4 


Then, by means of (27) and (28), we obtain from (25) and (26), 


= (/2)” cos — 
and S,=(/2)" sin ! 
n 
a ual 2 ; 
Now cos] = 9 1+(-1)21, when x is even, 


n+1 
=(-1) lee ne when » is odd ; 


(19) 


(29) 


(30) 


(31) 


(32) 


SERIES OF BINOMIAL COEFFICIENTS 45 
mil n+1 n n 
therefore 00s =| ( - »L 4 Juan —(-1)"} +(- yl hy edie 17} 


{1+(-1"}}, (33) 


whether m be even or odd. 


ne ( pe 


Similarly sin—= 


n 
E -(- 1°, when 7 is even, 


4 
a is | os when » is odd ; (34) 
hence fata {1+(-1)"} 


nm—1 
(<b? yea (yy |, (35) 
whether be even or odd. 
Applying (33) to (29) and (35) to (30) gives the values of S and Sj. 


nT 1 , 
We shall express cos 7% and sin zm also as summations. 


Now taking the sum of (27) and (28), we have 


nr 1 


aac t tl) (36) 
and their difference gives 
3 1 : ; = 
sin [= gical) +4) (1 -1)") (37) 
: [2 AL Ce rf 
But (1+ar= S1(-1) (on) +i poate ae (38) 


and 1-i)"=S*(-1)'(,) )-i aed eee 39 
(T=sr= 3 (- (Gi )=# DY (=a) (39) 

then by means of (38) and (39), we obtain from (36) and (37) 

[2] 
as ] ah oD) 

cos = (ayn 2 ( Delon) (40) 
veel | 
and sin = (aye ey &- Te (41) 


Applying (40) to (29) and ne to cit gives (21) and (22). 
In a similar way we obtain by means of 


Meme eerie rk 
cos-, +7sin 3 = = 5a (1 +tr/3 je 


vay K Le n 3h e 3 ae ])k Nu ) 38 42 
me] B46 1a) HVE DE (NAC) ae 
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and from the expression for cos —isin which is of the same form as (42), 
except that 7 is negative, ; 
ne a (31) (43) 
Coa ae On ve . 
3 2" a4 2k 
ar J8 [| n 
and sin = Se i Eby de (44) 
We also find 
E 
eee eon 
cos gin(1 + 9)" So (~1)F( 5.) 6 - 208) (45) 
n-1 
and sin’ = gm (1 +5)" (5-2/5)? SY (= 1) (gp, 1) (6-208) (46) 
k=0 
(vi) Show by the method used in (v) that 
a Qn+1 [| 
Sere TINE fh 2 n 
~! ey EES (47) 
us Qn+1 [3] 
N seq ve el fete 2)9n 
SENG he aye yeePe (48) 
n 9 - 
SS) = (E+ (yee, (49) 
poe Qn a 
Spee) =(-0 Eo (1s. (50) 


(vii) The result (49) can also be obtained as follows : 
Applying (16) to (49), we have 


Sc) tar Sm) Hom} 


F=0 k=0 k=0 
— 2n-1\ 2n-1 
ig AVE SRE eA oe We 
(21 UE Toys), as ei) aD 
Letting in the second summation on the right n-L=k’, then 
Lees 2n-1 a 2n-1 
LO Ph a TV = 
Sl Gy es EME) (52) 
n—1 
_(2n-1 
Sealed aa ST NI. (53) 
E=0 ‘ 


Applying (53) to (51) gives 


n on n—-1 Oy 1 
Dy (- UG, D+ (- IS (- ACG) (54) 
which by means of (47) gives (49). 
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2. (i) To find the value of 


Now oe) 


ll 
— 
— 

8 

i 

3 
4 
ro 
Ww 
=I 
— 
+ 


gerd a ql + x)P~ n] 


=i) pl 
~\p-n+l1 


(ii) To find the value of 


Sa 
ll 
ai 
ss 
a3 


Wena. = 53 (—1)1/ P )-(=1)" 


= >) (et) (1 + )-8((aet*)) (1 +a)? - (- 1)" 


awe ORG at Deak ee) 
wt Cott etre) 


Applying (61) and (62) to (60), we have 
p 


, nem (-2-1\( -m-1 
Sate (ean ee 8) 


=(=1pon—m 57 (iat) La) eM (ae-tom)) (1 ayo 


his . 
=(- 1)\P- n— La ey gp-—n— m)\(1 42) —n-m—2 


7 (-1p-m(~ n—m— ae eee ): 
p-n-m p-n—m 


47 


(59) 


(60) 


(61) 


(62) 


(63) 


(64) 
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(iv) To find the value of 


ce 2 (-1)" (?) a as (66) 


n=0 


Since es ae a is a polynomial in n of degree m, 
S=0, if m<p, by Ch. I. (135). (67) 


The result (67) and the value of S when m=p and when m is greater than p 
can be obtained in the following way : 


D 
SORA p m+n 68 
ae y Coal n ) ( ) 
Dp 
(Pp ed) 69 
= (ea) n (62) 
P 
= = ((2?-")) (1 +2)? ((a")) (L+a)-™—? (70) 
n= 
= ((x”))(l+a)p-m-12 (4 “ ~ )=0, when m<p, 
yeoman (PoE ")=0, when m<p 71) 
=(-—1) @: when m>p, (72) 
=(-1), when m=p. (73) 
: 2 (2k+1 = 
3. (i) To express | a ) (74) 
as a polynomial in n. 
n BY A 
Since, in (74), 2k+l=m, S= SS (eae 2 (75) 
a m 
TH 
n 
When m is even, S=((2") ) 24 | 1 +4)2et1 (76) 
2nt3 _ m+L 
=} ((am+)) ee (77) 
i t5 
»\2n+3 
Denoting oa y Sy (78) 
1 +5 
»\n-+1 
and esis by S, (79) 
il +5 
Sere gt 28 79n 43 
then S=S(-e > 3 ) A (80) 
a=0 6=0 
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Letting a+B=a’, 


2n+3\ S 
See 1 af 1)ea" 
r= 2 (Ug) (De a 
and ginrtl)) J = (—])mt1 5 = ee ) é 
(( )) 1 ( ) 2, | ) B 9m+1- Bp 
fo a) y~m+1 
Next S=> (la > es ) a8 
a=0 2 p=0 B 
m+1 00 
ae gre Bee SA et \and 1 


Letting m+1-(=/', then 


m+1 
((am+4))S, = (—1)m4 SS (—1)m+i-e eo = ‘) LE 
B=0 \ B 28 


Applying (82) and (84) to (77), we obtain 


s— [TS ye" 5° )a¢+1 | 


Qmt+2 rot ‘ B 


When m is odd, the result is the same as (85). 


Therefore Ss ie ie 4 Ves i, (= 18 Ga i) 24+ 1] 


Ss 

od Din+2 pe? 

m m “" p=0 
i=(75 | 
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(81) 


(82) 


(33) 


(84) 


(85) 


(86) 


While the second member in (86) is also a summation it is expressed as a 


polynomial in », a form often required in mathematical work. 


n ey, 
(ii) To express S= > 3; ( ae 1)k © + a 
k 


as a polynomial in n, 
When m is even, 


> ( ae(™ + 3 ae ((a”)) Sy ( Ke 1)*(1 + a) 2h+4 


= ((e")) 


2420 +27 
We shall first find the expansion in powers of a of 


Cid Ge De lear 
. 2+2%+a2 ~ 
$.M. D 


(- 1)?(1 + nytt 4 (— 1)" (1 + 7)2n+8 


(87) 


(38) 


(89) 


(90) 
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P 
Now (24204a2)2= 5) (- ike SS (-—1)* (Cae by Ch. I. (10); (91) 
therefore - ‘ 
8,=(-1)" S) = pas 12 & a) ani oy (ee zi af (92) 
Letting k+ B=’, then 
k=8 
ome yn Se 19 (7g) Sa (= DF ye( EO 8) a (98) 


Hence 


a ~ Paes ue Sen Qn+3 - m-a-B eS 
comps = (em Sc e(P*2 9) Sy (Ag apr ON 


In a similar way we obtain 


= ym our 7 ["a = 
( 1)2 P(1-4ym43 Sen 
0 


aa (eal 
2+ 2a + 0 Ct) a 


a= 


((«'")) 


p=0 


Therefore 


DOr a Gavel ea ep ena eno) ia Cale eet bn Gunn 


k= 


“a 


ll 


When m is odd, then by means of (94) and 
m—1 


— h\ & gym m—-1 m m 
(amy § 1) (1+ r) =(- 1) Oras y(-#(") 


2 + 2a + 22 = 


we obtain 
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Therefore whether m be even or odd, 


S- A? ei ie ~1)'](-1) as eee 


a] 
2 m—-a— ih 
Dy CVG vile 
where es srl 
ae Le y(mtk 100 
(iii) To express S= ay! =e) ( m ) ee 
as a polynomial in n. 
bal 
us k m+2k+1 
Now s= bags )-2 > ( *) (101) 
eS i P= mu 
n a 
Letting Sa ee (102) 
m\ & 
y fmt 2k+1 
and S.= >( - ) (103) 
n 
then S, = ((@™))[(1 +2)" >) (1 +2) (104) 
£=0 
ae jee (105) 
m+ 1 n 
‘ ws 
Next = ((x™))[(1 +2)™+1 S* (1 4+2)2*] (106) 
k=0 
=2((@™*1)) Ss — 3 ((a™*")) Sy, (107) 
g)2n+m+3 
where S3= ee (108) 
1+ 5 
m+1 
and S= Ce sieae (109) 
1+5 
Then, by the method used in (ii), we obtain 
— [m1 a (2N+M+3\ ., 
HE Wa oes 2-1 G )2 (110) 
ms Wilnieae o m+1 
and E(qamty) 8, OE Sy (-ye(™ "ae 
_})m-1 1 
mie ee sia ee (111) 
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Applying (110) and (111) to (107), we have 


cet a a In+M+3\ oq 
— ym+3 5 es ye ( a je +0} 
ze a=0 


Then, by means of (105) and (112), we obtain from (101) 


Be ace 9 n— 1 
Gar Deere Ss Jem) see 0] 


nN 
a=0 a 


—1)” us a(mtm+l1 
ee eal 
This result can also be derived as follows: 


n 


From (100), S=((™)[(L-+2y™ (=) +2) 


£=0 
= 2 ((2™)) Ss +3 ((2™)) Se, 

m+1 
where — and oe 

1+5 1+5 

We then find § ((#”))S;= = 

Wee ee ea OC +m+1 

and CN ie ice 


tii Gee [ 1S. (- ea ") 24 ie 1} 


gQm+1 a 


M 


which is the same as (114). 


4.7 gar ead 
. To express 23 fe ) 


as a sum of polynomials in powers of n. 


3 


Now S = ((a™)) S) (1 + 22) 3*-2 
3 


i 
= ((2™*2)) Sy — ((a™*1)) So, 


R 


ll 


; (Ll +a)30+4 
: . Ite 
and So= paras 

We find 


ii 


—— I< kok NY a k-a ING 
space gest ly? (-1) ( fy M5)» by Ch. I. (10). 


(112) 


(113) 


(114) 
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Then 
ke 
es z 8n+1\b 2, k—B—-a\/1\4 
a — 1)\kak See = 
1= 3 24 ( Ita > 1)? ( 3 poe Dat )(3) (126) 
and 
m+1—a 
i” _ (=1)8-1 a (antl Z Wel Ue BN | 
== PN It - ) 2, (= 1) B ger (127) 
: [3] | 
Similarly S=3 Dy = Oe (-1)2 C 2 *\ 5 
- eee 
Sey ua mer (128) 
(-1) fee 
ms _f-A)”-1 a(mr+1-a\ 1 
and (Sar ae eC Ga 
[2] 
—])m es il 
a = Ds Oo ge (129) 
Applying (127) and (129) to (122), we obtain 
m+1—a 
_(-)™ ph (antl al ] m+l—-a—f\ 1 
Bee og Dae ) 2 Nias ke 
[= m+1 [2 
-B\1 as m—B\ 1 
> (~1)8( B are - FA 
es mi | 
ee a 7 ia (Ohad 4 t+ 1) =O BVA. 
a ie. poi 1)e( a ) 2s, ( 1)8( B ie 
Zales 
= ~B\ 1 
pI wal 3 ) se | (130) 


The results (82), (84), (94), (95), ete., could also have been derived by 
Maclaurin’s theorem. 


5. We shall find here the sum of a few series. 
The methods applied in obtaining the results will be used in subsequent 


chapters. 
(i) To find the value of 


a ey) Lael 
$=34(-1) WDE (131) 
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Now, by Ch. I. (97), 


m1 k=m 
n jl n 2 f m—1 (| 
PES fee nS ~1)k 132 
Sal 2 Gl yaa (132) 
; id AD 
and since (-1)*(7)=(.-)"=0, 
k=0 : 
ae ] m—1 [n 
therefore S20 = (= 1)#( ) (133) 
m=." £=0 Y 
m—1 n 
To find the value of S,= >) (- (Gs (134) 
k=0 3 
we let m-1-k=K'; 
h Semi S canyere a” 
ve ae ae ad) Cae 


=(-1)"- S ( ((a#)) (1 + 2)-1 ((m™—1-¥)) (1 4.2)” 


Dee CS 
alt) (ee) eee 
Applying (135) to (133), we obtain 


eae ied eS ae 
oS 3 m Gray" -a a) e) 


2 -=[ > (-0(7) : 1 |=; (136) 


This result can also be obtained as follows: 


= nm am 

Let Tea, lar (137) 

then S=8,]p21 

US pment ge ie 

Nov eM 1G)p3e 1 (138) 
= ud Baye \ at 

pa 1) ({:) i; 139) 

ey psy (Aye Ss 1) ee 140 

Tr} f= a= ("| Ve 
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Therefore S,=- aa —7)" +. 


But when 7=0, S,=0 and c="; 
hence S,=- ly —r)" Fe 
n n 
and cpt 
vi) 
: if? € 1 1-2 
Show that Sole Gi oes 
(ii) To find the value of 
; On fs \w al 
Se ei 1) BS i 
aa n ft 2k-1 
Let has aa ae ber]; 
; eed ata ray) tbs 
then S=8,]p-1. 
Now, by Ch. I. (97), (147) becomes 
Reet ee Setar ee 
Oe Rae Bria 


Letting n-—k=n’, 


Ss = Gress (-1)"+% eee 
45k -1 oy, nth 
DS, _ = 1 Ne — 1)\n+k-1ynt+k-1 
and Tepe reeed 1) ’ 
BEEN fier 
“Tar ey! : 2k —1 
Ee hae re) ea 
Ae aed o 2h —1 
= tan-473, by Ch. I. (41). 
eae by (41) 
Therefore S,= : : _tan-rtdr 
o (l+r)r2 
= (tan-Wy4)?2 
2 
and Soe 


(146) 


(147) 


(151) 


(152) 


(153) 
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(iii) To find the value of 


k=n 
p+k—1 = 
So (eS ean )) 
Mpa = aval ke 1. 
hence Bee 1) ( jp Me Dk? 
: —p\ (k\ _ Pale ne 
and since ( k iG =( Ha 18 


sat DE MCE 
EE Do-ire 


S)P2e( 5) — ones a 
n n 
(iv) To find the sum 


: : 2 (p—k 
Now S= SER pi’ by Ch. I. (97), 


=-(1 +r)Plog (1 - r)=0 +7)? log (1+7). 


“+ 


v 


n=1 k=1 
Now s=S> sas ( 2 \rn-® 
oy Sahn)” 


This shows that (159) and (162) have the same values. 


(154) 


(155) 


(156) 


(157) 


(159) 


(160) 
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(vi) To find the sum of 


S=>)(- a Ta (165) 
Letting p+ k=’, then 
Se (") re (166) 
(a) If p is less than n, 
gL P SS (Gs (167) 


Snel 
and letting k-n=Kk’, S=(—1)n-Prn-» ( n Yr 


Cares 
~ (L+rjett ” 


(b) If p is greater than n, 
~ =p] pp—t : 
oe KG oe oe a (=U) (169) 


ra hn See ae 


k= 
Now, if p<n, the summation in (17 ae is zero; therefore (168) holds true 
whether p be greater or less than n. 


2. (p+k ‘ ime, 
Also ae ae Sa aes -3(,)" (171) 


k=0 


(168) 


na 


CHAPTER IV. 


HIGHER DERIVATIVES OF POWERS OF TRIGONOMETRIC 


FUNCTIONS, AND THEIR EXPANSIONS. 
1. GIVEN y=sin?a, (1) 


/ : : . 
to find Aan in powers of sinz and cosa, and the expansion of y in powers of 2. 


1 —1)PiP (e2% _ 1 )p 
Now ae ( Be ) (2) 
dry (—1)PiP d™ (2% _])p 
and dan ed Dp dat ar (3) 
Then, by Leibnitz’s theorem, 
dry (- Lee SB. /n\ dr-k SMe ye 
Tam ae ye pe aa (s 
qr-k 


and since Ame = |W ties Tata t dal 


dk P 
and age A (e%'% — ])P = een Dale ating, 
therefore, from (4), 
4 CI nee Sern) (PE Cme(2 
sy sn ae DY. pa x —(p—2a)i f 
res a i MeN GaP we 
= ; 2a\k_ (p—2a)" 
But —1)}* ta = ; 
24! Ne) \p p 
al oes 
hence & sin? =! al) Bap (4) (7 — 2a)” (cos 2 —7 sin @)?-22, (6) 
= a=0 


This result can be obtained, without the use of Leibnitz’s theorem, by taking 
the nth derivative of 


eS (DP ms 
- (- 1)( ) ee ahi 
EP Fd k 


= 3p > yet ’) p-(o— 2h in, 
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sin?s = 
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Now, from (6), we have 


dea. —1)ntp 22, p 
am sin?) > (- 1) ( P) (2p — 2k)?" cos (2p — 2k) a. (7) 


ce k=0 


Denoting by P;, the expression under the summation sign in (7), then 


2p 
Sire Si Pet a Pre. (8) 
=0 k=p+1 
Letting in the second summation on the right 2p -k=k’, we find 
2p, cm 
>) Pr=2 >) Pr. (9) 
k=0 "=0 
qn —1)"+? L 2p 
Therefore qm Sina = ae oa —1)* (; fe ) (2p — 2k)?” cos (2p — 2k) a. (10) 


In a similar way we obtain from (6), 


2 —])ntp 2 
Fe sin He perry (E 1) (ap 41-28) 
; sin (20+1-2k)a, (11) 


ant —])n+p+1 9 
se ate LWT $c) cp ane 
sin (2p —2k)a, (12) 
2 _])n+p 
sin tty = a T ia! (Pe i) (2p lis BE Pe et 
cos (2p +1—2k)e. (18) 
Letting, as in Ch. II. (48) and (49), 


‘p — 2k ae aie 
cos (p—-2k)x= (-1)( 20 eos” 2h—2ay sin*4 ye = Mo, (14) 
a=0 He 
Pa] ‘p — 2k : 
and = sin (p—2k)r= (- ees i comet e sin? rt ye Mo, (15) 


a=0 


and combining (10)-(13), gives 


Erees [4] 
ntptay)| 5 


inva (VS = S1(-UF(G) (0-28) Merten (18) 
k=0 
ee Vee (aa ar? 
where A, = ( =, 1)? eee and a = eae eee R 
If p=1, then from (16) 
yor (|. 
—— sin v= Moa41=(-1) sin, when 7 is even, 


S 
=(- te Mega = (-1) LEleos 2, when v is odd. 
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2. We shall now find the expansion of sin?. 
n 
From (16) follows os sine | =O iteAjead: (17) 
dat 2=0 


that is when n is even and »p is odd, or when v is odd and p is even. 

But when » and p are both either even or odd, then A,=0, and since a =0 
is the only value which may be assigned to a, Moq|z=0=1. 

We then have 


ses ve 
gine | = eae ae) 


But, by Ch. I. (136), the second member of (18) vanishes for values of 


i p 
o<) ] ; therefore 
n<p 


sin? = 


ea n Ay aon | 
ser (DPT Se) -2K. a9) 


(2) 


Now, if 2 and p are both even, then A, =0, and 


( 12 2 2 [3 | 
te = ie 0) 
cinte= Sor Dy (“I Gat 3 (- (2) (p 2k) (20) 
gan £=0 
2 
Letting in (20), » f=" then 
(- 12 2 2 
ppt pe y2n+p a a on 
sinter “oper Dy (I or yay (DEG) 2k sl) 
and if m and p are both odd, then 
p-l 
Pree sells > (aly as uy —1)k(? 2k)2nt1 
Brae me meray py (Zip 2h), (22) 
pL = 
2 
Oo 
Letting now in (22) gs 
Bt Dp 
PU= ra -l 2 te Da ea _1)\k{ £ =" re 
pre ions o,' Qn+1+p)i 24 | =) (i )iv pa isaek ACE) 
Combining (21) and (23), we obtain 
» 
rae L.< yest ve tP 
By ye aU prec peed (7) (p—2k)em+9, (24) 


The expansion of sin?z can be obtained more directly by letting «=0 in (6). 
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3. The expansion of sin®x in powers of 2 can be found without the use of 
Maclaurin’s theorem. 


1% — p—te\d 
We have sin?s = cas — ) 
—])\p 2 ) 
a ( = Pa) e(p —2k)ia (25) 
and if p is even, 
(<P 2 (? 
sin?s =! S* (-1)* )e0s ‘p — 2k) a. (26) 
ae a NAG Oe 
Denoting by P; the expression under the summation sign in (26), then 
p P-1 aie p 
y= De eee a ee sr Py. (27) 
gees oy 2/ paB41 


Letting 5-k =k’ in the first summation of the second member of (27) and 
k t= kK’ in the second summation, we obtain 
p 2 pf P P 
S Me 28) 
Pew? =) (0 eo aks +(p) ( 
Pera Nast D 
Applying (28) to (26) gives 


p Pp p 
sin? = 53 a u(y zy) ake (2) (29) 
k=1 2 
a n (ka) 
But cos eatene ee) (n)t (30) 
therefore 
1 = pen Lp am 2h)? 1 ue (31) 
QP 1 Dy ( ) Gnyi 2s,’ aah PONS 


We shall now show that the term corresponding to n=0 in (31) is equal to 


ges P Pp D 
- (2) mere (=D p_,)=-5(2 om) 
2 9 * 2 2 


k=1 
a iy 1 )” 
or s= -mr(o_,)=a(2) (33) 
kad 2 2 
P 
Now S= ST [ (2%) (1 +a)-2 x (02 ~)) (1 +2)?] 
k=0 


D pol 1 P 
= (A) rape-t=/ p )=3(2)) ) 
y ae 2 
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Applying (32) to (31), we obtain 


1 oO gen ~ c Pp ok 5 (35) 
: _ aap Ui =) =e nr 
sine F=i 2, | Die @n) ign ) f- vf (2k) 
Letting . —k=k’, we have 
p 
; 7 = n+ yan 2 rr 1G) _9};)2n 36 
ne ory (-1) Bn i oa 1L)F(4 ) (p- 2k) (36) 
2 ) Whe p 
But SS (A ) (p-2k)*"=-S (-*(4) (p — 2k)?” 
k=0 k 2 = 
=(, if n<is 
‘eats DP 7 z Pp 
; : : = +35 Be = _9]\2n . 
therefore sina = 5 oe (2x)! a net) (p — 2k)?” ; (37) 
ES 
and letting nt =n’, we obtain (24). 
If p is odd, then from (25) we have 
p-l 
Sse : , 
sin?s = ie = oy, (- ne sin (p — 2k) a. (38) 
Denoting by P; the expression under the summation sign in (38), then 
p=1 
p 2 p 
 Pe= >) Pet Dee (39) 
k=0 k=0 pate 


: 9-1 at ; : 
Letting d 5 —k=k' in the first summation of the second member of 


yi ree : 
(39) and k— 9 =k’ in the second summation, then 


pp as aaa a 
Pa ee 2 a 2 pat, sin (2k +1) a. (40) 
Applying (40) to (38), we have 
ee Dp 
sin?r = pai 2 (- (ot Da :) sin (2k + 1)a. (41) 


A 4 - 2 p2n+1 
Substitutin sin (2k+1)z= S*(-1)"(2k re Wee 
g ( ) px )” (2k +1) On FDI 


in (40), and then letting = —k=k', we obtain from (41) 


p-l 


3 gent 2 


sin’e = 5 - = (=1)"" On +1)! i (-1*(7 (p —2k)2n+1, (42) 
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p-l1 
> B 2n+1 1 2) Pp a 
Be (oun ewe <5, (-Ue(h) @-2b1=0, 


pol, 


if n< 3? 


therefore 
Daa 
Pr1 42n+1 2 p 


sins > et rey PITGr a G4 Ce ener (43) 


and letting in (43) n a. =n’, gives again (24). 


a” : : ; 
4. To find qn Coste in powers of sina and cosa and the expansion of cos?« 


in powers of a. 


Now are G ) cp 2h yi (44) 
2° 4 \k 5 
an i 2, (p vr 
then — cos’4 = — ( ) (p= 28)"[eos (p —2k)a+isin (p —2k) a] (45) 
da” P41 \k 
gen (Des e . 
and dyin COS = 5p 2 @ (p — 2k)?” cos (p — 2k) «x. (46) 


Denoting by P, the expression under the summation sign in (46), then 
if p be even and n>0, 


Dv on D 
PUT eae Sy, JP ir. (47) 
=0 k=0 


ee 
k=5t1 


ws 


D 7} 
>) Pe=2 >) Pr. (48) 
f=0 f=0 
p-1 
p Z 
If p is odd, S) Pe=2 >) Pu. (49) 
k=0 f=0 
p—1 
pr, bd 
Therefore  Pp=2 DS, Pi, (50) 
k= £=0 


whether p be even or odd. 
By means of (50), (46) becomes 


ats a JE = ‘a (p-2k)2 S) (G: 1)9( in) 


diem 2p- 


cosP-2k—-2ay sin*47, (51) 
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In a similar way we obtain from (45) 


1 ae ee = 
ie ue ") (p- 2h)" Ss “cene(2-) 


q2n+1 my (- 
ani COS = ae ; ee 
cosP—2k—2a—1y sin2atly, (52) 
Combining (51) and (52) gives 
n+l = za pA) _y 
d” (-1) Bie 2 p—-2k ) 
dyn CO = =a 2, ue) Cee 2) (ene & +A 
cosP—2k—-2a—Agy sin2a+Ay, (53) 
1-(-1)” 
where A= 
2 
Letting x=0 in (53), then 


qd” 
—— cosa | =0, unless A= 0, 
c=0 


dat 
in which case n is even, and since a=0 is the only value which can be assigned 


to d, Mea \r=0 == 1 
Now when z=0 and p is even, then for n=0, (47) changes to 


oP oa ; P 
2st) see (;) (7) (54) 


£=0 
=2 (f)- ?), (55) 
eA ky \9 
We then obtain 
D 


ale i" 
4 Dp eno oe! ar (= "(7 56 
ae 2?- ease Dam (2) 2k) % Qe+1 9 (56) 


Denoting by Cp the coefficient of 2° in the expansion (56), then 
, & P 
' p\ 14+ (-1) 
C= = 31s te 1 (>) (57) 


and we shall show that Cy=1. 
Now, if p is even, then from (55) we have 


3 1 
(0) -2530) #412) 
0 \k/ 2 ep\k/ 2\5 
Pp 
ieee” 
=9 2+ 2(2) (58) 
2 
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If p is odd, then from (56) 


pl 
coeds ()-bS0) ow en 


Therefore Cy=1, which is the first term of the expansion of cos’x, whether p 
be even or odd. 
n 
5. (i) Given y=tan?x. To express a Yin powers of tana and secx and to 
find the expansion of ¥ in powers of 2. 


f 2 
Now tan = -i(1 - ae) 
d se 25 D d” 1 
and gan tanta (—1)8i 9) (— IG) 2 oe GEE (60) 
an 1 nnn (kta-1 a) e2iax 
ee ee ee =e se ones Geo 61 
But op @=+1)k en >) ( a pa N (3 P" azz pra (81) 
20a k+ay is 
and ae nee = Se (cos # —7 sin 7)*—4 
2a 
— a (Ney - tNoy+1)s (62) 
k-a 
where Noy= > (-0»(")%) tant (63) 
y=0 
Ee 
N : 1v( FV tanertt (64) 
and aye = 2, (-1) ae an2y+1Ly, 


Applying (61) and (62) to (60), we obtain 


dn | a ", (k+a—1)\ sec?¢a 
an tara = (—1)?2"+7Q” Sa, (- ne) +s, ( 7 ) Oa 


k=1 asl 


> (~1)8(%) 8" (Noy, —iNey41). (65 
Dy (~De(p)B*Way-iNaraa). (65) 
From (65) we have 


a x 2n k =a | Zag & 
geantantta = (—1)s4eat $1 (—1)1(P) 5) (PFET) ERS) (- 


(3) Ne, (66) 


2p+1 
oe tan Hy = (—1)"+P+1Q2n 3 (—1) es = ) 


ls G +a- 5) sec247 2 
da k=1 k 1 


a Qa. S(=)e 


= p=1 


(3) B®Neyi1, (67) 


S.M. E 
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dant. 
dg2nt+1 


2p Ais —1)k 2 
tan®x = ( —1) pay 


MS C 45Qh= :) sec2ea 


a 2% 


a 


S(-De(p) ee Woyss (68) 


B=1 


(ae: es: (2p +1\ 24" (/k+a—1)\ seca 
qari tan? + a= (—1)n+922n+1 24 (-1)* k ) rs, ( is oF 


“ a 
S) (-1)8(4) 6 4Nay. (69) 
Combining (66)—(69) gives 


an ; overs nwo k 4) f ee 
tanta = (—1)L 2 ip pal @ Dail s Da 
(-1)*(§) B"Naytan (70) 
é=1 
ne es ree) hee nt 
where Maen ae and ieee a 


n 
To find the expansion of tan?x we have from (70) ee tants | =0, unless 
v 72=0 


A,=0, that is unless n+p is even. Hence n and p must both be even or 
both be odd, and since a=0 is the only value which may be assigned to 
a, No, 20= 1: 

Therefore 


2 n+p+Ay n Pp 4 
tante= SO (-DL 2 aS Guess 
n=0 = k 2a 


“ a 
Sy(-n8(8) 8%, (71) 
a= p 
with the conditions following from above that n is even, if p is even and n is 


odd, if p is odd. 
To reduce (71) we let 


s= >) (-a(E (Pr eo2), (72) 


= 
oO 
S 
Q 
Oo 
~D 
ll 
| 
= 
As 
WM 
ETT 
RS 
Dts 
= 
So 
a 
| 
o~ 
); & 
ppl 
a 
eee 
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Then, by means of (73), (72) becomes 


tan?x = (—1)? S$) Ne yl ee si (5-1) 3 (<De(g) (74) 


py a=1 


Letting n-p=n’', then 


a) a cee n+p n+p =A & 
tan?” = ( — 1)? Oia Jone +p 2 a6: )am _1)B 
( ) 2, | ) (o+p)! = p-1 92 2y( ) 


and since the powers of the expansion are even when p is even and odd 
when p is odd, therefore n must be even, and 


tan? ne ])nQ2n+p radi ao oe LS 1)8( 0 )B+2, (76 
an? = (-1) eG ) (Qn+p)! pe ieee ) @ ay 


This result could have been obtained from (65). 
Letting p=1 in (76) gives the form Ch. II. (17). 


(ii) The expansion of tan? may be also obtained in the following way : 


in? ig I 
We have tan? = aa, => (= vf - 2) gin? +24, (77) 
(l—sin2z)2 *=0 .& 
Now, by (24), 
2nt+p+2k a+ +2k 
: E —_ on Sealey P 
sin Hn ae oii "@n+p+2b)! aa ( 1)e( a ) 


(p+2k—2a)2+P+2k, (78) 
Letting n+k=n’, then 
ie2) g2n+D [B+ x pt2k 
Bote omeaet Ue oy IT) 
(p—-2k -2a)"+?, (79) 


Applying (79) to (77), then, by means of Ch, I. (68), we obtain 


P\ (5 | + 

Rar 

k o ot 
(p + 2k —2a)*"+2, (80) 


Cees gen +P 1 
tan?e = y9Ri DO crane) +p)! » ll 


Letting, if p is even, 6 +h - a=a', we have 


3 \k P\ 24k pt2k 
<tc S (year en oa 2) 
tan?« Qp—1 Pay Gn mi 24 92k k D,| ) Atha 


(2a)2"+P, (81) 
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Similarly, if p is odd, 


| Nee e 2n+p ( m2) (=! pt+2k 
taney ee = oe bee 2) SY (pel pl ) 
Te 2, | ) (Qu +p) p> 2 NE S ) a k-a 


(2a+1)2"+”, (82) 
Therefore, whether p be even or odd, 


P p [3 ]+ p+2k 
@ yl 2 ap g2n+p 2 \ke = 2 
i n=! Jia Ded) (Qn +p)! oo ( *) pl ve([r Uf +k .) 


(2a + A)2"+P, (83) 
where AS eee 


d” 
6. ay To find gn 800? in powers of seca and tanz and the expansion of 
sec?a.* 


ad DP ppix 
7 ND ° 

Now eS (er dt. yes (84) 
then, by Leibnitz’s theorem, 

dn LA Hip GE? ne il 

——, Sec? 7 = 2? ( ) pia : 3 

dam 2 ky) dar-B° dak (e2!@ + 1)? (85) 

de Qi) 2 pta-l a a 
But =o. v 3 
1 e2iax 1 
ee (+12 20 q (L+2 tan 2)*= = 9a (Noy +iNey41); (87) 
a 
h if E e 
where (= =] h\\e4 2 
Noy a 1) Gy) tan? (88) 
[> 
S a 
and No = ayer ° 
- 24 ay (2,41) a Co: 
ae ea Journal of Mathematics, vol. v. p. 339, obtains by induction for odd 
Recast (p Toate ip! —k Ean 42% 5 p=2p' aie ile 
n=0 k=0 

where S,, is the combination 7 at a time of 1?, 3?, 5?,...,(p —2)% No expression for S,, is given. 


The values of the E’s s (Euler’s numbers) are ‘obtained (ibid. 4 “398) ee 


seor=1+Hje + Eo +.. 


by the expansion of cos 2%, and equating coefficients of like powers of 2. 


Shovelton, Quarterly Journal of Mathematics, vol. 4 29 
theory of Finite Differences, vol. 46, pp. 220-247, derives by means of the 


@ 2n 


sec’2 = » (= 1)" 247-02" >y (2 Le ae ) = | arian, 


n=0 i=0 k r+k 
k 


where At(ar= 9 (-)9( T) (dr +h — aye, 


a=0 
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Applying (86) and (87) to (85), we obtain, when n is even, 


den Oe ONE Cpa = | 
Ve 2n L +a 
dyin 800° = c= Dep ee ( I ) GS) SJ sal : ) 


a=0 


3) (=1)9(3) 6% Ney (90) 


6=0 
= (-1)rgtseors So5e(?*2-1) $(-00(8) 
(7) 78) ve by Ch. L (97). (91) 
Now, if k<a, > (-me() B¥=0, by Ch. I. (136) ; 
and since Ss 6 =e = a (p+ 26) 
therefore 
oe ; = (—1pseors Sexe (?*271) So¢-n(G) (p+ 28)?" Noy. (92) 


Similarly, 


Pe wren -Dp-inare SL (POR) Say (9) 


(p+28)?"*?.Noy41. (93) 
Combining (92) and (93), we obtain 


dn aa 2.1 /p+a-l1\ a 

ae t= = —1)8 

gn S00? = (— me sec? x a or a 5 pai 1) 2 

(p+ 28)" Noy+s, (94) 
where Aw scale 
2 
If p=1, then (94) changes to Ch. II. (67). 
Letting «=0 in (94), then 
ce sec re | =0, except when A=0, that is, when n is even. 
“=0 


Then a@=0 is the only value which a may assume, and Noy|z+0=1. 
Therefore 
2n 


(on a a ptk-1l\ afk Po 
cameo | =(-1) oll 4 iG 1) (,) (p+ 2a) (95) 


= Jn gen an ptk- A af® fs 
and Oe Ke (ny! 24 8  ( k *) Sy (-n9(2) +20 (96) 


Letting in (96) p=1, the result is the same as Ch. II. (69). 
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(ii) The expansion of sec?z can also be obtained as follows : 


EZ ee 
We have sec’a = ae Sy) (On 2 int (97) 
(1 —sin22)2 am mn? 


Writing 2p for p in (20) and then n for p gives 


sin2"s = tebe ~ (- 1)* gek yi (- 1)¢ ey (2n — 2a) (98) 
BO an (2h)! = a 
Letting now n—a=a’, then 
sin? = — (— 1)bQ% 2 SSS (- H-( ci Jar; (99) 
= 2 i a4, ROH ie 


and by means of te (97) becomes 


E 1g 
seote= S) (-1)9( ~ or 2k (-1) saat 


: Ti? Hee ue ee (100) 


Applying to (100) the principle of Ch. I. (97) and interchanging & and n, 
we obtain 


@ an EEN ie Qh 
sec’a=1+2 (— 1)" (-1( a) ame 3, (-9( 2%, Jom (101) 


d” 
(iii) Another method for finding S Fyn Serra and the expansion of sec’x may 
be derived thus: 
Letting w=cos« in Ch. I. (169), we have 


dr n+p\  (-L Fin ne ik 
gn Secu =p( ‘ Pipa: (7, eos P— hay |= COS ; (102) 


then, by means of (53), we obtain 


d” [eS] (mtp \.(-1)* 1 ym 
Fn Sec = (— 1) »( i ) seek 52 = YA) S 2 G (k— 2a)” 


pales 
k-A 
—— |-@ 
2 (- nN0(Se iy sects te ar sin28+4y 103 
S 2B+A met) 
where ie = Jens 


2 


ah a 
Now = seers | =0, unless A=0, or m is even, in which case B=0; 
z=0 


therefore 


ie = Vn (2utp\ am 22 (-1)F 1 72n 
seo’e=1+p >) (-1)"( p ) ean, ae se — 


n=1 


71 
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If p=1, 
| 
ca) ” 5) 
it & \ (-1)F (2n+ a fy eS Nes . 
cor eh (24 a ee >>; “ik 2a)2", (105) 
which is the same as Ch. II. (55) 
7. @) To find e eot?n in powers of cosec x and cot # 
eat yo Qk 
Now cotPa = 1? pe (1) (= 1)? (106) 
from which 
n - Pp LE RAG Gi Mt e2iax oo Oe 
qqn COP = Qnin +P a 2 a ( ) meyer Dy (- (2) = E(107) 
But can ea = cosec*x (1 — i cot x) *—* 
eat cosec?*a (No, —iNey+1), (108) 
= Dera 2y 2y+1 
(3 
where Ny4= > (- y(* 4 cot2ya (109) 
y=0 Y 
[SF] 
- a—k Qy+1 
al Ny Ye (- Til a ; )eotty+hs (110) 
Dp n ENGL 
a ) cosec**z, 2 c of : *) Ja 
(=1)8() 8" Wey ~ Naya (111) 


d” 
da” 


therefore 
cots = Qnrint+P 2a (- 


k+a- ap 1 
9a 


From (111) we obtain 
qen Dy - es 2) 2k 
gpa cova = (— 1)" +72 sae! —1)* (77) eosec w 3 ‘ 
5) (=1e(B) Ber (112) 
=1 

2p+1 \ ai 2 1 

S ( (Pe Jooseotte 3 (O78 V5 
(= 1)8( 8) A Neyen (113) 


apn 2p+1, — n+p 92n 
gan Ot a= (—1)"+72 ma 
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a etka 1\ I 
Tyan cota = (— nynsoamest SS (- eG 1) eoseo%x a ( ‘i Ve 
. a 
3 (-D*(p) Bm Nevsa, C14 
2n+1 2p+1 
Tr cott ty = (—1)mtp+ig2n+1 S* (— a i 5S) Cosecees 
(= 


= Ge V5 3 (2 )8(G) Bet Noy. (115) 


a=1 


Combining (112)-(115), we obtain 


a” SS ee 1 oho al 
qn oe =(—-1) Pes (j,)eoseotta >) ( E las 
D) (= 1)"( 3) PN tae (116) 
g=1 
ey n ee, n+ 
where Rei . 1) Apso ae 


If p=1, then if n is even, (116) changes to Ch. II. (95), and if n is odd, to 
Ch. II. (96). 


(ii) Letting w=tanz in Ch. I. (169), then in a way similar to 3 (ii1) another 
form for cot®x can be obtained. 


(iii) To find the expansion of cot?z in powers of a, we shall first find the 
expansion of «? cot®c in powers of a. 


Letting n= ne then, by Ch. I. (169), we have 


(i ad” /tan 2\-? 
aay 7 D> = Sees 
dx” feeco D|, a a ) {. 


~ ea er ( ad” /tana\® 
-2( p Cu ptk 1) an © ik ne (117) 


Fs I” /tan «\k 
feavind = (a vy", we proceed as follows: 
da". & 
Taking the (n+£)th derivative of 
akuk = tanta, (118) 
Rok yy 4 f\ gnt+k—-a q% qnt+k 
7 7 —— Kk k 
we have ai i \ oat Tat | 7 are tan* zal Me (119) 


Now for #=0, the terms of the first member of (119) vanish, except 
for a=n, in which case 


(aa e ge a we 
n J dak” dan” nao aanrk AD ae (120) 


Pe qd” uk n! ( n+k t ‘ 
ae, 7 ¢ 9 
da™ |exo (+k)! dante rac £=0 ee 
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Then, by means of (121) and (70), we obtain from (117) 


qn . 2(2atp)!<\ 1 “a gee 
aigza (# 008 2) re P-li¢é Pea Qn +h)! 


py en ana 


nen 
which is the coefficient of Qn)! in the expansion of (x cot «)?. 
8. (i) Following the method in 6 (i), we obtain 


Jan 


( 3 1 /pta-1\< a 
Tyan Coser? = (=1)" coseors S) oa(? i )> (-1)8(4) 


s=0 
(p +28)” Noy (128) 


2n+1 a 
and ea Sa CORO 3 : aes sp De 1) )°(p ) 
B 


(p+ 3pyene Noy+1, (124) 


a 
where Noy = 2: (-1)% & coteya 
y=0 
[+ 
D a ; 
and Noy+i= & (-D>(o 0) cot77t1z, 


Combining (123) and (124) gives 


n 


d iS EK 41/pta-l P 4) 
qn cosecta = (—1) !Jeoseere 3) 5e( . )y(- & 


p=0 
(p+ 2B)" Noy+a; (125) 
1-(-1)" 
2am ois 
If p=1, (125) changes to Ch. II. (130). 


(ii) By the method given in 6 (iii), we derive for fe cosec?“ an expression 
similar to (103). * 


9. To find the expansion of 2? cosec?a in powers of z. 


where A= 


sina ; 
—— , we obtain 
it 


C ad” /sinx\-? 
—— (a cosec 2)? =—=— 
da” pA) UHI be 


Letting in Ch. I. (169) u= 


_ (nt+p\c Say an (= \") 126 
=p( p Ds p+k \k/da"\ « 2=0 ano) 
Ons lt | = Woe intwy 
Now gunk (aw) ie qgnre Sn Ae 
qd” : nm! qrtk 
. Ie ke , 127 
from which an es (v4 b)! dant sin | (127) 
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qntk qn k 
But qynek sin | =5 #2 (1 ae at k —2a)"+k, (128) 


Therefore n must be even, and 


qQantk | sot MiGs 2 a(* jh Qn+k 
Oe itis) = S (=]) a (k — 2a) 


deen +k jx=0 2 — 
pail 
— 1)” 2 k ; 
z oa 25 (-9)9(") (&— 2a)?” +". (129) 
We then obtain 
tone . re es LTS ~V(sle =) 
Tan (#7 cosec “| = (a5) o( p )paprk ily 


S ene (") (k—2a)2"+%, (130) 


rs a ae 
which is the coefficient of -,~., in the expansion of 2? cosec?z. 


(2n)! 
10. (i) To find the expansion of 


y =sin?x cos, (131) 
in powers of 2. 
Nee Eee o 1k ak+p PD. 1) a pl oa\teEe 139 
ow sin?y = op 24 (- (ke pics, 6 (p — 2a) (132) 
1 ea pen ue 5 
and costz = — —1)" — 2/3)2”, 133). 
a 24 ( ) (ny 24 B (q 1) ( ) 
Letting in the pie of (132) and (133) n+k=w’, we obtain 
o ao »2n +p 
kip S$ (eee 
oa sri iD. gos at rage Je ay 5 1)” On = 2B)! 
174 
>) (A) @- 28); (134) 
B=0 
: 1 1 2n +p 
ene ines (Qk +p)! (Qn — 2k) ~ Qn +p)! 1G: a a 
therefore 
Mel 2 g2ntp Ds p 
I= s944 2) (1) "Qn +p) Qnapy ee ae a ene) (p —2a)%*+? 
Ca 
(A) @-26)"-%. (135) 
A=0 


To show that 


SiGe aps (-1)°(2)(p ~ 2a)%e+p AG (q-2)2"-2% (136) 


A==C 
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reduces to S(O (8) (p+q-2a —28)2"+?, (137) 


we distinguish between the cases when in (136) p is even and p is odd. 


(a) Let p=2m, then 


2. (2n+2m\ on—2b <8 = (“A ) m, —2/3)2k+2m 3 
cps ea DIC AT ida Ak Pag z B eee) ee 


Letting k+m=k, 


mem (In + 2m\ SL (4G en 2m 
s= Sal et ) —Qq)2in+mi—2k SY (J a( ) (2m — 26); (139) 
we me ) 24 ha) PaaS: 
2m 
and since y (—1)8 ea 2m —26)2*=0, if k<m, 
= B 
therefore 
pi oid Baar 4/9 Sen aes a (zm 2k 
ey ie \a- Pe a id re) (%p ) (@m— 2(8)?*, (140) 
R=0 =o \4 A=0 
= au 2m et 
Now = e( ) (2m — 2)2*+1 = 0, (141) 


This can be shown in the following way : 


Denoting in (141) by S, the expression under the summation sign, we may 
write 


m—1 2m 
Br= >) Sat >) Se: (142) 
B=0 B=m+1 


Letting in the second summation in (142) 2m—B=/)', we obtain 


m—-1 m—1 
FB Sy Sg = wy Sg=0. (143) 
6=0 p=0 
Then, by means of (141), we have 
Sen Hom C/G 2(n+m)—2k—1 
# 5 = 2q)Rinti—ak—15, = 0, 144 
a4 ( Qh-+1 pale. Ga 24) a 
Adding (144) to (140) gives 
 2nt2m 79n 4 Im A se 2m 27 jo, k 
s= ¥ ( : He: )q- 24) +m) >) (eg) Gm 28) (145) 
qd 2m : 
=> Ne ne(") (2m + ¢ — 2a — 28)2n+2m, (146) 
0 


(6) If p=2m-+1, then 


Le Op) Se in ee _ay(2ng) 
=| eraniriaiey oo G8 \g 2a) St) f 


(2m +1—2)2+2m+1, (147) 
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Letting k+m=k’, then 


Be Sie 2 Pen 9 sme a a ee ens 
s= >i( Oh +1 ye 2a) pa Bes 


(2m +1—28)+4, (148) 


2m+1 9, - 
Now (a1 oe *) (2m+1—-26)+1=0, ifkem; 
£=0 
2m+1 
and since 2 (-1)F eee *) (2m + 1—2()?*=0, (149) 


we obtain 


q y . 2m+1 
co @ Ss (=P) @m 41 49 -2a— 2pynsones (150) 


a=o\@/ £0 B 
Now (146) and (150) being of the same form, therefore, whether p be even or 
odd, t/q\ os : 
s=>( ) > (1 )(p+q-2a- 2B)+9 (151) 
a=0 a p=0 B 
and 


sin?z cos’z = 


aie Yori SG) st (2 V(ptq- Qa — 2/3)2n+, 


= (152) 
(ii) To express y =sin’z cost 
in terms of sin and cos of multiples of z. 
N is ( ae 1)PaP 1% —12x\0 (pix —ix\q 
INOW Y= ~optq (¢ =—€ ) (e +e ) (153) 
40 
= Spr POCA — oRiHyP(L + erin, (154) 
Letting e”=7, then 
P 
Te (USO eee (155) 
But -2k)) (| — 72) (] PNG hss NYE AE Y ) 
u ieee (rss) Ss ee 
1 (1 ’ fl , Prd a k D Ge 
anc —72)P (J 4+ 72)¢ = NSN 72k NY -1)( )( ): 
a 24! a/\k—a ) 
Therefore 


A r qe Px en é p q 
= —ix(p+q— 
sin?z cos2@r = OPT 2 e 2G ys?) G - pA 
yo Re z 
= pyra D 008 (D4 4- 48) : : ) 


Pri Red k 
— ppra 2, Sin (p+q-2k) >> 
£=0 
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; Since the result must be real, therefore the second or first double summation 
in (157) will vanish according as p is even or odd. 


Hence 
p+d k 
sin’ cos4a = jie Salted ye s(p+q- Qk)x LAG nat : ) 
9 a oS k-a 
cay erraeGes _1)p P+4a x qg 
eee sim (p-+9-28)2 >) (- Usa eg: (158) 


(ii) The expansion (152) can also be obtained from (157) as follows : 
Let p=2m, then 


yee ke 2m 
y= Ge a Biel ye(?” VG t a )e0s (2m + - 2k)a. (159) 
ioe) 28 
Now cos (2m +g — 2k)x = >) (— 1)8(2m + gq — 2h)? — (160) 
é=0 (28)! 
Applying (160) to (159), we have 
ee Vea eae 
Y= gama 2a | 1) @pyire (161) 
1 esd Ths 2m q ,\22 5) 
where Sa, p= wes pa 1ye( Nees (2m + q — 2k)?*. (162) 
Letting in (162) k-a=a’, then 
pa id 2m \(q 
= eT \ Gay (es TNS = 2B 
Sa,a= dy (- WED) (- 86) (2) mtg 28 


=> (-1n(2) 3 (-(, )@m+q- 2k)28, by Ch. I. (97); (163) 


k=a 


and since i) =0, if a>q, therefore 


> (-19(2) S(- 1p ae ) 2m +g - 228, (164) 
a=0 


a! f=a 
Letting now k-a=kh' in (164), then 


qd 2m+q-a 9 . E: 
Bees Ba) 3 (=F )@m+9- 2h — 2a)®* ; (165) 


k=0 


and since a=q, i =0, if k>2m, hence 
Sa, a Sa (er ak (2m +g — 2h — 2a)24 (166) 
But by Ch. I. (136), Sa,g=0, if B<m; therefore 


— {hye 2 28 4 Zo: 2m 
ee Soi aise Peat 2k —2a)28, (167) 


B=m k=0 
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Letting 6 -m=n, and interchanging k and a, gives 


a Ls (-1)° q2m+2n 2) So 0(77") em + q— 2h —2a)2n+2m, 
es Q2m+a cy (2m + 2n)! DG y*( ie ‘ (168) 
If p=2m+1, we obtain the same form as (168), except that 2m+1 is in 
place of 2m. 
Therefore, whether p be even or odd, 


rhe i 1 Ss g2nt+p qd Pp oh - 5 +0, 
[rh Se eee n 
sin? cos’ gra 24 (—) Nene pale Ohl ee "( p+q- 2a) fs 
which is the same as (152). 
If g=0, then, by making use of the relation 
[3 
2 Pp ; ; a(L : 
>) (=08(2) (p-2aymt9=2 5) (—1)8(2) (p— 2am, 
a=0 a=0 
(169) reduces to (24). 
If p=0, then, by means of (55), (169) reduces to (56). 
11. To expand in powers of «, 
y = (a, cos bx + dg sin bx)?, (170) 
where p is any real number. 
(@,t — Ay)? (1 + ce2bo)\p 
Now y= ‘Gap re Ca) 
_ at+a, 
where = ee Sie Che) 
Then, by Leibnitz’s theorem, 
dry (Ay = Go)? Pt Oe o 
ie eae” OP >) ganar ga teeta | (18) 
jn—k 
But ane al =(- 1)"—kjn—kon—k pn—k (174) 


and 


S res co2ibe) | an 


ca MEMO +P BHC) SO) Area OT 


=0 y 


B 
Applying (174) and (175) to (173), then, by means of 


(a,2 —a,)? cP a,” 
Ge 8 FO Gay yam bag 0 tae)? 
Ce ae oe , 
Sor =3 (Noy, = tNoy,+1); (176) 
8 
een 
where N2y,= >) (- yn( ! Jar a2%1 
¥i1=0 271 
S 
and Noy, +1 = 2 ( ar 1)u ue 1) a,P—2n—hg avi 
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we obtain 
de otra 3 -19(4) (2) 042) 
onpay DG) nM) 077 
aria (0B) gee (IP (9) 


(p—2y)"(Noy,-iNoy+1). (178 
Therefore, whether 7 be even or odd, eae 2v.+1) ) 


dry eles aye 
ee Get) 
(p—2y)"Noy,+4, (179) 
1-(-1)" 
where he 5 f 


and 
yt) ee ot (p —27)"Noy,44- 


Ae en be dl cee 
ah on ale ni a (—} °(f ix (180) 


12. In Chapter I. 12, a method was given by which the higher derivatives 
of functions may be obtained from their expansions. 


We shall here find 4 —— cos*« from the expansion 
wie ee 9) 2k 
258 BHI, a (p — 2a), (181) 
Taking the mth derivative of (181), we have 
dn 1 n! ark Pp ap 
Jgn COM B= wo Dy (1 ae Ne To, (4) (P20) 5 (182) 
: 2. (P 
and since ») ( \w — 2a)?*+1—0, 
azo \% 
therefore 
dn Lm! og (h\ tS (P\,, ; 
pe ire Daly (1) Foy (a) (2-24) (183) 


Ue wey GN Lp ae k 
=D ay (2) (e- 2a), since (,)=% ifken. (184) 


a=0 


Letting k-n=K’ in (184) gives 


qd” qn 2 7) ea peak 
dgn CO8% = 3p oo & ) (p — 2a)” 59 I! (p = 2a) 


= 5 Dy (Z)ip-2ayretr-toi. (185) 
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Then, if is even, 


den -1)" 2 /p | 
daz” coste = 5 a co (p — 2k)?” cos (p — 2k) a (186) 
pl 
(-1)” cs p : 
~"“9p=1 om (7) @-28) "cos (p —2k)a 
-1 
oh = 2) ea ~ 1) p- 2k 
ae = (i Tae? da etl ae 
cosP—2k—2a y sin24x, (187) 
and if m is odd, 
p-t 
Saeni core =! oS >> (21) @- 22+ sin (p - 2) (188) 


p—l p—1 
(tpaleed PNG .)2n-+ Par: a (PD -2k 
pat 2 (;,) (2-247 ae Cap 


a=0 3 
cosP—2k—2a—-ly gintatly. (189) 
Combining (187) and (189) gives (53). 


CHAPTER V. 


THE OPERATOR Gar 
dz 


THE SUM OF EQUAL POWERS OF A SERIES OF NATURAL NUMBERS. 


1. Let (a5) denote n operations ae each on the analytic function S, 
x and not being permutable, that is 
Ga S=(«5\(2z) (2z).-(0,)8 (1) 
We shall show that 
(« 5) S= a5 : - =u ‘Jan oS 8 (2) 


Carrying out the indicated operations, we have 


d ds 
(2 z) S =2 dz’ 
d y's pus. wet S! 
(2 dz)?" da: er din?’ 
d Bo. ds 39 PS 3 as 
(27,) Saag, + on? te "he? 
d\4, ds we Dh Pegg aoe igs) 
(«3,) S=# ne a das +” dat 
Continuing this process, we may write 
a\tg = ~us 
ee Be in kth ae 3 
(« z) ° Da nee dx* ce) 
Now from the above it is evident that a,,;, is obtained by multiplying by k 
ke n-1 : , 
the coefficient of mee i in the expansion of (2 S S, and adding to it the 
dS 5 q\n-1 
coefficient of «*~1 FE in the expansion of (« =) S. 
That is, On k= anes 1k + 4n-1,k-1- (4) 
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Writing in (4), n—1, n-2, ..., k forn, then multiplying the resulting rela- 
tions in order by k, k?, k3, ..., k”-*, and adding the equations thus obtained, 


eae n-k n-k n-k 


>) han-a,k= >) ht 1Gy-a-1,4+ >) hQn-a-1,8-1- (5) 
a=0 a=0 a=0 
Cancelling terms, we have 
n-k 
Onk= >, One nt, kode (6) 
a=0 
Now @,,,=1, and from (6) 
n-2 n- 
Ons= >, 2° An—a-1, eS 24 = Qn- 1 -1. (7) 
a=0 Heh 
n-3 
Next, On.3 = SS 3° Gnoa-1e 
=0 
i n-3 3\a n-3 
eC) DIES 
a=0= a=0 
1 3 3 
=| 3"-(7)"+(5)3" | (8) 
or, written symbolically, 
ees 3 
n9= 3] Dy (-Y8(2)(B-a) (9) 
5 / (-] 2 e 3 
Letting 3-a=a’, Oma ar Dy (-1)8(3 or (10) 
: Le 
Again, “ma= Dy An -p-1,3 (11) 
TS 3 
48 =| Ail a B-1 
3! 2, | ) a4 
=e 
=" y(t) ea) stare 
"  a=1 a 
n-4 if 
But PE ae rear 


ta Per Serpe GUS caren a9 


Now, since the terms in both summations corresponding to a=4 are equal, 


we have 
make) n-3 = a 4 (- es 4 op 
a) @En , ye Toe (13) 
4 
4 
But Sep @r 30, by Ch. I. (136); 
(-)! 


4 
. 4 
hence dna= Ty 2, Ge) (.) a”. (14) 
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a 


We now assume On k= ( a y eS y(" 


and shall show that this form holds also for dp, 4-41. 


n—-k-1 
From (6), An k+1 = > (kK +1)? an-8-1,k5 (16) 
B=0 


which, by means of (15), becomes 


ere u 
ee ane (e+ 19S (-1)9({ are (17) 
S 8=0 a=1 


k+1 pee 
a. Q Bgn-p-1 
i e+ a) y (k+1)8a 


k+1 a a k+1\8 
. )e+1-a)a 2 (S ) 


: (etl me or ere k+1 
ee eee ro eae eg ee 
EEA Res afetl\ 2, (- es fk Be 
oe Dee Ja at ee Daliee Jar. (18) 
Now, by Ch. I. (136), the first summation in (18) is zero; therefore 


—)jri et a(bt+1 
Nea | EY pa) ( a Jar, (19) 


which is of the same form as (15), k+1 appearing in place of k. Applying (15) 
0 (3) gives (2). 


2. The expression for —— Fw), where u is a function of z, as given in Ch. I. 


a nm 
(83), can also be obtained from (2) as follows : 


Writing in place of x in (2), and letting w=¢*, then 


d ad du” d e ise ad\n 
(w ur) -(#5 +7) =(¢ are) = (45) ’ (20) 


and (2) becomes 


d* a, tr(-1F¥ & ag 
oA aD eae ae 9 aca 20) (21) 

Now Gn eke = gt eon elk -a)ax 
= olh- oe eae = yh ae us, (22) 


Then, by means of (22), we obtain from (21) 


a” py z ky a", dt 
age? os zy (= )e @r es ae duk i ™: (23) 


which is the same as Ch. I. (83). 
And conversely, by letting «=logw in (23), the expansion (2) might be 
obtained. 
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3. The operator (25, ib has a wide range of applications. It has enabled the 


author to perform operations and obtain results which he believes to be new. 
A few applications of the operator are given here, and further use is made of it 


in subsequent chapters. 
(i) To find the value of 


> nP 
eat 
a wa ANP I id 
ota S= (ra) ymin (a) @- 0s 


Sf (-IF S_ 2(*) ke 
Sm ee yo Maer 
ee re (-1F & k 
If *=1, then s=yeaey! re (-1)*(7)ae. 
n=1 k=1 eX. 


(ii) Show that 


2 D p k , 
ME a, pater 


Kea: 


(iii) To express in powers of 1 


R=. 
PNP on 
Now S. =(r5) s( Ie 
a dr} fA\K ile 
=) | 
=\|r— 1+? nn] 
( dr ( ) i 
i p=0, Sno=2"— 1; 


LTS SG ey, Nd 
and if p>0, Sno= >) 7 Sy (- Dah are +" | 
a 


> 
ll 
pa 


é 
Now it follows from Ch. I. (137), (138) and (139), that if a= y=, 


Pp 
Ba 1)8(P) a =(—1)Pp!(7))(e* = 1y= (= 1)! 


therefore S. =an-»(" peas (-1(® ies sare 
1 P a k a Dy ( ) 


(24) 


(25) 


(31) 
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Thus Sn,o = 2" —1, 
Spi=2" nN, 
Sp,2 = 2"-2n(n + 1), 
Sn,3 = 2"-8n2(n + 3), 
Sn, 4= 2”-4n(n + 1)(n? + Sn — 2), 


and so on. 


(iv) To find S= (—1)"-1nPr”, 


n=l 
Then S= ¢ “y a ( = 1)"-lyn 
ar roy 
Pi ae 
~\" l+r 
P (_1)jk & Ik 
aS IFA (-1e1(F) aor we Al 
ee Seaiee’ a ark 1 +r 
bt Spe (He 
= =, a= 
0 + aFFI Da ( ) ae 


In a similar way we obtain 
= = (—1)e* & 2 a(@ 
Dre 3 (eee a ar, 
(v) To find the value of 


n=1 
; w n—1 
Now S= G 5) th (- me m Syn 
d n=1 
: ¢ . y oS) r*] 
EN mn 
mm 
— G s) S F, 
dr} xt 
yk 
where f= ia 
SOP SN Se aa oa” p, 
But ¢ i) i = ar 2s! 1) ee a4”) ai a 


then, by Ch. I. (146), we have 
du, aiFG me : ge) 
dete Deere 4 Me) a) 


B,=0 


Then by means of (45) and (44) the desired result 1s obtained. 
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dr/ 


series of natural numbers in a manner and obtain it in a form not given 
heretofore. 


4. The operator (r ae enables us to find the sum of equal powers of a 


n 
(i) To express ey ke (46) 
as a polynomial in ». 
GNP 
Now Sn,o= (7 *) | (47) 
ar) mal ei 
ale k k Gs 
=> SF ( ors =| 48 
2 ki 2 A ca dk os | rai (28) 
P = k ert 
= —1) —1)2 , : 
Zu e cy (ee > Ce) (49) 
LAT i ne 
But >) (7) =) > +a 
m=k m=k 
k+1 n+1 ee 
(a+) +ayrt— + ay)=(F7 9) (50) 
P Ww k 
therefore isa) Gaps, (=e (ie. (51) 
If in (48) we write 
Te gk yp —7n+1 
ee alle m — ke : 
edie oe rea (52) 


and perform the differentiation on the second member, the work is more 
involved, but the methods employed will be helpful in subsequent work. 


From (52) we obtain 
k 


Seis fesce 57a Bee (53) 


To evaluate (53) for r=1, we bring the terms in the summation to a 
common denominator ; we then have 


S =f en AW -» Sa Faas ae oe Ba (54) 


Taking the (4+ 1)st ie ative with respect to r of the numerator and the 
denominator of (54) separately, we obtain 


S| = (- wee >) (8) (- tae (55) 


: n+1+B+y)\ ~ Sy Pa) 
Now ( ee Ey) i, oe (56) 
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Then, by means of (56), (55) becomes 


k 
S,] 7D (Ga) Sy (51) 
a =k =2 
a ae eae B- a) G -k+B+ ) (2 
But So= SS ge B—y))(1 + x)-B((gn—k+8-+y)) (1 + a)-k-2 
y=0 
= (@"))(1-+2)-A-2= (= Iyer (Th), (59) 


Applying (59) to (57) g oe 


Bd -2(e atta 


= SC GT e)-Co GH 
=-Z[@rnara (GI) RGii 
which is the same as (50). 


(ii) The terms in (46) obey the Law of Finite Differences. 
The sum may therefore also be found in the following manner : 


If d;, denotes the first term of the kth order of differences, then 


‘ n—1 n ei 
Sno= (nea) (61) 
E k : 
and = D)(-1)8 (G)E +1 ar. (62) 
We may write ; 
coe) oT (1) (b+ 1- ap (63) 
m= (gd 24! 0 
It will now be shown that in (63) & cannot be greater than p. 
From (63), 
Sn p=(—-1) fo a ee ae 1)8ar-8(k + 1)8 
. KA\k+1 — 


= 


and since, by Ch. I. re 6), Sn, ae if k>p, (63) becomes 
P n i 3 
1- 65 
wo Bi (at 1) 24(-O*(g) ert oh es 
Letting k-a=a’, ; ’ 
P n : k 
=-S* > 0, +1)?; 66 
Sun = 3) (- Dg 4 1) 2 (8g) ed (66) 
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and letting next a+1=a’, then 


k=0 =1 
“5 (-WA(5) (IG). . (67) 


: MW . 
5. We shall now derive a relation between the coefficients of a in Sp, p 


and S,,»—1 and the coefficient of (a i - in Sp,p-1- 


Let ap xz denote the coefficient of G in Sp,p; then, from (67), 


k 


pe=D(-1 yea ( ie . -] a. (68) 


And similarly let a,-1,, and a@)-1,4-1 denote the coefficients of a and 
Ge ) respectively-in Sp, »-1. 
We shall then show that 


Op, 4 = Kp—1,4+ (6-1) @p=1, 4-1. (69) 
Letting in (68) k—-a=a’, then 
ane 3 (19) &-@y 
k-1 k-1 
=k) (-e("7 1) a2 (- ("5 )ak- ae (70) 
But ie ys("7*)atk-ap-'= -S- (4 Jat 1)(k-1-a)?-1 
= GDI D ae 


Applying (71) to (70) gives (69). 
By means of (69) we obtain from 


successively, 


( ) +50 (5) +80(‘,)+ 24 & 
+31 3) + 180 (5) +390 (7) +360(7) 120(¢) 


DID re ROLE TIO OIG AOR ARO nO RCI ECNC CC: COCCI Ht Wt PCRCCRORO HR A MUCHA ESTER Domain macnn 
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6. The sum of equal powers of a series of natural numbers, with the signs of 
the terms alternating. 
n 


To express Sap (1) (72) 


[2] 


n 
We have Sn,p= >) kP -2Pt1 2 k? ; (73) 
then, by means of (51), 


Srp = x) (-1| 0a) sa (Elen > ( -1(“) a]. (74) 


as a polynomial in n. 


k=1 


7. We shall now express Sno= >, 


as an explicit function in 2. 


We have Sa, p=Sn-1,p +. (75) 
Ted qd? er —] 
Now IS OOK. ‘| -po oe lie (76) 
Cita x 
Let mae a (x) and P| = (2) 5 (77) 
then, by Leibnitz’s theorem, 
1 Pp dP dk , Wi 
Bae la ied ( ree) | (78) 
d , Le a 
=$) FO) |  +P8 Creal) | 
p qp-k dk 
+>) are Ogee], (79) 


qrp-k . de-k 2. nati 
td at@)| = =o dar EDs (a+1)! al 


“nat a 
= 1 — he) !oa-v+k 
> ai (7 ,)P- Hier] 


=0, unless a=p-h, (80) 
: : mp—kt+1 me—k+1 ; 
In which case ee f(a) @| 2 — Seat poke (81) 
d? ert qe-1 _ 
ee ys ES ae = 82 
and from (81), Sf) | pti? da si ( »|, ar (82) 


The result (81) can also be obtained in the following way : 


Let US then uz=er —1, (83) 
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(qe—-k+1 qd?- k+1 
and Tamu] = da?— ee On * -1)| 
p-k+1 \ k+1-8 ia Jp—k+1 
yp B+1\ dp-&+ ad 4 a 
ei 2 Pe ape Et1-B” ge” 2g dye aa Pay. ) 
Now the first member in (84) is equal to zero, except when B=p—k, We 
then have 
qp-k 1 (P-k+1 ye—k+i : 
io | “Dp =h+ Lda es Cee ie Dp Sea (85) 
which is the same as (81). 
Next 
dk dk he 
oat] J =t\..07 J eee tho , by Ch. IL. (103), (86) 
i ge 
~~ 9k 7 dzk-1 Fe |, Ps, (87) 
dk-1 J ah ee a 
oa dak-1 er + idee 2a ye (8 ce 
dk ke 1S 4 
therefore + =P (% Mam a oa qari 2 (-1 )°(5) 6 (89) 
from which $'(2)Je20= -—3. Also $(2)J]z20=1. (90) 
Substituting (81), ve (89) and (90) in (79) gives 
: nett ne—k+1 jer dete 4) 
Suey > ee +1 3 = rae ae 1B) BE ee 
We shall now ae that 
= DE - (3 ae -1—0, if /-1 is even, (92) 
that is, if & is odd, except ca k=1, in which case S, =1. 
; qe-1 
Now =D (5) B= ger (l—e*| (93) 


and since S,=0, if a> ie 1, therefore 
ic o q'’-1 1 -—e%\a qe-1 jee 
Se dak—* ( 2 ) is ~ dgk-i ] aah (94) 


hee eS Ah ege 
But ire being an odd function in 2, we conclude that S,=0, if k-1 is 


even, and in (91) the values of & can only be even. 
We then obtain 


[2] 
nPrl 2 1 rl y 

, a Sebel 7 Pp ) aN Pe ae 
OS aay og | ae 64 \2k-1 QF] Cy Qatl « Cale 


a Brt-1pp—2k+1, (95) 


pe OT i 


and S,,» by adding 1? to (95). 
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8. The coefficients of the powers of in the expansion of 


Nee Sy ke 
f= 


can be also expressed as determinants. 


Let Snp= >, dan; (96) 
a=0 
then Snt1,p= >, 4a(n+1)2. (97) 
n+1 
But Sate = > hk? =Snipt(ut 1)? 
g=1 
= a Agn® +(n+1). (98) 
Equating (97) and (98) gives 
ye a(+1)4 eed an? +(n+1)P (99) 
or bse Dai: )nr= >) 4a ne +f na, (100) : 
a=0 p=0 a=0 


Equating in (100) the coefficients of n*, we have 


Si (Q)4en4e+(f 
: S (i)4e-() Qo 


Now, since (i) =0, if k>~p, hence 


An+iy=9, if y>1, is one of the solutions of (101), 


ane s @ 4.=(7). (102) 


a=k+1 


Assigning to k the values k, k+1, k+2, ..., p-2, p-1, p, we obtain the 
set of p—k+1 equations 


pri p ca k+2\ | =( p 
(7 )4eat(y4 1) 40+ Ay yt (p 44) Anis 2) 
He 


oat k+2 k+1 
Ay t(4)4o+(P 5 )Apart #( i )aeiat( k ) Aen= (4): 
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Solving for 4;,, gives 


GC Ce) @) 
Cs )Geti Geri) Cet) 


The SS ee A eo NA 1 Aan eee . (103) 


(7) 0 (nese 40 (ee }| 0 0 om 
p p p 


Reducing (103), we obtain 


Po iba 1 
(OBL 21 3t= (Pkwy 
1 Lael 1 
ki! pt\(K+2)!(K+3)!... p'(p +1)! ee 
Soci! MERIT)! pera ee (p— Hi |. (104) 
1 
0 0 0 tT 
Therefore 1 ew 1 
(p—-k+1)! 2! 3!" (p—k+2)! 
i Lat 1 
(p-h! Tl 21 °° (—k+D! 
: p+1 it 0 1 1 
Co epi (pe edi oi eee 
np ois Gai 1) (p—k)! | nk, (105) 
1 1 
ae 2! 
i 1 
OI 0 0 7 
; ee n 
9. The expression (51) for Sno= 2)” (106) 
can also be obtained by the following method : 
Let S= >)S, pt%, le (107) 
nm=1 
then Sn,p 18 ((2”))8. (108) 
Applying (106) to (107), we have 
a) n 
ae ae (109) 


n=1 k=1 
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Se) ae ak by! Chil_(97), 
k=1 n= 
il eo 
=—— > kPak 
eee 
1 EN eS | 
eiGr) t-a« ey 
a eek = < k ak : a(" . 
Now Ga ee aa ‘ya 
Pp k k: 
therefore S=> (2k laa" > (= y() sg (111) 
k=1 a=1 


Now, since S,,» is ((x”))S, we must find in (111) 
(ajar (la) -*-2 or (G1 —2)-*—*. 


This coefficient is (- ye ani = ae a and from (111) we obtain 


_2< n+1 te oe 
ote! i Caeppatess ()® 
which is the same as (51). 


10. The method of the preceding article enables us to solve problems which 
otherwise present considerable difficulty. A few illustrations of the method 
are given here, and further applications will be found in subsequent chapters. 


(i) To find the value of 


sR OGE oe 


k=0 

Let Sm ote, wal é (113) 
1 

p= 

i a [2 n\ (n-k oe 114 
=j p—2k, ie 
then S Ze) (24)? a (114) 
ine) : ioe) wo 
[2 
and by means of =>) Ay z= >) >) 4,8" (115) 
p=0 k=0 k=0 p=2k 


1 ‘ 
~Si= S Ant Sy Ant Sy 4s kt vacate te Agent >) Asot.n. 


k=0 k=0 k=0 


Writing the terms with equal indices of & in columns and adding these columns gives 
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- 2x Ses net 
(114) changes to S= >) ney p—2k (2x)? 
=. (h : 
= 5 (nas, (116) 
where Ss= Ss ee ) @xye-8 (117) 
Ses ek 
=20 
Letting p-—2k=h, then 
8 = ("7 *) (aayh = (1 + 20)0-* (118) 
Pie 2 aan 
Applying (118) to 116), we have 
S= (1427289 G i i (119) 
fi >>) 2) ie 
2 n 
=(1420)"(1+75 5) (14a) (120) 
and since Sp = ((x?)) S = ((2?)) (1 +. 2)?”, 
a Qn 
therefore =(7 ): (121) 
In a similar manner we obtain 
[2 n\(n—-k 1 1 
ed 2) n—k 30-2 — ((aP\)(12 + 3a 1)" 5 
(a) (pak) P= (ore + 32+ 1) (123) 
? “. 1 (p-k 
To find Say ) . 
(ii) n Sn Pa aos) (124) 
where p is any real number, except n. 
ioe) n 1 Dae 
Let S= Sar So 
3 cae = gotten >) 
=> > 2 (2o4), by ch. 1. 07 2 
DL Pee nok? y Ch. I. (97). (126) 
Letting n-k=n’', then 
Y = ys = p—-k 
Ss pn 
ore | N ) 
Seis | ]\p-k 
= —(l+a)jP-k¥#=g SX — a ;) 27 
oa pk! ) pa ee LS. (127) 
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And letting 1+ : =y and S a yok = 4, (128) 
then et -— 
wo Sue 2 a2 
Therefore U= 3 ; 2 a @ gn-P + (130) 
and S sare @) a? + C?, (131) 
n=0 ate Tt” OP 


If p is negative, we multiply both sides of (131) by #-?, and for «=0, 
then C=0. 
If p is positive but not an integer, we may write 


p=ttf, where f<l. 


Differentiating (131) ¢+1 times with respect to « and multiplying both sides 
by «1-J, then C is again zero. 
Hence for p +0, 1, 2,..., 
: Fee 
Sk eau ; 132 
pn ia a 
Since (132) and (124) are each continuous functions of p, except when p=n, 
(132) is true for all values of p except n. 


(i1i) To find the value of 


' ", (2n—k\ 
Hoo GE as (138) 
=) 
Let S= S82"; (134) 
n=0 
then S= S\a" ee 
n=0 k=0 
a okt 
= Si (rar ( Narst (135) 
£=0 4, \2n — 2k 
Letting n—k=n' s=V0K>S a an (136) 
g ) PAV an Je 
= n=0 
2n+ky\ _ Pod Gay tlt | Wl fecal ina | 
Now ( Qn )=( 1) ( Qn )=( Qn )s 
h s=S7 DS, 7B aie (137) 
ence a, > on ; , 
= n=0 
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But zs er eaee a -k-1 4 (| —4)-#-1], (138) 
therefore S= le 7 u < ie y| 
1+a (ee) tea 1-3 
1 1 
aaah 
1-12 


aa i (139) 
1- Fs (2r + 1)ra + (rx)? 


If we let rz =y, then, from (134) and (139), 


“a le 1-7 
>) a Say” =" — =f). (140) 
n=0" Te (ar gays 
Now Oe cae (141) 
Ba ai 
where 7; and 7, are the roots of 
1 == (2+ l)y+y2=0. 
We then find 
1-7, 1 ie 
i= aS s 
f= ee 
lf figs il Se 
= Ss 2° : 142 
sy) Ahr 1%) yr” sea 
Comparing (140) and (142), we obtain 
2 eal) STEN 
ORs ree oe =) ‘ veo) 
and since 7,7,=1, 
yn 
= fr 2n+1 
S.= sap pin +. (144) 
But "= ei (2r + 14V144n); 
L (Qrt+ltJ1 +4 4)2"+1 4 (2r)ent 
therefore Sa= : 145 
a "2? (r+ 14/14 4) arse dicih (3) 
Tiv=1, 
ie > G a SS ee + /5)"] (146) 
" £A\ & 2”(5+,/5) : 
lf r= —-1, 


n = _1)n-1 
S.= > (-1E (aga e343}. (LAT) 
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‘ D (2k\ (2n-k\ 1 
(iv) To reduce Si nok) EET (148) 
we let S=>) 8,0", 2h; (149) 
n=0 


2 LOIN Talk 1 
on SS SSNS aan 


n=0 k=0 
z 3 G ) SE 1 si ee Z ) sae a. 
Letting n-k=n’, 
s->) (3) sae) & wn (151) 
Now 8, -> (3) ae (152) 


suggests the form Ch. I. (40) of the expansion of sin-!z. 
We may write for (152), 


UG ONC cee ry ea 
S.= a 2 rl % is 53 sin—!(2a2). (153) 
We shall next consider in (151), 
Sy fan 
S, => ( fi es (154) 


The expression (154) suggests the expansion of a binomial with a negative 
exponent. 


ae 2n\ _ al ~2\oa0 
Writing Cap 2 : 
h Ce Saale le de 155 
we have Das ) a \( x) Tee (155) 
Then by means of (153) and (155), we obtain from (148) 
pe | 4 
a ae (156) 
2x2 (1 — 4x)? 
[= 1 
Show that nk P\ a”)) ——________ ; 
Ms 24\ b=) Gam ap 


n 


‘p —k =(P")3 
i= uct he 


5 (= 1)9(2 7 F) = (any) SE 


1+2z 


iM 
FET 
| 
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11. (i) To express S= S* (2k+1)? 
as a polynomial in n. ef 
Now S= yy (2k + Deel ‘ 
= ( aan ; 
= Ss ( ore (-1)8 i) pe oe ae 
‘i pees I, 


<s 9a+2 


Then, by means of (161), we obtain from (159) the desired result. 
(ii) To find the value of 


S=S)(-FQk+ 1p. 


£=0 

Ne (ea (* +) 3 (2 1yrrtera | 

PS a Hig pay | 
ond Fay ( Ue] Ao iey) 
eet: ae (1) Gaal 
fed a—B—y\ 1 

>, (-1)*( : loan by Ch. ITI. (99), 

where —— 


Then, by means of (166), we obtain from (164) for 7=1 the value of S. 


n 
(iii) To express S= 5) (a+ kh), 


k=0 


(157) 


(158) 


(159) 


(160) 


(161) 


(162) 


(163) 


(164) 


(165) 


(166) 


(167) 


where a and h, either or both, are integers or fractions, as a polynomial in n. 
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Then S=(r 5) > na | 
-( dr iat ral 
1D (-1 ns a ie pa+(n+1)h — 7a 
> mm! pa. (7) Bre OF ghd Coe 


But by Ch. I. (148), 
m vat(n+h _ My 
am een a= asp aati a 1m ) 


drm al leo (rh —)y+) ow V1 
m 


(ren SC Seim(tMY) ae 


To evaluate (169) for *=1, we bring the terms in the bracket to a common 
denominator; we then have 


= 1-7 atntlty,h 
yes ee 2 Y ) V1 ) 
> y(n Y yer Pat In(? RS 


ES ae ae ym(7 Ga: (170) 


Then, by the method applied to Sy the desired result is obtained. 


In the same way the value of we k(a+kh)? is found. 
a) 

(iv) To find S= > (a + nh)? 2”, (171) 
n=0 


where a and 0 are either, or both, integers or fractions. 
Letting 7,=71/", then 


U 1 — 1 Y 
S ~ Fe Pe CBSO Naar Sy. (172) 
a\? = : 
Now Sy=(" SS ie (173) 
n= 
oe 
har, rl 
ey (“IFS yp ) ae each a 
a k! Pate ¢ ne 1 dre rh 1 ye) 
de re kite. ory 4 y) ee 
peor — bee : 175 
and drFrh-1 re L4(r, = pyr 2, | 1) a ( hk (175) 
Applying (175) to (174) we obtain S,, and then S from (172), 
(v) If S= Dy (-1)"(a + nh)Pr”, (176) 
n=0 
se! : ae ow 2 FINI a 
fen S=a(hae) ae os (17) 


and continuing as in (iv), the value of S is obtained. 
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12. The series Se Se DG ke (178) 
i=0 


enters frequently into the work in connection with operations with series. 
Its value for p=mn has been found in Ch. I. (140), and in this chapter (33) for 
p=n. In the following, a further discussion of this important series is given. 

We shall first derive the value of S,,, for p<mn and for p=n, by a method 
different from the one used before. 


, n , nN f eS 
() S,,0= 54 (- DEG )E (179) 


But So,o=1l and S(-9e(P)= (eG) 1 =-l1; 


ct i2=@ 
therefore Sno =0. (180) 
Next Sn.1= >> (-I(G)k (181) 
k=0 
n 
a mae OG) 
ad 1) Gan 
Letting k-1=K, 
fest n-1 
Sp= —m 5 (= 1)F( ; ) = -n(L-1)"-1=0 (182) 
k=0 
; ' Le (n 
Kean St, 2= > (-D*( \ie (183) 


g=1 £=0 
n—-1 aes n—-1 = 
= =n (-18(" 7" kn (-1(" :) 
k=0 k=0 k 
= —MSn-1,1 —Sn_-1,0=0. (184) 
We now assume 8S, ,=0, where p is at most n—2, (185) 


and shall show that S;, +1 is then also zero. 


n q 
Sn,+1= > (- EG ker (186) 
i=0 


n-1 
a _1)t n-l\, ‘ 
ae ye ( k )e+1) 


p p 
3 evar (187) 
a=0 


I 
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But each of the terms in (187) vanishes, if p<n-—1; therefore 


Sn,p+1=0 
or Sn,p =, if p is at most n—1, (188) 
We shall next consider the case when p=n. 
Then ee (4) kn (189) 
n,n a k 
n-1 ag 
==n>\(-1) ’ P *) e+ 1)r-1 
k=0 
= Soy ians (190) 
a a a n-1,n—1l—a: 
Now all the terms in (190) except the one corresponding to a=0 vanish ; 
therefore ‘ 
Sin= —1Sn—-1,n-1- (191) 
Substituting in (191) in succession n-1, n-2,..., 2, 1 forn and multiplying 
the resulting relations, we obtain 
Snn=(-1)"n! (192) 
(ii) If p=n+1, then 
n 
Snjnsi= >) (—1E(G a (193) 
k=0 ¥ 
n-1 - 
ae (-(" 7") ey 
£=0 
a 
= <0) (1) Ba-tinna (194) 
a=o 2 
and since Sx-1,n-0=9; 1k a>], 
therefore Sn,nt1 + 1Sp—1,n=(— 1)! n. (195) 


Now we first write in (195) »—1 for m and multiply the result by —n. In 
the relation thus obtained, we again write »—1 for m and again multiply the 
result by —n. Continuing this process, we obtain equations, which if added 
give 


Sn,n4a=(—1)"2 (n+ 1)! (196) 
If p=n+2, then 
é te i aed BS 
Sa,n+2= -n>) ( a )Sn-1,n41—05 (197) 
a=0 


and since the terms in (197) vanish except those corresponding to a=0, a=1 
and a=2, therefore 


‘ 1 Y +1 oY 
Sn, n+2t+Sn-1,241= =f ("T Vaan 4 (7s ) ag. (198) 
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But Snot, a(— 1) a 
and Sa-ta—1=(—lP te) 
n2 
hence Sn, n+2 + Sn-1,n41=(- 1)" > (n+1)!. (199) 


Applying to (199) the method used in deriving (196), we obtain 
Sp, n4+2=(-1)" a “(in +2)! (37 + 1). (200) 


(iii) The following method for obtaining the value of S;,» is not as laborious 
as the one given above. But as p increases the work becomes also cumbersome. 


By (33) we have Sn, p =(— 1)"p! ((a?)) (e” — 1)”. (201) 
2 n 
Now (*-1)"=o"(1 tt +5i+--) : (202) 


n(3n+1) , , n%(n+ 1) 3 


ie nN 
But (+g+ht aleget a 2 9-41 


n 
«yA e TIT TONE (1523 + 30n? + 5n —2)a4 + sae (3n? + 10n2 + 5n —2)a5 
aa a 3 (6305 + 315nt + 315n8 —91n2 —429n + 16)a8 4 


Therefore 
Sn, i ( = 1)" He 


nN 
Sn, n41=(- 1)"(m+ 1)! 9 


Snjnt2=(-1)" (n +2)! 7 (n+ 1), 


Y n 
Sn,n+3=(—1)"(n+ 3)! D) a Uae!) 


Sn n+4=(—-1)"(n + 4)! 15n3 + 30n? + 5n — 2), 


ia 3 


Srjn+5=(- Lye (n +5)! 


Tape (30? + 10n? + 5m — 2), 


Sn, n+6 = (—1)"(n + 6)! 7! ai (63n° + 315n4 + 315n3 — 91n2 -— 42n + 16), 


= re? 
poet he (net): 3! zl gi (9n° + 65n? + 105n4 — 703 — 4074n2 + 12112n — 8064), 


Rats (a it) 8): SOT aps 185n7 + 126008 + 3150n8 + 840n8 - 2345n3 


+ 540n? + 404m —144), 


Shei si A/c; e)-sin/s) Shain, )0:0, sl oin/sivieje aia] ere \ersle lala les4 tance 9,0) «101 #45 015.6018 a/0,0/0) nial ¥/¥) 0X6 s1e\ele\elele'e, 6ie)0)¢cel via tote eee 
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13. In the following a few examples will be given which illustrate some of 
the principles established above. 


(i) Toreduee S=S) =(" a m>1(- W(G km (203) 
M=n 
n 
Now, since > He @ km=0, when m<n, 
f=1 
Sra us n 
therefore S= nil ke -1 *( ye. 204 
Dr eee Me ia 
But from ) follows that m=p ; 
heres See ec) xm 3 (—1)8 Ge 
at, mi \p 4 k 
ayo | GDS n 
Phin = 1) (3) ee 205 
| 24, Gap ea ) G. ae) 


Letting m-p=m’, 


eee x (% 2 enim 
Sec) p> — 
Pa ) 
=" De 7) keke, (206) 


n Bs 
(ie >> (- 1) G) ? ae (207) 
Now C a) is a polynomial of the nth degree in k. 


' —kr aa - 
We may therefore write iY iy )= bs A ,kn-4, (208) 


a=0 
where the 4’s are free of k. 


n n n 
Then S= >) (- 1) >) dab 
=>) 4a) (=) 8s (208) 


n 
and since PG F(; ‘an a—(, fora>0, 


therefore S=4A,yS)(- KG) yn 
f=1 k 
= A,(-1)"n!. (210) 
But Vea ees 


hence Sar, (211) 
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Ina similar way we obtain 
n Si k 
(HG) Pt) =(- 


Show that -—1 0) fs q )=0, if ¢<n. 
ow tha ae ) k . q 


(iii) To find the value of 


s-3 (ez) 


ae Claas) 


aly k+a\/ p 
‘ S bn —])e v ) 
hence S= 228 2, 1) ( i" Naeee 


n 


Letting kt+a=a’, S= >) (-1)Fk" >) (- eee) @ 
aah 


k=1 


=>) (-9(2) (eG) 


a= 


This form is similar to (2), and suggests the expansion of 


But Car ome (Ja 7P-e, 


We may therefore write 


(212) 


(213) 


(214) 


(218) 


(219) 


(220) 


CHAPTER VI. 


HIGHER DERIVATIVES OF A CERTAIN CLASS OF FUNCTIONS. 
THE CONTINUED PRODUCT [I (@+4). 


hal 
1. THE higher derivatives of functions like 


p p 
IT (l—2*), II sinkza, -ete., 


k=1 k=1 
cannot be readily obtained by the methods given in the preceding chapters. 
Let f'(«) =f(a)8"(2), (1) 


where f(x) is the derivative of the given function f(z). 
Applying Leibnitz’s theorem to (1), we have 
pe 
(™o=> i fot) S+(z), (2) 
&=0 
Now, if to n be assigned the values 1, 2, 3, ..., m, we obtain a system of 
equations in the n unknowns, 


TO) x 
Fay” n=1, 2, 3, ..., 7. (3) 
Solving the system gives 
| 0 0 OQ as’ 
Ss =I 0 ee 
9 er y e aaa 
G)s (2)8 he eoliga 
it ‘i 4 Sinl-2) i 5 4 Sin—3) iG *) Sin—4) =] —§i@-2 
G a »\s' 1) ‘é SF ee 2) - Se 5 Sin-3) Sg) 
f(a) 1 2 
f(a) -1 0 0 ama 
s! =) 0 09 
2 ” 2 if 
(1) : (3) : = pe 
Hi A z) Cie as | Sin-3) ts 3 *) Sin-4) iii MY 
a a Sin-1) C ; - Sin-2) fe 3 ge Si ub 
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The determinant in the denominator reduces to (— 


OPERATIONS WITH SERIES 
1)”. 


Changing in the 


determinant of the numerator the sign of the last column, and en moving it 


to the first column, multiplies the determinant by (-—1)”. Therefore 
S’ —1 0 ee sale 
S Ss’ -1 0 
2 wt 2 all 
: (i)s (2)s : 
EMT ON, ne hae, 0 oe, ats Renae eee eee 
Sin-1) a *) sn 2) ia ae -l 
Sin) é oe ic ‘) Sin—2) a 
2. We shall apply the foregoing to a few examples 
7) 
(i) To expand J(2)s I 0 —2*) 
k=l, 
in powers of a. 
2p(p+1) fin) 
Now gj= 3 f ©) a 
ne 
To obtain f'™ (9) we let 
D 
log f(x) = >) log (1- 2") =8; 
i=1 
then I @O=l@os 
and Soo = S ue log (1 - . 
5 | da” a ) z-0 
Le ee 1\ (ke 1 
= — aS uk (fe (-15(8)( ) ka—n 
n! pa a 24 1) Os uy (l—a%a 


0, except when ka=n. 


Now, since ka=kB=n, it follows that B =a. 


Hence 


Dp 
So) = + (n—1)! >> &, 
k=1 


where by (9) & is a factor of n. 
The result (10) may also be obtained as follows: 


then 


hence as before 


] r) ges 
S= = log (1 — a") =y3 SS a 
f=1 a=1 
Sy)” =0, except when a=; 


p 
—(n-1)! S°k. 
k=1 


(n) _ 


(4) 


(5) 


(6) 


(7) 
(8) 


* I am informed that Sylvester used a similar form, but I cannot find any reference to it. 
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p 
Letting ca k=N,, then 8)” =-—(n-1)!N,, (11) 


pee N,, denotes the sum of all values of & between 1 and p which are factors 
of n 
We then obtain 


O!N, 1 ne 0 
TON. O!N, 
21 N (7): N, 0 
Fe BN Olas Coed Wena ids Fea) en ae nema rei . #12} 
F, ( —2 
(W-2)INyg )(n-3)IN ys 1 
Gollan. ("7 )@-2)1 1 ites 
Multiplying the columns successively by 0!, 1!, 2!,..., (~—1)! and then 
removing from the successive rows the factors 0!, 1!, 2!,..., (n—1)!, we have 
eee se 1 0 0 
PO retr a ti.) 73 : (13) 
Nant Ny-2 Naas n—-1 
Ny Ns, 1 is ome Ny 


Now, since f(x) is an integral expression, f'(0) must contain n! as a factor. 
Denoting the determinant in 7 by n!A4,, then 


f™(0)=(- Irn, 
4p (p+) 
and f@=1i+ >) (-DA,0%* (14) 
n=1 


Expanding in (13) A, in minor determinants corresponding to the elements 
of the last column, again expanding the resulting determinants in the same 
manner and continuing this process, we obtain 


f™(0)= ) ee TN, Fe ata (0) + ( ie 1) ay Bie a) —1)(n-2)N,f'"-3(0) 
pe eee +(n-1)!N,,f(0)] 
2D may Naf" 0) =(-1)tn 1d (15) 
therefore a= LS etek. (16) 
" f=1 


* The method given here for finding the expansion of f(x) is believed to be more direct and 
the result obtained more simple than arrived at by Cayley—scee his works, vol. ii. p. 243. 
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(ii) To expand in powers of 2, 


p 
f(z) = IL sin ka (17) 
k=1 
P 
We may write {Qe = e—tp(ptl)ix nif (1 — ee), (18) 
Letting ez—r and $p(p+1l)=m, (19) 
a muses 
we have fQ=op te ae), (20) 
ra f=! 
p 
And if we let P(r)= II (1-7), (21) 
k=1 
then ES > piri) ~,  P%0)=1, 
rh n! 
= >) (-1)PAue, (22) 
n=0 


where A,, is the determinant in (13) divided by u!. 


Therefore f(“=s5 =e Cie SS CoD th eame (23) 
n= = 
as 3 (14 Dy Sy On — ma (24) 


and since the lowest power of @ in ee 1s @?, 


f(a)= DP ms S —1)"A,,(2n — m)*. (25) 


a 


This can also be shown as ao. 
From (24), 


= n Can pe: d\k # “a. 
SS (= 1)"Aynty |<) im (eh = nee 


n=0 
=> GES ar (8), bye i (1 -1*) | 


If & is less than p, the terms of the derivative will each contain at least one 
factor of the form 1 —r%, which vanishes for 7=1; hence 


f=) 


m 
> (-1)"A,n* =0, if k<p. 
n=0 


Letting now k-p=Kk’ in (24), then 


oP akg k 
F()=(- 1)? a Bh Gordy Oa ~ Wn Qn — mer (26) 
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and since f(z) is real, 


p C) 
: (-—1)° getae a - ; 
Me sin ka = p 24 (-1 (p+ 2k)! 24 —1)"A,,(2n — m)P+2e, (27) 


Ba expand f(z) in terms of sines and cosines of multiples of z, we change 
45) to 


Te) =" (—1)"A, [cos (m —2n) x —7 sin (m-2n)a]; 


0 
p 
(1° 
then S(%)=—5- » (—1)”A, cos (m—-2n), if p is even, 
nO) 
p-1 
(-1)? SS mye sans 
Sse oe (—1)"A,, sin (m—2n), if p is odd, 
n=0 


» (-lt] 
and Il snkaz= 
je 2P 


(~1)",,008 | FF + (m— 20) |. 


whether p be even or odd. 
It follows that if m is even, 


a —2 
Pp , Pi Piers 
II sin hens 53 1) "cos (2 9 +m—2n «) [A, + (-1)™+?A,,—n] 
k=1 
Ll 
(22 


+ opti An [rbot CEG 


and if m is odd, 
2 yO] m—-1 


p 2 
II sin ka = 9p oS (-1)”"cos (f +m —2n [A CLO ren = pil 
(=i | n=0 
Therefore 
p\|Tm—1 
Il aoe cpl i) (FF +m=Bne) (A +(-1)™+?A 
ee eS ap a (- ) COS “O n = ) m—n] 


® 1+(-1)” 
eee “An fl +(-1)%), 
(iii) To expand f(z) =a* in powers of #—-1. 


Let «-1l=y; then 
flyy= (14 y¥= 1+ YE yp . (28) 


n! 
Now logf(y)=(1+y)log(l+y) and f'(y)=f(y)S, 


where 8’ = 5 [C1 +y) log (1 +9) (29) 


fa (0) — 
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n n—1 
Then $= (1+y) Falog (1 +y) +m7 ay log (1 +y) 
_, (n=l)! (n-2)! 
Nd ees oa n 
= 1) Ggyyra 1) (l+y)"-1 
Dy ea ee) 
= ( 1) (eh +y)"— n—1 
and So =(—-1)°@—2)),, Sy =I. 
Therefore 
i -l 0 
(ake (i)1 = 
eae (7)(-1)?0! (3) 


n—2 


(~1)"-4(n- 3)! ( )(- aan (" 57) (-1y8@ 5), 


Removing (a-—1)! from the ath row and 


finally obtain (@-1)! Ty 
1 -1 0 
at 1 0 
: = 1 0 
Cr = 1+ se F 1 (a & 1)" 
ral n! By "G5 0 e 
Teele ey pany gett on 
Goa.) 7) = Il ( Die reo! we 


3. (i) To find the expansion of the continued product 


n 
f(v)= I (z+h), 
rh 
in powers of z. 


Let =>) Qn, Reo LS S70, n— Ee 


where Qn,; is the sum of the products of 1, 2, 3, ..., m taken & at a time. 


The @’s can then be press symbolically thus : 


Qn,1 = Dy, ky, 
n 
Qn, 2 == >} ky ae 9) 
ky=1 =hy)+1 


n—2 n—1 n 
=\ i at 
= Shey bh Dh; 
k=l k= 5 of k3=kp+1 


(—1)"(n-2)! Oe UG aa 


n—-1 


(30) 


aiaioisetevnisle si ielolnnetls ciiSik Sn odin slarsiclora-eidlafuntereiere Siete s nisin aio st eraseislyaatenton weit cme ae Gt eRe _ (31) 


) 


from the Pth column, we 


(33) 


(34) 
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and in general, 


On= SS ay > As Ss OR enn >, (Onn 


pa | 
ay=1 Ag=a,+1 Me Q2+1 An=az—1t1 


3 
| 
co) 
a 
a 
3s 
| 
Ew] 
+ 
bo 
= 
| 
co) 
ne 
w 
3 


k n—k+a 
= II ( Ss ka) where ky =0. 


a=1 \ka=ka_-141 


From (33) we have 


log f(z)= S) log(a#+h)=S and f’(x)=f(a)8’. 


k=1 
PEN ert 
To find fla) =m!) FOF, 
we must first determine S,™". 
n 
1 
ra fo Pee Lb — ! 
Now S (-1)*-1(4-1) s aay: 
Las 4 
and Oe A ee Ie. 


Therefore, by (4), 


LN, ON, Ss) 
2!N3 (7) 11M, (2)N; 


fe (0)=n! 


Removing (a—1)! from the ath row and B=Ti 


obtain Ly 
iN; re 1 0) wee 0) 
f®(0) =n! Ns Ny Ny 
Nue1 Nis Nis -l 


Designating the determinant in (40) by 4,, then 
f%(0)=n!de 


Terre eee ee ee ee ee ee ee ee i ie iy 


lll 


(39) 


(40) 
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and we finally have 


n ne a 
Ht ACen, ALT 


gn k 
=e nS An ‘moet (41) 
Comparing (41) with (34), we obtain 
Orel bt An Pe aor =i (42) 


(ii) The coefficients of the expansion in (33) can also be expressed in form of 
determinants, the elements of which are powers of 1, 2, 3, ... 7. 


Let II ( (a +m) = )= 3) Onn Ear ; 


m=1 


n 
hence >) On,n—7(—m)*=0, m=1, 2, 3, ..., 0. (43) 


Solving the system of equations resulting from (43), we obtain 


Qn, n—k=(—1)*™-1-* 0! 
(= 1)81 (— 1)" 2. (— 1)" (- 19 (- 1... (= 14 (-1)!(-1)?... 


(— n)P*1(— nF? ... (—n)" (=n) (-n)}... (—n)* (—n)!(—n)?...(—n)” 
fal Ne coy HW WES oa Ie I Ae ahs Ne 
OP ee ene 30 (9) 5) Ob 3 ox 


or Qnn—E=n! 


ln n? ... ni nF... nr nn... ne 


4. We shall next express Qn,z as a double summation. 
For that purpose we shall first derive the expansion 


( 
log? (x + 1) =Qp-1,02” +2) oe Qn+e—-1,40?t,* -l<a<l, (45) 


where, as it will be shown, the Q’s have the same meaning here as in (34). 
By successive differentiations, we obtain 


(I2) = Fy (-1 Qu fi-¥ (Ia), (46) 
where f™ (la) = ed (Ia). 


* Cauchy, Analyse Algébrique, obtains by induction (see also Chrystal, Text-Book of Algebra, 
part i. p. 215), 


nm 


loge(2+1)=p! SY) (-1)*p-ayeP pa 


k=0 


gprk 
11 
mas 


: 1 : 
where ,,Pm is the sum of the products of 7 ie =, taken m at a time. 
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Now, to find Q;, we assume 


fll) =e" = 2-2; 


then "fille = tz A ae 
and fin-® (la) \afin= B(e- va) = (— 1)"—kyn—ke—vla 


= (- Dye Sheahan te 


Substituting (48) and (49) in (46) gives 


n—1 : 
3 Quon tm nO * 
=) n 
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which shows that Q; (we shall designate it by Qn-1,;) has the same meaning in 


(46) as it has in (34). 
Letting in (46) n-1-—k=k’, we have 


2) NOS t= 
o) si 1)"Qn—1,n-1-ef'®*# (I). 


d” 
qand (la) 
Letting now f(lz) =(Iz)?, then 
CH = P ~k-1 
fen(da)=(+1)1(,7  ) (a) 


qd” =i, n—-1 _% 


a eae 


and 

k=1 
d” S 
If s=1, gn) =(- 1)" p!Qn-1,n—p, if m= p. 


Now, by Taylor’s theorem, 


2 (k) 
loge +1) = SW) ap, 


which, by means of (53), becomes 


gk 


Pee wan! (—1)**?Qi-1, bp Fy 
=p 


oO ak 
= 1)e+ 
=Qp-1,00 + p! 2 (= 1)**?Qp—1, kp 7): 


Letting k—p=k’, we have 
log? (a +1) =Qp-1,02? + +S) Seite ey Foe 


which is the same as (45). 
5. Lagrange * obtains from the relation 


y= 0 (y) 
: Soh aaa ; ak 
the expansion u=f(y) = 9+ 3) Fa LOW} v0 gr: 


* Edwards, Treatise on Differential Calculus, p. 451. 
$.M. H 


‘a @ k!Qn—1, n—K(la)?—* 


(55) 


(56) 


(57) 
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Letting in (57) 
u=log?(z+1), y=log(a+1), ¢(y)=2=54 
and f(y) =py?; U=9, 
o dk- -1 k gk 
we have log?(a-+1)= 3) Fai l(; — i) ry] oe (58) 
Comparing coefficients of equal powers of x in (58) and (45), we obtain 


“x —1)k qth} [ y i a5 
Qp+k-1,k= p! ayer oa fa y=0 


Ss (-—1)* ptk-1l De qdpt+k-1-a ser qd (x! al 
( 1 y=0 


 (p-1)! au a dyptk-1-a 9 dy* \e — 
=0, except when a=h, (59) 
in which case 
= (Sie prt t") = ( y Ve] a 
Qp+h-1,k=(-1) ( k dy® \ev -1 en (60) 


Now, by Ch. I. (169), 


de sey —\\-P-k - p+ 2k (-1)2 i a a 
ao) Jo P41 k PS eeelalt y 


a=) 
cc 
dy*\ y y=0 


k k\ d® fev—1\a 
orn AS MOLE. on 
le ei ~ 
To find Naa (== ie . (62) 
. eal 
we write ee Ve Ce G3) 


Taking the (4+ a)th derivative of (63), we have 


k+@ 74 q\ dkta-B d& sev —1\4 qk+a 
pat B eee mG y see Cone (64) 


Now the first member of (64) is zero, except when B=k; we then obtain 


bi dhe ‘ 
Ya eean age |, 
Be he 5) k-+a 
=a E+ayr 2 ( DG YORE (65) 


and (61) becomes 


f(t)" paren 1 1 k 
dy*\ y y=0 ia 


i 

aon 

Seca 
~~ 
> 
+ 
2 

~~ 
lop) 
or) 

_— 
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Applying (66) to (60), we obtain 


See ee anes | is 
Qp+k+1, t= met i: J ar 2k)! 5, a eerayeeaie) 


Gee ip 


Writing n +1 for p+4, then 
= Be is 1 k fe oe 
Qn e= "See (g) 41 +! eta oD (ees (68) 


and we have 


je eas an ) S)(-1) ae 


a=1 n-a y=1 W 
n—-1 a n 
Bre (— nt a) yO) Senge ape 
On nat ( 1) a a West Zul iB & Dai 


a! 


iy ENS ees) ae ee De, (-1yr($ ) notes 


a=1 = 
n-1 k 
1 1 
=A7l >. eS 
ikl =a 
Q es. a S ! s as 
n, n= = yt 2 hot 1) Hh ke 
and in general 
k+1 og l 
Qn, u=n Over k- ee k- 3 24 Gen k-3° 
an—k-1 
Ss =. (69) 
An—p=1 On—k 
Letting in (69) k=n—n, we have 
1 il kn—-2 1 bac ] 
=n! wel Tat om 
Reo eh ktn-1 Se oe ee ad Oa Te 
Bee ie 
n! 
Another form for Qp,z is derived thus : 
n+1 
Qn =( 2 } 
nee ane k+2 n+1 
Qn,2= d) (K+ 2) Qr41,1 =>) (b+2)( 9 )=2(8n+2)( 3 i 
k= £=0 
2 Rae Ey kg + 2 
Qn,s = S(t Ors2,2— 3) +3) S) he 2)(%3 ) 


anne a 
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We further obtain 


@), peel GES a Bp 10n-8)("F"), 


5 
ae 


Qn, 5 = ps (3n! + 23 — 17 n? + 104m — 300)( : 


Qn, 6 = 5te(63n* — 315n3 — 224n*+140n+96)("7*) 


6. We shall now express Qn, z a8 a function of the Q’s preceding it 
n n 
Let, as before, f@)= IV (+h) =) On aes (70) 
k=1 E=0 
n n-k n—k 
then f@rl=>-0, 4 ( Janna 
k=0  a=0\ @ 
Letting k+a=a’, 
n n =i 
1 Ni D)e ot n ) n-a@ 
(a+ = 2 One (G ek By 
= OCT 1) On, ey by Ch. I. (58). (71) 
a=0 k=0 
Applying (70) and (71) to 
(v7+1)f(e@+1)=(e+n4+1) f(z) 
gives (x+1) >) 0 psi 1) On a= ( xt+n-+1) ) 2, acu 2 (72) 
Equating coefficients of like powers of z, we have 
a) k 
SG )Onne d) (4 1 )Qn, = (0+ 1)Qn, atQn, atl (73) 
= n—-k n—k 
2 iG: 1) * (Gn) [One= + Dre. (74) 
n—k n—-k n-k+1 —k+1 = 
But eee ee Lae (’ n-@ iE (8) 
“(n-k+1 
therefore It ay )@n.2= (1+1)Qn,a 
Saye 
or aQn,0= > ( heey )Qn. x: 


Changing a into & and k into a, 
k-1 
—-a+l 
é : oy (76) 


1 
Qnk= 5 a n—-k 
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7. The higher derivatives of certain functions may also be obtained by 
special devices. Such methods, however, often present considerable difficulty, 
and the results are, as a rule, in a form not convenient for practical application. 

As an example we shall find here the nth derivative of 


y= ec? 
By actual differentiation we have 
y' = yopa??, 
y= yl (ep)Pare-? + ep(p — 1) aP-*], 
y= yL(cp)2a3?-? + 3 (cp)? (p — 1) a??? + cp(p — 1) (p — 2) aP-*), 


ee i er er 


We shall now assume 
n 
y=y >) (cp) 4A, Gar P-®, (77) 
h=1 
where A,» is free of a. 
To find An,» we differentiate (77) with respect to x; we then have 


n 
yt) = | (cp)"+1-"An ,(n+1—h p—n)arti—Mp—(n4t) 
n=) 


n 
4p > (cpyerri-kA, panera) | 
7—/ 
= | (cpti-*A,,(n+1—hp—n)geh eens) 


n-1 
. —h)p—(n+1 
Bie a (cp)"t1 CA h)p—(n+1) 
h=1 
+(cp)"1A, yartDP—4+l) + opAn n(p— nario | 


n-1 
= (n+1)p— 1) n+1—h ~(n+1—h)p—(n+1) 
=y| (epyr+¥ dy, a )p—(n+ + &i (ep) ig 

= 


.{(n+l1—-hp-n) An,h + An n+i} ae cp An, n(p—N) cae | abasic) 


and since 4n,0=0=An.n+41, We may write 


yt) =y S* (cp)nti-hgint1—hp-n+) (n+ 1 —hp—n)Annt+ Anny} 


=y>) (cp)Pt2—hgint2—hip—(n+V lin 4+2—-hp—n) Ann-1t Ann}. (79) 
h=1 


But from (77) 


yet ay SS (cp)?t2-hAnid 7, a(n+2—h)p—(n+1), (80) 
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Comparing (79) and (80), we obtain 
Anti n=Annt(n+2-hp-n) Anna, (81) 


n n n 
from which >) Agit,n= >) 4z,at S) (k+2-hp-h) Api. 
k=1 f=1 f= 


n 
But > (4e¢1,1- 44,0) = Angi n- Arn 5 
f= 
and since if h>1, 41,,=0, 
n 
Anin= Dy (k+2-hp—k)Axgn-1 (82) 
b=n=1 
k-1 
and Apnri= >) (m+3-hp-m)Am,n—2- 
m=h—2 


Therefore 


Antih= » St (k+2-hp—k)(m+3-hp—m)Am,n-2 
=j- 


k=h-1 m 
n—1 n 
= > (m+3-hp—m) Am,n—2 ~ (k+2-hp-k). (83) 
m=h—2 k=m+1 
In a similar way 
n—2 n—1 
Agaih= SS (my +4—-hp-m,) Am,,n—3 SS (mg+3—-—hp—myg) 
m=h—3 Me=m+1 
n 
DS (m3+2—-—hp—ms). (84) 
Mz=mMs+1 
Continuing this process, we obtain 
n—h+2 h—-1 , n—A+1+% 
An+i1h= SS Am,1 (mp —m,) II ( Dy (mm, — Ip ~ mx) ) 3 (85) 
m= k=2 \mp=mp—it+1 
and since 4,,,1=1, 
n—h+1 h-1 n—h+k 
Ann= > (mp-m) (>) m=Kp-m)). (86) 
m=1 k=2 \mg=mp-1+1 


Applying (86) to (77) gives the required derivative, a much simpler form of 
which has been obtained in Ch. I. (167), 


CHAPTER VIL. 
EXPANSION OF POWERS OF SERIES. 


In extending the methods given in Ch. I. 4 and 5, we shall treat of the two cases : 


1. When the sum of the series to be expanded to a given power can be 
expressed in terms of known functions and the general derivative of the power 
of the sum can be readily obtained. 


2. When the sum of the series cannot be expressed in terms of elementary 
functions, or when the general derivative of the power of the sum cannot 
conveniently be found. 


The methods will be illustrated by a few examples : 
1. (i) To find the expansion m powers of z of 


y=(lt+auta?+...+07-1)?, pany real number. (1) 

er (Vy @) 
aS oD (;) a =, a “Sp a ap Oy 
But a : ai er ae (—1)- ia (n—k)! a (4) 
and £ (1-2) pak (2 > oath 10; ) (1?) ama k(l—amyp-2, (5) 


Applying (4) and (5) to (3) gives 


SM entre dee) 


=0, unless ma=k. 


k 
ma=mB=sk. But ma=k; hence B=a, and 


dry] AAS 
dat lcs Se) sd eat os D 


k=0 
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Now, from a a=f, and from eo. mB=k. It then follows that 


S(-1) (a) (7) 


a=0 a 
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Since a=“, k can only have values which are multiples of m. Letting 


k=mh, then a=h. 


dry n-mk+p-1 p 
Therefore Tet loco 24 (= 1)8( n— mk )G) . 
Aa y=1+ SI een eG an (9) 
n=1 k=0 (os. i 


In a similar way we find 

(l-v+a?—...4(-l)™I12”'p 
= <a _y)\n _1\(m-1)k ma RR) #) a 
LS) (1) 5) (= tes ae eet 


when m is even, 


See 3 (= 1 eee) @ a", (11) 


when m is odd. 


(ii) Given y= >) (WF +2n+3)a", |x| <1, (12) 
n=1 
to find the expansion of #?, p any real number, in powers of z. 
7 2 d\2 d x 
Now y=| (#35) +2(0r )+3 |= 
a(3a2-—Tx +6 
ud oa aoe (13) 


To expand y? we first find 


a 2. (n\ de® dt 
eae | Sa Ale 2)-% 7 (30*— Ta +6) | 


ee lls) i : 
ren Z (QOS 00 


: eal : 
then NOSIS ee a ae y HE des sulla 1) 


by Ch. I. (207). 


(i) To find the expansion of y? in powers of a, if 


y= >) (snot) ae, |e | <1, (16) 


n= 


j=) 
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x 


we ere [yde=; sat (17) 
. (1 + 2x3)? 
from which y= (1-2)2?" (1 8) 
ary? (nn an-* d® 
Now 7D ( a= (1+ 208)? 5 (1-28), (19) 


But — ;, (1 + 2x3)? =(n—k)! S71 tr ye(2 aS) y8( 3) a 4 


gee aFk(] + 23)P—4 (20) 


and FO -2)-= b>) (“2 pet 1) 1%; Gohan (21) 
Applying (19) and (20) to (18), we have 
TE |g _=0, except when 3a—n+k+3a,-k=0. (22) 
We shall now show that 
38a-—n+k=0 and 3a,-k=0. (23) 


Let 3a—n+k>0; then from (22) 3a,-k<0 and 3a,<k, and since from 


(i): a,=8,, 38,<k, which is not tenable, since from ( oy. Soh 


In a similar way it can be shown that the assumption 3a—n+k<0 is not 
valid, and the equations (23) hold. 


Now, from (a) a=, and from (eat 3B =n-k; hence 3a 3B =n-k. 


But 8a=n-k; therefore B=a. Similarly 6,=4a,. 
And we obtain 


oe oe n—k (?) k (- *? 
=n! 20 SS) (-1)" . 24 
da" Seo Ph 2 Na) ON a ae 
But ee and a=%:; nm and k must therefore be multiples of 3, and 
(24) becomes 
dry? ‘aol D rgn—-k( P aA 
Zam |g 7 (3)! D4 (12 eaigal (25) 


and we finally obtain 
a n a 9 
i. 3n _1)\k9n—k Pp P). 
seta Gt GPG (26) 


The above result can also be obtained by means of the Binomial Theorem. 
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(iv) To find the expansion of y? in powers of a, if 


> soos CRA NG DS oinag (lt Q7 

Toes | ) (Qn+ yi ge a 2 | ) @r ( ) 
2n+1 Tl 

Let S= 3) Sy (28) 


k k a, q2nt+1 ke 
where si = >» (= e(*) Te ~ dy2nt+1 (1 ve) ie 


Oo dant l 7] ~ex\k q2rt+1 | ex 
Ss) neal 2 ) a lk 


x x 
q2n+1 pe 1 d2mt+l ex _e-% 
—  92n+1 qdy2n+1 ares | 


(29) 


Then, by means of (28) and (29), we obtain from (27), 


q2n+i %_ p—x 2n+1 
e* —@e€ ] uy (30) 


fo 0} 
a _ ante 
y ye, darrt) et + e-% |, -9(2n+1)! 


oO antl et _ e—i@ g2ntl 
4 darrtt 7 (e'% + e-) |, -9(Q2n+1)! 


oO q2an+1 gent 
=z tan | Oey = tan @, (31) 


and from Ch. IV. 5 the expansion of tan?z in powers of z. 
Oa leh y= >) Avner (32) 
n=0 


where the A’s are free of x, be a series which converges for certain values of za. 
To find the expansion of y? in powers of a, p being a positive integer. 


Now OY? == , Aj, nom 3 Ay, nv. (33) 
m=0 
Letting n+” =’, then 
‘P= Ay a, Se cee ne (34) 
m=0 n=Ny 


io} n 
=>" Dy, Ae Chinn): 
By 


Agnx™, where Az ,= ss Ai n—HAs me (35) 


n=0 n=0 
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Next y= > Ag nvm SS Ay nx" 


n=0 


ioe) 
1 a Ai n—m ape 
n 
pone 1,n—n,42, ny 


n 
Ag nc”, where Az n= >) Ai, n=, 42, 2, 


n=0 


Ms i 
& 
? 


II ll 
Ms i i 


Ss 
ll 
—) 


We now assume 


foe) n 
= 
y? = > Ag ax”, W here Ao .n= > Aj, A patatyn Roars 


n=0 m=0 


and shall show that this form holds also for the expansion of y?+1. 
From (38) we have 


AO’ axe SS Ap, m2 >) Ai pe” 


m=0 
or) 2) 
= Ap, n, me Ay, n—m 2" 
m=0 n=ny 
7) n 
=e Ary nm Ap, n, 
n=0 m=0 
fe) 
n=0 m= =0 


which shows that 4y+1,, is of the same form as 4p py. 
We shall now express 4, in terms of 4,’s. 
Using (38) as a recurring formula, we have 


Aj.n= 2, Aj, n—ny Sy, Ay, hte — 2,m4 


n=0 N2=0 
= 3) Aan my Aan SO Nha ts 8, Ny 
m=0 N2=0 n,=0 
Np—2 
= 
Ta -> Aj, n—-M s Ay »1™4—N2* 23 Ai, my-2—Mp-1 Al, Ny 
N2=0 age 
pl ,n- 
exe | bs Arman )At,9-1 Nyo= Nn. 
k=1 ny,=0 


By means of (42), we find 
(2 — 3a + 5a? — 493 + 7x4) = 32 — 240e + 11202? — 380043 + 


(i) To find the expansion of (tan~1z)? in powers of z. 


N tan=t a: pees < cecal 
ow an apa et at Foe Oeil 
_1\m 
and Pe | 1) 


Im+1° 


123 


(36) 


(39) 


(40) 


(43) 
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Therefore 
“2 Pl /Me=1 (— 1) % (—1)%-1 
tan-17)? = 7? SY 22" C ) 
i ae ep Reo ce 24 9 2M — 2M, +1) 2p +1 
Ss 2 a Spee : 44 
ee —])%g2n+p as ) 
2a eT 24 lige = ong) ape ee 
Ex. (tan-tz)> = o5 — S974 1999-487 guy 
(ui) To expand (sin-!z)? in powers of a. 
© ae ah g2ntl 
Now sin-1z = 5» (-1)"( 2) 
mere n J/2n+1 
= 1 2n 2)N » 
eno Cae ee) 
il 2m 
then Ae TOT ) 
ao p—1 -—nr—1 1 Dig ai) 
and (sin *a)?= > ot? II | é ei i) 
ce ( ) eek k=l 2 2? (Mx-1—™) (2np_1 — 2ng+1)\ ne-1— 1% 


il 2Np-1 4 
22%) -1(2np_1 + 7( Np-1 I 9) 


The following method for obtaining the expansion of (sin-!z)? is due to 
Cauchy. 
Expanding sin mz and cos mz in powers of sin z*, we have 


2 n a! +H2n+l 
sinmaz=m S*\ (—1)" m* — 2k — 12 toe Sede 
>| : ae ) (2n +1)! (47) 
n ——— 
where (m? — 2k - i5)| =], 
Ke n=0 
d 2 ie 2 _ 92) sin2”¢ (48) 
an GOS MZ = (-1)" TT (m?—2k , 
7 OS I Qn)! 
n—1 = 
where IL (m?- 27) | Salli. 
k=0 n=0 


—47<a<3r for all values of m. 


The results (47) and (48) can also be obtained by means of some of the methods given 
before. 


To derive (48), we have [2] 
cosmd= S (-1)k (Ga cos™—2* 9 sin2*8. 
k=0 Qh 
Now, if m is even, 
a oat my 
cos™—2* 9 = (] — sin? g)2—* = = el -19(27 ) sine ; 
a 
m\ 2a" OE 
therefore cos m0 = S (-1)* (opie Saas (2 a ) sine, 
a=0 P 


* Hobson, A Treatise on Plane Trigonometry, p. 105 and p. 265. 


EXPANSION OF POWERS OF SERIES 125 


os ; Ss yn (tne g)2n+i 5 
u aH aim ) Qn+1)! (49) 
and cos Mx = > (- 2 yi (50) 


Equating coefficients of equal powers of m in (42) and (49) and in (48) and 
(50), we obtain 


n—-1 
es IL (24+1) 
ee Wel gant. 51 
ee >; Qn! 2n+ 1? et) 


Letting k+a=n, then 


2k—1 &=1 k—-1 


1 II (m-a) II (m—2a) II (m-2a-1) es 
Now (5i.) =a ay Rak gS eR , (2h) !=2k! TL (2a+1). 
= * TI (2a+1) eas (2a +1) rag 
a=0 a=0 
m™ A n—k—-1 
Also Ge eee 
n—-k (n = k)! a=0 Fad 
n—1 
Bok II (m-2a), after letting k+a=a’. 
pial (tile) eee 
ae k—-1 
m ‘TL (m 2a) IT We 2a se) 
Denoting ) 2 \y P, then, P=— = : 
n-k 2h! (n—k)! ww ee) 


Multiplying the numerator and the denominator of P by au (2a+1), we have 
a=k 
k-1 n—1 


IL (m-2a-1) IL (2a+1) 


P-L m—2a a=0 a=k 
~ gx0 20-41 Qrki(n—k)! 
l k-1 m—1 n—1 Qn -1 
= -2a-1)=2*| 2 and = Il (2a--1)=—|| 92 
But i mene 2a—1) | i 27 (n—k)! oe 5) ey 


bye, On 2n-1\ /m-1 
rej — ) 2 2} 
Hence a=0 2a+1/\ 7, k 
n=l mm —Oa\ 2 2n-1\/m-1 
§= -1y( Tr eat) 2 2} 
and id (gay eI 2, ne ; 
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n—-1 
where for n=0 and n=1, TI (244+1)= 
k=1 


: Sy 2 (1) Mae 

dN oe : 

(sin~12z) NS) mat On? 
TI (24+1) 


k=0 
n—1 
Goel or CD ee 
sin-!z)*=3! = 
( ) ma) 2" n! — (2a —1)? 2n+1? 
Denoting the summation on the right by S,, 
n 2n—1 m—1 
then She D(a NT (Ges (area). 2 
k=0 
m+tm—2 /m+2n—-2 } ml 
=((x”)) (1 2 = 2 = II +2k 
((2")) (1+ a2) 4 2 Seyi JL (m+ 2h), 


sO om -2t) TE (m2) ="G OPT ne 28), 
(2n a)! a k=0 (2n)! k=0 


and 


Similarly when m is odd, ete. 
The result (>) can also be obtained in the following way. 


Letting n-k=k’ in the coefficient of (—1)"sin?”@ in (a), then 


n m Lida ang 8 
= (on 21) € k ) 


=> (2h—2h)) re! +a)" ((a*)) (1 = a2 (-"4}) 


syEFMT (1 — a) E49) = (a2) 84, 


= ((x"))(l+a 
gtr-1 (Zag) Le 
soe stn a (5-nt 
We then have Suee DS (2 ) aa Ss (2 P) xB, 
a=0 a p=0 B 
ire U0 oo im 
2 2 >t+tn-1 >- - 
Lettinga+p=p’, S,= > (2 ) 3 (2 ase 4) xB 
a=0 a p=a -—a 
ce m D 
ay ay S (oa =) Cs 
p=0 a=0 a) a 
2n aor n—] m 2n 
and ((z*"))S3= DY (2 ese > PP». 
CEL a 2u-a a0 


(52) 


(53) 


(0) 


o 
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n—1 
where I (2k-+1)| aie 
k=1 n=1 
nm—1)! 2 an 
Lois us  . yy eee (54) 
n=2 = 
Tr (244+1) += 
o - Mg 
n—1 
o Ll (24+1) . 
uGeetp ‘ier | ~ k=1 Ca 
(sin-!z) eo nl Bron 41? (55) 
1 1 


where S, denotes th f th Ba k 
et es the sum 0 e products of i 32 nol) taken two at 


m 

Bein ile fae 
: (5 ) Skil (2n)! Qn 
eee Poel orerans aon (%) 


m 7 x 
therefore P,P,=|2 7” ( 3 (a mes toe ); 
Qn a m+2n 


ae ee OND, 2a 4n 
and (a2) S5=( 27") S ( )Q- ) 2+) | om At ent 
Qn J a=0\ % m+2n On m+2n 


m LEER fide EEN 
SOP EE OG: = Bal II (m+2n- 2k) 
et 


n—-1 2n—1 
cl I (m +2n — 2k) [ (mm + 2-21) | IL (m+2n- 2k). 


~(Qn)1; k=” k=n+1 


Letting 2n-k=k’ in the note product, then 
ott 
ee IL [(m + 2n — 2k) (m —2n + 2k) 


((2?")) S3= (2n)!5— 
and letting n-k=k’, we obtain 
2 n—1 aoe. 1 n—1 pats 
ony te a OY sf Ta PN = 2_ 972 
((a S3= ony L (m? — 2k?) (Bry LL (om Dheye 


In connection with the above we shall show that 


m—1 
bea] Lys 
sinmé= Dd (-l)k tie ‘ Viet cae) 
k=0 
m—1 
Be on 
j = n m—2n—-1 jyn2n4+l1 
Now sin m0 = > (-1) (on 1) 08" Cae Gisimne ne 
m—1 


ets n 
=sind > (- n( is ) > (-1) ({;) cos™—2n+2k-19, letting n-k=k’, 
k=0 


fo) 
Eb 2n+1 


m—1 
=sin 0 = Cae > (-1) ( *) eosm-2 meal 


mine 5 (1pm 5 (02,)(") 


k=0 n=k 
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(iii) To expand (sec~!z)? in powers of =. 


= -4 1 1 
% =i See _)nt1 Oe \\ Sate eee 
Now sec Pasa d 1)" ( n besa gant 
1< 1 2n\ 1 
ee 56 
L 2 2?” (2n + 1) ( n ) (eyo ee) 
oO p-l 
sha (soo-ta)?= (1) > <eezs TI Pay (57) 
n=0 k=1 


where P,, is the expression following the product sign in (46). 


[=] 


Ifin S= > ( sh \G) we let n—k=n’, then 


n=k 2n+ 1 


m—1 m—l 
wall a ( dt ) n+k n x ((ae2"+2h+1)) (1 + a2) ((ae-2h)) (1 — -2)—(k+1) 
i, \2Qn+2k+1)\ k ial; : 


= ((a*)) (1 + an) —¥-1 (1 — p72) (H+) = ((22*)) P. 


m-k-1 (/m—k-1 2 (kta ; 
Nowa — > ( 2 arse > ( > je. letting n+a=a’, 


n=0 a=0 a 
Boa oes | S (a ae 
— w — ia 
— J 
n=0 n a=n a-n 
mel S m-k-1\ (/k+a-n Leia 
a=e n=0 7 a-n : 


and if we let a=m-—2k—1, we have 


m—2k—-1 /m—k—-1\ (m—k=-n-1\ ™-24-1/m—=-kh-1)\ (n+k 
k =_ SS! = 
ee. eee ae) 


a m—2k-1 PE) Lape = Kies 
a 5 ; 5 é cm ae i ae by Ch. I. (207). 


n=0 
In this way the desired result is obtained. In a similar manner 
[2] 


: = _ype(™-F-1 M 9m -2-1 engm—2k 
cos mé 2 (-1) ( k one cos 6. 


CHAPTER VIII. 


SEPARATION OF FRACTIONS INTO PARTIAL FRACTIONS. 


WE shall in this chapter consider the separation of certain fractions into partial 
fractions. As a rule the coefficients are obtained in form of determinants, 


while the methods used here render them as single or double summations. 
1. (i) To separate 


n 
SS Mota 
F(a) 13-1 __,_ p>, 
a) TI (e+ kh) 
k=0 
into partial fractions. 
NCL = 
Es = 24 Rh 
a . f(a) 
then Ay=(@+ oi 8 Geen 
= f(x) 
~ k-1 p e 
Il (c+a,h) IL («+ ash) 
a,=0 ag=k+1 x%=—kh 


(3) 


where, when &=0, the first product in the denominator is 1, and when k=9, the 


second product is 1. 


—1)*f,(-kh 
We then obtain Ax = Fe i) 4, 
and m, 1 (-ly/ £ »(P) nO. Mm 1 
A aim Bat pipnn 24 (-) lk k 24 ( AES 
a 1 My 1) PY S. (= 18m (kh) 1 | 
ph? ei Da hk] = yaa o+kh 
In a similar way we find 
z 1 oa z ay) 1 
(il) pom ee gt+k 
II (« +h) = 
k=1 
1 1< m\ 1 
and ere = (HG) +h 
II (x +k) a 
k=0 


(4) 


(6) 
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Pr 
i (w ae kg) 1 2 1/2 i\y @ 
OS ee eel a 
k=1 Po>Py (7) 
>) maan-* D> (=1)2mahiet4 
(iv) om) = ( ue 1)" > a=0 1 
P x ile P x + hy,’ 
II (a + hx) net 1 (—he + ha,) II (—hy + ha,) 
k=1 ay=1 ag=k+1 >n. (8) 
2. To separate into partial fractions 
> myx*—* 
F(a) -#=>_ (9) 
(x +a)” 


G7) By division. 
Dividing the numerator and the denominator of F(z) by «+a, we obtain 


n-1 


S) Qi,pat-1-# r é 
= 
Me) =~Grapt *@rap n+ er ap oe 


Clearing (10) of fractions and equating in the result coefficients of like 
powers of x, we have 


My=O17+001 41,0 k=), 2, 3,.., wl. (11) 
Q1,0= Mp; 
Ri =m, — 91, n-1.- (12) 
If we now write in Q1,1=mE-4Q1, b-1, (13) 


k-1, k-2,...,2, 1 for k, multiplying the resulting relations by 
— a, (—-a)*, seey (-a)F*, (-a)*-t 


and add the equations thus obtained, we have 


k-1 k-1 k 
> (- 18a" Qi z-2= >) (-1)Pa? me-p t+ DS) (- 1)? a? Q1,z-2- (14) 
é=0 £=0 é=1 


Cancelling terms gives 


: k 
Q1,n= 35 (-Di-Pat-P m= Si (—1)8a? mpg, (15) 
p=0 p=0 
- n n 
and R,=>) (—1)"-8a"-Pmg = S) (—1)8 ah my_p. (16) 
p=0 2=0 


Dividing now the numerator and the denominator of 


n—-1 
2 Qu, punr-l-k 


P(x) 


(~+a)?—1 
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by x+a, we obtain 
> Qo, punr—2-k a R, 
F(z) = Se oe Hate) aia rage) (17) 
ae (a+a)?-1~ (a+ a)P~1 
Qe, b= 91, %—- @Q2, b-1 
k 
= >) (-1)'-#at-# 01, 2 
A=0 
(18) 


k 
=>) (-1)Pa"Q1, x2. 


from which 


It is evident that R, is formed in the same manner as Qo, n-1, if it existed 
(19) 


Rk, = Qo, n—1- 


and 
Applying (15) to (18), we obtain 
8 
1)®-va’—ym, 


Qe, 1)*¥-8 qk— is 


k 


is) 


oO 


ll 
ih 


1)'-vak-ymy(k -—y +1) 


(—1)'-# ake (a) mp 


=P oF (° a z) Mi—s 


l| 
2 

= 
it bi 


I 
Me» 


® 
ll 
° 


| 
WA 


® 
ll 
i) 


eee " B+1 

d _jjy-1 —1)8qr-1- 
an ) 24 Pa ( 1 ) ms 
(21) 


> —1)Faé ete Mn—1—B: 


Dividing next numerator and denominator of 
n-2 


os Qo, pan—2-# 
Hf, (2) = (a+ a)e-? 


by «+a, we have 
n—3 
S) Qs, nu-8-* 
gti ee R. R 
exes tetas + erga =) 


Ese)= (x+a)? 
_aycras(l Bn 


ae IF ("3 *) ma 8 


from which we obtain 
(23) 
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and P= Q5.n-2= (=D Ss (~ar-2-0( PS? mg 
g=0 
n-2 
= SS pear (FP ices Pr 
3, (1a 38) mn-a-s (24) 


We now assume 


a bee (hres 
On, 2= 51 (—1)F-#ak-# ( ean 
k — 
=> (-1eat (Per m=, 25) 
and shall show that this form holds also for Q) +1, x. 


k 
Now Qp41,46= >) (-1)*-Fak-F Qh, 8 
A=0 


5 (—1)F¥-Bak- 3 (-1)8-va8-y ec Eton, 


B=0 y=0 -1 
Sel yk-yqk-ym ie ie : 66) 
y=0 
EK (B-yth-\ 
But hi 1 25 yth- 
u > ( aa )=( ((x DPI +2) 
=((x")){ (1+ a)k-y+h — (1 + x)h-1} 
k= h 
("57") er) 
Therefore Cees. (1prrat-a(FE*8) he 
p=0 
¢ h 
eG 1yaan(PF ) mas (28) 


n—k 
and Raz, b= Qn41,n-1= PEG UD Re as (Pa) me 


n—-h 
=a 1ypeas ("7 1) mn h—B: (29) 
NK 
yy o)takee ie Me 
Hence F(x) = >) = alt ) eis 


(31) 
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If n= p, then the last division will be of the form 


n—-Dp R 
n—p—ky *'p 
Dy Or.ne tote 
k 
where Qp, k= ( a one *)m 
2=0 pt 
k 
+p-1 
=) (- aye (PtE meas (32) 
B=0 
n-p &k 
Therefore F(z)=S) (aye BO ag Py eee 
&=0 B=0 B 
n-k k+ 
gard (-a)*(0 BP) anna 
= (33) 
f= (x+a)P-* 
(i) By differentiation. 
n 
e, Ay. 
then clearing (34) of fractions, we have 
n n 
Me, m, at =>) A; (a +a) 
E=0 E=0 
k=1 n 
=) Ax(x + a)¥ + Ap(e +a) + >) Ax(a +a). (35) 
k=0 k=h+1 
Taking the hth derivative of (35) and then letting a= —a, we obtain 
de ee ae 
An= Fy gh #7 ee (36) 
n-h 
= S\ ears "me 
k=0 
Letting n-k-h=f, gives 
n—h 
‘ +h 
A= Sy (0) (98) tty noe (37) 
p=0 


which is the same as (28). 


(iii) Another method of effecting the separation of (x) into Partial Fractions 
is as follows : 
Let c=y—a; then from (9), 


=y-? op (-1)8("5 )atynFne (38) 
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Letting k+ B=’, (3 


8) becomes 


n n 


(39) 
Now if n<~p, we may write for (39) 


(—1)8—#ae- 2 ym 


= yp—(n—B) , (40) 
=’, we have 


B 

a 
Vz 
=0 


k 
5 a)? ( LS) Mn—-k—B 
= p=0 
F(y-a)= se. pak : (41) 
Substituting +a for y gives (31) 


li n=4, the integral part of (9) is the quotient of 
n—p 


My. Con 


n—-p ait 
Ln eran: oe ye(” B aby P 8 


(42) 
Now the exponent of y can only be positive; therefore 


at pe eae ee n—-k 
F(a) = > fig (= 1°( ) a8 yt 0-P8 (43) 
r= B=0 p 
Denoting the second a the double summation in (43) by F,(x), and letting 
in it y=“%+a, we have 
n—p—k — \ OBE yee 
B=0 B y=0 mf 
and since 


m m—g m m—h 


Aghs 
0 


“GA (aaa 


. —k\ (n-p-k-£ 
F,(2)= ay gn—P-k— e(" ( Wy ; 
A y=0 Lake ) es, 
n—p-k-B\_(n-p-k-B nt+k+y—-1 
Bae ie ig ( een y- ) 
 \n=p-k- 5 ae Ie Ca Al y-B 
we x =i —nt+k+y-1 
h e Pa) = Se (a) Yon 2k) SS G u ie 
ence F()= ) (-1) PA ) a 


and the value of the second of the double summation being G@ age, *) we obtain 


F,(a)= S) (-1) ( a - ‘) ayvan—D—k-y, 


=0 g= 
—=—D— —¥e) ay 
therefore See ae P—k— ee! Su 


ur ee ae k- 5 y’, then 
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Letting k+y=y’, 


n—p = mn 

F(x) = SD (=1)7-# @ k+p *) ay—kyn—p-y, (44) 
yak yok 
n—p n—p Rs e 

and F(x) = Sm, S(-1)’-* é k+p 3) ay—kyn—p-y 
k=0 y=k Vie k 
n—p eh Ares 
=) y(t FD) mngan om (45) 
’ y=0 F=0 Nae 
Letting y-k=k, 

N—P ¥ 2 e 

F(z) = SS (-a)* Ge *) my ea? (46) 
y=0 k=0 


Interchanging y and k and writing B for y, we obtain the same result as 
the integral part of (33). 


3. To separate into Partial Fractions 


__f(2) 
F (x)= (eta)? (47) 
where f(z) is a polynomial in x of higher degree than p. 
Let ¢(x) be the integral part of F(x); we shall then show that 


et OY ean 7 
Pa) =$(a)+ Oe (48) 
f(z) _ f(z) — (4 + a)? $(a) 
We may write (c+ajye? - (eta) 
R 
= (x) + (o+a)?’ (49) 
where RF is a polynomial in « of lower degree than p. 
R wee Ay 
ey jap” 24 wear (50) 
og 
from which Au=7 dak lS () —(x+a)?(2)|z=-a- (51) 
k 
But £0 +4)? (2)]pn—a=0, foré=0, 1, 2, ..., p-1; 
1 dé 
therefore An=F THO| > (52) 


which proves the principle. 

To separate an improper fraction into partial fractions it vs not necessary to 
find first the remainder, but the coefficients of the partial fractions may be obtained 
directly from the given fraction wm the same way as of it were a proper fraction. 
The integral part can be written without carrying out the actual division. 


4. To separate into Partial Fractions 


f(z) _ a=0 N< Pke (53) 
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fa) SX An 
ee (c) p> (x + hy) Pe” 
Dy.—-1 Ae 
Se erie) (54) 


r 
where 6;(x) is a polynomial of degree less than S) pe-1, and 
£=0 


1 


bi(&) = 75 - : (55) 
TI (w+hp,)? IL (a+hg)?e2 
ky=0 ko=k+1 
Clearing (54) of fractions, we have 
Pr-1 
F(a) $e(@) = S} Ag, o (w+ dx)? + (w + hx)”, (”) bi (2). (56) 
v=0 
Taking the vth derivative of (56) and letting then v= — Ax, we obtain 
qe-t dt 
Ano=5 >)(;) gemelge dute | (57) 
t=—h;, 
2 ass n-a ] 
= — Ma gn—a—vtt g(t) 
i=! 24 Ge) OAS t= —hy, 
v0 1 n—v+t was 
SAD) tnetena(™ Zero] (58) 
i=0 ** a=o & a= —hy 
We shall next find oa) | ; 
x=—hy 
From (55), we have 
k—-1 
log ¢4(@) = - pa) Pr, log (w+ hy.) - 3 Pls log (x + hy,). (59) 


ko=k 


Differentiating (59) gives 
Pk : Pk 
px («) = — bi (@ ifs, ; 2S = | (60) 


o+ hy, eal L+ hy 


Denoting the expression within the brackets by S, we have by Ch. VI. (4) 
(notice that for S’ there, we write S here) 


S -1 Oe O 

S’ S -1 0 

Se 2S’ S 0 

Soe play] | ovens a 
a=—hx x=—hk a) 1-9 
Snel j seal isms peas | 
git Be L\ ot » git-3) Cee 
L=—h; 
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An expression for ¢,(x) can also be obtained in the following way : 


Ib b ees. : Pk : Ley 9 
a 1 2 a : 9 
2 es) i (w+ hy,) He oe (ae) ‘ oo) 
then 
d ( il ih k-1 Pk r Dk a 
— {~— ) =(—])# 1 pee eS 
da \ 8,4 ot bles (@+hi)** p,Sei1 (x + hy,)% 
ee 
Pky Phe 
ek [pa (c+ hy ae E-+1 (+ hy a 2) 
~ r bai 
=(—1)e0-0 Paes) Phe | 
ae) E 9 (@+ hy,) ae (x + hy,)* 
Dk. r 
—])a+1 ; oh PUIG ee ® am | 
<(-Ustab| De ern wena) (8 
for which, in accordance with the notation in (62), we may write 
hy Za Ne iL Gate 4 
iz (ge) -%(z) (sen) (65) 
and for (60) Ge aye) (=) (66) 


Differentiating (66) gives 
1 ; 1 


= bul) (ga) + but0)(s) 
-21 (9) [aim (:) tan (ge) } we 
w"(2)=814400)[ st (5.) tra (s,) (Ba) tan (seh 69 
uO (2) = 4! Salo an Gea (=) (x3) 
omirs (s:,) (s.) +37 (sa) + 17 (5) 


e- 1 
te VW) 8 Oele) DG Tatty .. bg! ao(at1)%... (a+ q)'2 


1 bo 1 bi 1 be 1 by 
(eda bay (gda) 0 


q 
the summation extending to all terms for which 2, ( a+y)¥=t, neither 6 nor a 


and in general 


being greater than ¢, while a may not be zero. 
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Writing (70) in an abbreviated form, we have 


qd 1 1 by 
(t) re >. 
Pr (2) a x(x) >) = by ! (a 2b y)by (sa) ’ (7 1) 
therefore 
y Ate aN ae q i 
by = PAL Mn—v+t-a x TREE 
k, Ik = Zs, ott ( a Dy a by! (a + y)ey 


Gee) 2 


5. To separate into Partial Fractions 


n 

oy l. 
» Mark 
ik=0 


Re Areas, 
i : “2 k i 
We may write F (a) 2, atk (74) 
Clearing (74) of fractions gives 
n p—1 
Py me ee Be) (a2 + a2). (75) 


Equating in (75) the odd powers of x and then the even powers, we have 


[=| 
2 p-1 


BS, Mn —27-102* = SS Ax (x? + a?)F (76) 
£=0 E=0 
[F | pa 

and >) Mn-242* = D>) By (2? + a?) (77) 
f=0 k=0 


Taking the Ath derivative with respect to x of (76) and (77) and then 
letting «?= — a?, we obtain 


[S] 


Ave (= 1)8-0(F a0 itn 25-1 


h+B\ 
= 2, (- 1)*( h andy 2p 1-29, (78) 
[3] =h h 
and By= >) (- y( 7D abe ona (79) 
A=0 
Therefore 


Is 
ro} | 
fs 
es 
| 
a 


He Oy dee 


Kk 


be 16 Pay 24-28 |r (80) 


(g + a?)P ae k 


oe 
& 
ll 

Mes 
in al 
SS 
man) 
iM 


+ 
CA 
> 


ze) 
ll 
S 
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6. To separate into Partial Fractions 


n 

2, myer" 
‘= y <p. 
tat 


(a? + ag?) 
(faa | 


PD Apu sis Bs aa Apat B, O; (2) 


We may write F(x) = ag an 
: ) 24 at+age av +az2 § dy(a)’ 
oats Pp 
where x(x) = IL (a*+0,2) IL (2? +a%?). 
ky=1 kyp=k+1 


Now, from (82), we have 


> mga” = (Axx + By) by (x) + (x? + a4?) Ox (2). 
b= 


Letting in (84) 7=7a,, then 


n 
2 Mn —pPagP = (Aja, oe By) bE (tay). 
p=0 


[2] lew 


But 


n 
>) Mn-pifat = Dd) (= 1) ax?? mn_2e + 4 ve, (—1)Pay?#+1 Mn ~-2¢-1; 
A=0 é=0 


s=0 


n—-1 
2 


(— 1) az?? mn —vp-1 


g=0 
therefore A,= . 
TI (4%,2—-a%7) II (ax, — 047) 
ky=1 kg=k+1 
n 
[3] 
(— 1) ay?" my -2¢ 
=i 
and B= = {3 
TI (4%,2-a%7) IL (ax,? — ax?) 
ky=1 kg=k+1 


Denoting the denominator of A; and B, by Px, we obtain 


Cz a 


p 
F (x)= Sa) rab SS, (—1)8 x2? my_-og-10 + 24, —1)8 a2? my—2¢ 


k=1 p=0 


7. To separate into Partial Fractions 


n=2p and 4b-—a?>0. 


1 


2 + 01,2” 


139 


(82) 


(83) 


(86) 


(87) 


(88) 


(89) 


(90) 
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Letting + omy and b—1a?=c?, we may write for (97), 


2 
n n—k 
DP mi(y 5) 
: k=0 
n q\r-k us ae n—k q\n—k-8 
Now Ss me( -$) = ye S ma( )(-5) ye ; 
f= Oy fo f=0 B 2 ‘ 
n n—k n n—B 
and since DD 4es= >) > ee, 
&£=0 B=0 p=0 k=0 


nm n—B n—k a\n—k—-B re 
plea )-3) sane" 


p=0L-_k=0 
E [ts] 


= >) Nogy?? + 2 Nop41978. 


2=0 
Letting y2=z, we have 
[2] Tz 
2 5) 
2 Nope® ‘ Nog4123 
B= = 
EN) (2+)? ae (2+)? 


Applying to (95) the methods of 2, leads to the required separation. 


8. The separation into Partial Fractions of 


ae 
>) mu —* 
F(@) _ Fo 
F(z) (a2+axz+b)? 


can also be obtained by division. 
Let first n<2p, and, without loss of generality, we may write 


(a? -ax—b)? for F(x), where a?+4b<0. 


S(e) S ] Ayx + By, 


On F(@) 64 @-a@—b)-* 


To find the values of A; and B; we proceed as follows : 
Dividing f(z) by 22 -—az —b, we obtain 


Aye+ Bo 
x*—ax—b 


f (2) = SG 


z2-—ax—b 


(94) 


(95) 


(96) 


(97) 


(98) 


(99) 
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Clearing (105) of fractions and equating then equal powers of , we have 
Q1,0=™, (100) 
01,1 -491,0=™, 
1,2 - 491, 1 — 61,0 =e, 


Qi, — 291, b-1 — 601, 4-2 =x, (101) 
Ay — @Q1, n—2 — O91 1-3 =Mn-1 (102) 
By — Qi, n-2=Mpy- (103) 
The last two relations give 
Ap = My + 4Q1, n—2 + Q1, ns (104) 
and By= My, + 6Q1, n—2- (105) 


It is evident that A, is formed in the same manner as Qi, »-1, if it existed. 
We then would fare 


O1, n—1 - OQ, n—2 — 91, n—3 = Vo, n-1 = Mq_1- (106) 
We shall now express the Q’s in terms of the m’s. 
QV1,0=™); 
Q1,1=M,+ aM, 
Qi,.2=M,+am,+a?m,+ bmg, 
Q1,3=M3 + am, + a?m, + am, + b(m, + 2am), 
Q1,4= M4 +am;+ am, + am, + atmg + b(ms + 2am, + 3a? mp) + Bm, 


= yore oS @ia aes 8 (727) armen, (107) 


= y=0 


ose 


Oy 4—28 
=>, 68 yy ya (PF?) e251 (108) 


Q1,5=M;+am,+ am, + a?m, +a*m, + a°mM, 
+ b(m3 + 2am, + 3am, + 4a? mp) + b?(m, + 8am,) 


Lee ares 


3 1 
ayms—,+b 2s ay ee M5—2- + » ay : is Opmday (109) 


y=0 


wa av(PA "VMs 26. (110) 


We now assume : 
2 bere Pa tay 
Q1%= >, 08 > ay( B ) mas (111) 
p=0 


y=0 


and shall show that this form holds true for Q), 441. 
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Now Qi, 41 = M44 + Qt, t+ OQ, k-1 «= (112) 


[3 
2] k-28 
=Mp41+a >) 08 S) av ( 3 My—28—y 


B=0 y=0 


—/ 
B=0 
2 
2) k+1-28 > 
=Mryyt Pate: oS ae *) n—25-4 
=0 y= a B 
es 
mS —2B il 
cuppa: ay Cas ) ma ga—25y 
p=1 y= =e 
: -l B+y-l1 B+ 
and since (ae: )+ +( ee Ie ( vk 
B B-1 p 
Ee 
HRASI BLY 
therefore Qik41= 2 be > a B ) mey—29-- (113) 
y= — 


The value (111) is therefore true for all values of & (the highest value of & 
being n- 2). 


We next divide 


n—-2 
fil2) =>) Q1,40"-2-* by 2% -ax—-b. (114) 

£=0 

We then have 
fA@ S&S Se Ay t+ B, 

ar be = 24 O, Cu oe ae a aa oa x2 —ax—b’ Gi) 
and find Q2, r= Q1,4+ 4Q2, r-1+ bQe, n-2, (116) 
A, = Qin=3 st aQe,n—4+ bQ2, n—5, (117) 
B,=Qi,n-2+ bQ2, n—4. (118) 


It follows that A, is formed in the same way as Qo n—3, if it existed. 
We would then have 


Qe,n-3 = Q1,n—3 + AQ2,n-4 + 0Q2, n—5- (119) 


Similar to the above, we obtain 


k 
i See: 
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ble: n—28—2 
2 Rae Bry 
B,= >> 0 SS av( ‘ ) Mn =25-2-y 


b=0 y=0 


ae assis Ce a see (122) 


B=0 p Taw 


It is evident from (119) that the Q,’s are the same functions of the Q,’s as 
the Q,’s are of the m’s. Hence if Q, 4, k=0, 1, 2,..., n—2t, are the coefficients 
in.the quotient of the tth division, we have from (111), 


[zs] 
Q,2= >) 2 De ne ”)Q- 1,%—-26—y- (123) 
B=0 


We now assume 


k 
anes m(t81 SS tree (124) 


ef 
and shall show that this form holds true for Q; 441. 
Now Qe, +1 =QVi-1, 641 + O94,4 + OV: x1. (125) 


Writing in turn ¢—1, ¢-2, t—3,..., 2, 1 for ¢ and adding the resulting 
equations, we obtain 


t—1 t t—1 t-—1 
> Qi—2.k+1= > Qt—p, +1 4+ @ SS Qi-p,4 + 0 Fy Qt-p,k-1: (126) 
2=0 p=1 B=0 2=0 


Cancelling terms and since Qo,441=mz+41, we have 


Q:, puemeya ta >) Oe, +b) Qa,k—1 (127) 


= z Keo -1 -1 
46> YY SD w aaa eae ) my —a—25-y 


a=1 ~=0 y=0 iy, 
[3 
eal eee \ /atPB-1 +PB+y-1 
mms #0353855 amspan > (SPB) (FPL T 2) 
0 


lew! 
el he 4 /at+B-1\/a+B+y-1 
os i Sen eens ( Bs )( eae ). (128) 


p=0 y=0 aot p 
ee ow Gees Cre) (129) 
OEIC ECE) ow 
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t =) t 
But ee )=(ern) Stayer (131) 
= ((28+¥#1))[(1 + a)e+rte— (1+ 2) +9] 
_(B+ytt)_ (B+ytt, 
AGC oe) 099) 
therefore 


te k-+1—28 
=I =l 
Q.ess=meri + Do? S, iy, Near ay, ) 1 —26—» 
= = 
[Fe] epee 
Bt+y-l\/B+yt+t-1 
Bs a 
ae Sy ‘ 


D>, fy) Mette» (183) 
a 2 


Now ¢ BE Sea Fal (134) 

Gy exam aie an 
Then, by means of (134) and (135), we obtain from (133), 
k+l 


2 Pil a +y+t-1 
Qar= eB) OTT masta (186) 


y=0 
which is of the same form as (123). 
To find the values for A; and B;, we proceed as follows: 
We have 


Qt, 1 = QVi-1,4 + Vt, b-1 + OE, x2, 


(137) 
so Ar=Qt, n—1~-20 + 19141, n—2—21 + OQ) +1, n—3-2¢ (138) 
=Qt+1,n-2t-1 (139) 
a! 
[te |-# B+t n—2t—26—-1 Brytt 
=) Se be ( 2) >? ar ( ) iy =21-28-y-1 
p=0 y=0 HV 
[S| Ce 
ee n—2p— " 
a) Sy OCF) mntan 49) 
p=t y=0 uf 
and Be=Q:,n—21 + 0Q1-+41, n—2t-2 (141) 
Be Bat-l\e eo" (bry +t-1 
= > a B ) es a( ) ty =2-28-y 
B=0 y=0 W 


ae > (BE SE a(t rt 


) ty 21-252 
y=0 
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[3] 
[3] 1 n—28 ar) 
=e) eT!) mans 
i y 
n 
au ia 1\% 26 = 
+e >! a(B- ps a’ (ae ) tin—28-y (142) 
If nS2p, then 
note 21 Aw +B 
= Op, pan 2? Oe Perea (143) 


where Q»,%, A; and ‘ have the values obtained above. 


9. Cayley (Collected Works, Vol. II.) has shown that 


D ; P-N 1 _gntk 
2 | — DO tr rial es A a es =I, (144) 


The method of proof given here involves Partial Fractions, and is believed 
to be more direct than the proof given by Cayley. 


1 ae 1 1 
Now ee eae poe: = D Y—Gn (145) 
Ty.) 3 an (4, —A) IL (a, -4y) 
n=1 = k=n+1 
If we let y=1 and a,=2*, then 
1 WL il 1 
pon = >; n—1 Dp 1-2” (146) 
Tile) est (a —aF) II (a"—2*) 
k=1 k=1 k=n+4+1 
a 1 1 
= n—1 n-1 p-n 1-2" 
Bhar) TT oe (are) IT (1 — 2) 
B=1 k=1 k=1 
p 
, (pS lec 
=i =n+1 
arn ; : (147) 
n=1 ginin—l)yn(p—n) TT (1 — x) Il (1 — x) 
k=1 k=1 
Cancelling os hala we have 
II (1 -2*) 
n=1 
Pp (-1) n—-1 PN | _akt+n 
l= H gan\n— oe oe 1 —ak ‘ (148) 
Replacing in (145) x by - we obtain 
p P-h 1 1 _gktn 
pe )n- Lyin (n—1) ~n(p—n) ub Ph = ar wee. : (149) 


S.M. K 
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OA 9 J —gktn 1 p-n J —getn 


; tek = : 150 
and since HT a at gon Ue (150) 
p P—N | _yktn 
therefore aa ee ee 
n=1 k=1 Le 
which is the same as (144). 
p n 
10. To separate S=S* (An + 10) (151) 


into its real and imaginary parts. 


The a’s and the 0’s being restricted to the condition agb, —a,bs +0, where 
f and y may have any value between | and p. 


n n 
Now ft] (@,;+7%b;,) = TL (@a2+ 0,7) Bia gS (152) 
m=1 m=1 TL (a Ah ) 
m™m m 
m=1 
Letting 
1 A; px (2) 
n a a); xby; k-1 n iv (153) 
1G (Qin LD) II (a7.,~ xby,) WL (Ak, aes xb.) 
m=1 ky=1 kgp=k+1 
: 1 
from which A= i s 
Il (an i bi, ) II (ai, j br, ) 
k\=1 kyg=k+1 
4) nl 
sem = EE) 
IL (@%,0:-@xnbx,) IL (@x,0% — 4 4x,) 
ky=1 koa=k+1 
where, if k=1, the first product is unity, and if k=n, the last product is unity. 
Therefore 
1 n b,?-2 1 
7 o DS k-1 n ay — xb; (155) 
II (Gm as LD») a (ax, by, — ay br) iG) (ax,b; = D5) 
m=1 k= ko=k+1 
fe b;,"1 (a;, + td;) , 
oe ue ne (156) 
(a? +O?) TL (Ginbe-Onbe,) TE (42,04 — a,bz,) 
ky=1 ko=k+1 
Pn Dp Bh Dee: 
and > Il (Gm a bm) as > Ab," Fry, Ett DS SS b,,” EF; ko (157) 
n=1 m=1 n=1 k=1 n=1 k=1 
k-1 SO 32 n a a 
where Pyn= Ba) iy + Ory 


= ap, by Fa Ay dr, ko=k+1 Ap dy = Ay dy, 


CHA TARE MIX: 


EVALUATION OF INTEGRALS. 
APPLICATIONS TO THE SUMMATION OF SERIES. 


WE shall in this chapter evaluate integrals of the form 


s 


t 
eat = dx, for x=1, 
at+] 


where : and 2 may either or both be positive or negative, and apply the results 


to the summation of certain types of series. 
The integral J may be reduced to the forms 


weds a” dx 
=| =| () 
where » and m are integers, ” positive and m either positive or negative. 
1. (i) To find I, we shall first separate 
m 


“aT? 


F,(z) 


m positive and less than n, (2) 


into partial fractions. The results obtained here are in a form more convenient 
for purposes of application than those generally given. 


am 


We may write L002 (3) 
II (% — 1x) 
k=1 
2k+1 
where 7; is one of the ” nth roots of —1, r,=e ” 
| 
Let F, (2) = Paes (4) 
ae] Lee | 
A;,= = gintl 5 
then 7a ah Ea F 2 oe (5) 
1 ty mtd 1 a2 yp mt 
: Rig) me ee ae QM: 6 
therefore 1(2) not Bobs ed are (6) 


since in the first summation in (6} the terms corresponding to k=0 and k=n 


are equal. 
147 
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2k+1_. 
. us 
Ifnowinr,=e ™ we let 


p=), oils Ih, Se) aah. haar ae > when n is even, 
n-3 n-1 n-l 


= coal EO oe a es are when v is odd, 


9 o> 9°? 9 ’ 
we obtain the sets of conjugate roots in order. 
Therefore 
lee ae m+1 
aii 1-(-1)” 
F,(2)= -= (2 ete )+ — 1)" 7 
i 2 Z-t,_ L—1-(k+1) ) 7) 


pi 

[" etal st So 
n 7 

—27 COS = 7+] 


By means of (8) we find 


i eee A r+ (9 

e+1 0  3(a+1) 3(@2-a2+1)’ 
Lv xv 

aaa oe (spat sya)ae1) oa 

ieee tor ee ge w-Jd+1 

Bei WS Varis—heri w+ Varies herl 


1 
omy 
Ll ie ot+J/2J/2+J/2  2-J2/2+/2 
ae Grate inl ea =e aa) 


ipa [ENON De ee ee ; 
+24 Bl sodas ea) ) 


(ii) We shall next separate 


™m 


x Me 
F(z) = eat positive and less than n, (13) 
nto partial fractions. 
Similar to (6), 
eee 2h 
B) == Dis Z T=e %, (14) 
where pee th alle Wy Sie sj go When 7 is even, 
=O Sl Sle oe Li wieat when n is odd. 


2 diay 
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We then obtain 


ilar 
ee y ae 1 Alee ly 
DNs > — ear Ao sea 2Qn(x +1) 
n—1 
ae 2 
[fs J 0 005 (mm +1) ~2008 2 mem 
ws nN n ae il 
es pe ore ey BARD) 
k=1 n 
1+(-1) 
= 
sata 2n(a +1) ue) 
By means of (15), we find 
a 1 a—l 
=Pes@a1) sere ly re) 
ie x—-/5-1 ; r+ /5-1 
Pete a eer aiyee) PO atin eel 
1 F 
+ ie)’ (17) 
ef 2e=1 2x+1 1 1 ) 
ge —1 a a eee e—-1' 2+ : Me) 
(iii) If in Pi@)=ayyp m>nN, 
we let m=np+a, a<n, 
fay 
FP A ])e-1 ym—kn 1)? ue 19 
then He) = ye" & 4a ns ) crs (19) 
ge (-1)?-2 2% 4,041 ‘ , 
But el a = 7 ee ie and 7”? =(-1)?; 
ie 2 
n 1 pnt Lala 
theref F, (2)= —1)F¥-1ym—kn _ - es ae 20 
erefore 1(Z) 2a erly Os eerie (20) 
Similarly, if m>n, 
m 
qm i : ryntt 7h wi (21) 
enh s Rees: m—kn ¢ a . 4 
care) mae ee : 
Applying (8) to (20) and (15) to (21) gives the required separation. 
; é ye : rb 
(iv) If in way mis negative, 
we proceed with the separation as follows : 
1 te An ke Be ae 
Let P@)=3a = tS (22) 


em (at +1) a= ty G0 
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Multiplying both sides by «—7; and then letting «=r, we have 
1 o-tz eee 2 
44 = “ym gm + see |e a5 = Re : (23) 
Now, from (22), : 259 Aral” SB ab, (24) 
CF ee eae 
Taking the Ath derivative of (24) and then letting «=0, we obtain 
1 di = 
—h 2: 
By = hi dah x” ae =a... 0 gag: He ana ’ (25) 
and B,=0, if h# na, 
=1, or -1, if h=na; then B,,=(-1)?. 
Therefore 
[== ee 
1 1 ro mth a (-1 k 2h-+1 
Sey SS “eo , ive n ’ 26 
xm (a +- 1) M4 PTE a re oe (26) 
n—2 2k+1 2k+1 
rat [ 3 | Qa Os yh — Lt — 2 cos rls 
= Pere 2k+1 1 
Es 
7 (-18 1-(-1" 
Ss ( a om 
fo, et I Gay 
rm—1 
—o 1 2h 
Thee" . (28) 


ym—nk? 
and (15) 


ee — YD a at 
2. The integrals I, and J, may be obtained by integrating (8) and 
But to illustrate certain operations with series, we shall find 
(29) 


respectively 
: ke +1? 
directly from (6) 
a +1 
From (6) we have I= h i eT 
So fa © — Te 
ee 0 
=== 4H ica : 
n a log Tp . (30) 
2k+1 ; 
<== (m+ 1)r + isin b+ (m +1) (31) 
2k i 
r), (32) 


py ined a 


th, —2 
log : =log (1 —£ COS 


But 
2k+1 ’ 
* 7+7x sin 


and 
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To separate the second member of (32) into its real and imaginary parts, we 
make use of the relation 


log (u+ iv) =} log (u? + v?) +4 tan, (eles al, (33) 
which can be proved as follows : 


log (u + w) =log u+ log €@ +62), (34) 


i W\ 2 (=1)e-1 Seo. th yes bs De 
but log (1 +67) =¢ 3) aba G ae a -(2 


. v v 
=i tan~!— +3 log( 1+, 
Tp ITS wu 


=itan-t= + log (u? + v7) —log u. (35) 


Substituting (35) into (34) gives (33). 
Then, by means of (33), (32) becomes 


MeN 
wsin Tv 


Tp — 2 2k+1 


log er =1log (a — 2% cos (36) 


2 eal 
va?) +itan hal 
1—xzcos ke 


Applying (31) and (36) to (30), and, since J, is real, we obtain 


[ey ara | 
Sl 


(m+1)7 tan} 


Ll< 2k+1 


(m-+1) = log (1 - 2x05 ett tat), (37) 


To reduce the upper limit in the first and the second summation in (37), we 
denote them by P,, and Q, respectively ; then 


(a re 
<7 24h on Pa O85 (38) 
and since Po=P,, and Q5=2,; 
gee, 
Tos 5 Pe a ee (39) 
no 
Now Srey) Py, + SS P,, when n is even. (40) 


b=3 
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Letting in the second summation in the right of (40), »-1—-k=k’; then 


n—2 
n— 2 
= 
SY) Pe=2S) Ps 
k=0 k=0 


: n-l . 
Also, since P;,=0, for k=—- , When » is odd, we find 
-_ 
*—3 


n—1 2 
P= 2D) Pi 
k=0 k=0 


n=2 
Therefore » P,=2 3 P,, whether be even or odd. 
k=0 
n—2 
n—1 2 
Next >) @:=25) Q:, when n is even, 
£=0 £=0 
a = 
= >. + Ona 1, When n is odd. 
=o 
But Qn—1 = 2(-1)™-1 Re (1+2); 
n—1 | 
hence > Q=2 Dd) t+ (-1)"-1[1 -(-1)"] log (1 +2), 
i= k=0 


whether 2 be even or odd. 
Applying (43) and (46) to (38), we obtain 
] ain, Qi 
2k+1 


Tr 


Pa SS sin (m+1)z7 tan-! 


=0 l—zcos 2k+1 


OYA 
: (m+1)7 log (2- 2x cos 7 ; T+ 1) 


-— cos 
” £=0 
1-(-1 
5 (=1)” 5 ) log (1+ 2) 
In a similar way we find - 
Les = x sin ak 
“ym dx . Ik s n- 
h-\ Rana D4 sin = (m +1)7 tan Oh 
1—zcos ou) 


9D]. . 
a aaa aay 


+ (=r tM og (1 +29. 


(41) 


(42) 


(43) 


(44) 


(46) 


(47) 


(48) 
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We also find 
—2 . 2k+1 
dz A sade ; x sin 
|=ep- 2 ee, sin (m+ 1)7 tan ; Snel 
nS s = (m+1)7 log ( 2x cos r+1) 
” #=0 
iva 
+(-1m ( al eqn Ss : 
4 ) 4 (m—nk-1)am—nk-1? (a?) 
ne dx 
and a similar form for aa 1)" 
By means of the above we find 
7 dz _\ * Mee ee El 
essere 1) log (a2 + 4/5 —12+4+1) 
= 35 (/5 +1) log (22 -3./5 +1241) 
oo 4o+J5-1 | 4¢—,/5-1 
1 / —1 OY =a! 
+7710 + 2/5 tan Jig rays * i5>V10— 2/5 tan Niaeaar 
+zlog(1+2), (50) 
Ce One =~. Pe IOE ae 4 ede g 
[ger —tev3 log cag ey th tan ie gy ban "2, (51) 
dy. js—se e—J/2—/2e+1 sp. 8 -V24+/2¢41 
= 3,2 —./2 log +a h/2+,/21 Se 
ani Tov OB 4 JB—/8. J/22+1 sane °8 8+ Jo atl 
+ 3I4 Btan 2 EN2e 1/2 Pen 2=N2 ee (52) 
fn g+2¢+1 4, ee eee 
| aesey 7th ge—x2+1 = I~-2 x (53) 


3. We shall give here a few applications of the results in the preceding 
articles. 


(i) To find the value of a ares (54) 
pees ieee mee) 
Let r=2°; then Bau) ees Cane (59) 
dS, _ < ON — 1 ° 
Now Fie pad ae Per 


hence 8i-| are (56) 
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Then, by means of (50) and letting x=7!%, we obtain from (55), 


iL a —— |, 
S= 20,8 (/5 —1) log (2 +25 —1715 +1) 


Soa (/5 +1) log (725 - 3/5 +1714 +1) 


16 + /5— 1 
Tae 42/5 + Tpit 


10 29G5 tent aN el 
/10-2./5 


1 
+ ca log (r/+1). (57) 


og 5 /10+2./5 fant 


To find S= 


we must evaluate (57) for r=1. 
Denoting in (57) the terms in order, for r=1, by 7,, T,, T;, 7, and T 
we find 2 
T+ T3=dy(V5 -1) log 3(3 +./5) + yV10 +275 tan-1V'5 — 2,5. 


(58) 


But tan-!V/5 — 2/5 =5 7 (see table at the end of this chapter) ; hence 


Pore sti ge eaten (59) 
Similarly 
=f eT Set (95 + I)log H(J5-1) +2" V10=295 (60) 
and T;=% log 2. (61) 
Then, by means of (59)-(61), we obtain from (57), 
J5+1 aie apse alin tae ak 
S=1,V5 log 85-1 50 (10 +2./5 + 2V10 — 2.5) +4 log 2. 
But a +210 —2,/5)2 =5(10 +25) ; 
oO (= PEELS oe ee 
Phorstore > Fa T= ND log $(V5 +1) + 55 /SVI0 +25 + 3 log 2. (62) 


(ii) To find the value of 


Y = pe 
ace (63) 
n=0 TT (4n+2k— 1) 
k=1 
Now 
= Nee pS aa te Be 1 = , 
a (ane oe 1) 8 2. (-1) ey TeiSery by Ch. VII. (6), (64) 
k=1 
and letting r=c', then 
ek 2 ; 2 1 Og 4n+2hk-1 
== —1\*e-1 a\ 
S 8 ou | 1) ( ) wl 2Y in + Dk—1' (65) 
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ia : © pn +2k—-1 node 
enoting 4 in + 2h—1 SY Ok» 
2k—2 
we have iS, g2k— =p pies = 
xv p2k—2 da 
and Si == pete ’ 
the constant being zero. 
1 
Then: fron (60), s=5(;51- = 8,+235)). 
Now S,=ilog - z “+1 tan-!a, 
S ice + _ 1 tan-le 
Pam Tuscola la 
S3= —-x+2 log 72 43 tan-1y. 


Applying (69)-(71) to (68), and letting e=r'/*, we obtain 


14,74 1 x 1 
oa sant eT an pat 165A ga (1 +77)? tan eae 
ov TE (4n+2h- ie 
k=1 
ie) —])r7r 
(iii) If ase. ao 
n=0 TT (4n+2k—-1) 
k=1 
2 
then S=5 (281-5 52+ 25), nate 
and we find 
‘ee (sgt a etez+l  y ee: 
Si= | aeq~Bv2log ee + ty tan T- 
"ade 4 P+ejat+1 . , 1 tJ2 
=| aera ~Bv2log Ze eg ty + EV? tan ery 


el Wwe ae P+reja+l 4 oe qitia/ ae 
S, \art A Ns oI 1/2 tan ears 


Then, by means of (76)-(78), we have from (75), 


ght 4 yl 12 +1 


J2 
B= alt + art? —1) log plas poe 


6475/4 


J2 Ea 2 
+ 39,51 (7 — 27°? — 1) tan Speer 


This result can also be obtained by writing in (72), —7r for 7. 
the laborious operations of integration are avoided. 
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(66) 


(78) 


(79) 


In this way 
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Denoting in (72) 


al —ri2)2 by F,(r), eee by F,(r) and ant +712)2 by F,(r), (80) 
and since the principal value of (—1)!/4=4(1+7)./2; we have 
een == oo (1 -i) (1-1 —2ir¥’2) 
= — ME U(r = 21%) — 51 —r + 20), (81) 
ee V2 Pr Oyl2y »— Opll2 
Similarly F,(-7)= = 5 lb + Qrl2) — 4 (1-1 —-2r1?)], (82) 
Lert tz at ee 
Now F,(-7) =log va WD ee : (83) 
then, by means of (33), 
L+A4 24712 llt, /2 
F,(-1) =4 log i IMD ES pa a 1 ns : (84) 
To separate tan ( —r)4/4 =tan-1(47V4,/2 + Lirtl4 /2) (85) 
into its real and imaginary parts, we shall first show that for | v| =| w], 
a ‘ et (l-v)?+u 1 2u 
tan-1(u + 2) le tan Be pert pare & (86) 
—])k-1 
Now log (1 + tu) =i ek Bie i x uk (87) 
é=1 
and log (1 —7w) is of the same form as (87), except that 7 is negative. 
1+7% Pee nh aes é 
Therefore log i . 5 =21 ee Pent =='94 tan 14, (88) 


Writing in (88) w+ for u, we have 


, OSS Liew ele : 
tan-}(u +70) = =a ae wu =5;| logy py t log (144 >.) —log G15) (89) 


av 
But log (146-4) =itant +51 rlbea ee): 
KG © l-v/ 19, 2 +(q-5) | eo) 
in eae a, oe ere ek | ae Na 
and log (1 ics) ? tan ie EAs as) |: (91) 


Substituting (90) and (91) in (89) gives (86), by means of which (85) becomes 
L—r4/Q47"2 pila /9 


_ a —_ 
tan-1(—1)1/4 = log; Tria 24 pat 5 tants a (92) 
Applying (81), (82), (84) and (92) to (72), (79) is obtained. 
lie 
(oo) (- 1) : 
S=>) 3 = zev2[V2 + log (1 + /2) -— $7}. (93) 
n=0 TT (4n+2k-1) 


k=1 
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(iv) Show that 
me 1 fr—6r12+1 


2D = a 9,574 tan-1y7/4 
n=0 TT (4n+h) 
k=1 
ee Gres 1  ierle las L472 1 
mihi (COT ane CBee ) log (1 ~ ri) | (94) 
2 i 1 7 
and > - =7,(4log2-5 -1). (95) 
n=0 TT (4n +h) 
k=1 
Se i( a1) lee by tye 
Also YS 5 =e 5/4 (7 + 67/2 — 1) tan oe gle 
n=0 TT (4n+h) 


ple eye ol | 


é 2 : 

—2 tan} ee ee 710 orcs ;| ) 

2) —1)” 1 J2+1 1 

n=0 TT (4n+h) 

k=1 
2 yn (L—r¥2)2_ pl 4 p16 +] 
(v) Show that > ‘ = O1G;ue Oe (1 — ril6)2 
n=0 TT (6n + 3k -2) 
k=1 


(ee eae Wer Ql tlt 31 472) 2e 3 
Her ST pez ps + OR AN TAs 
ie, eee re ee 
~ pars 8" By pt TB? 
and by writing in (98) —7 for 7, find the value of 
2 (- ID eae 
a. ae 
n=0 TT (6n + 3k —-2) 
k=1 


4. The integrals I, and J, are involved in the process of obtaining the sum 
of many types. of series. We shall here evaluate these integrals “for v=1. 
Letting «=1 in (20) and (47), we have 


a “| 


(98) 


1 is jl 
= —1)k-1 us 
A e y m—kn+1n k=0 ee (m +1)r 
baa m2] 
2 Ohe Uo 2h 9 2 ea 
He eh an Ir Flog? Dy coe — (m+ la 


n 
Jim + 1) log sin alae log2, (99) 


N ko0 n 2n 


where the first summation is zero if m<n. 
The result (99) will be reduced by evaluating the several summations in it. 
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zd - 2e-Fl 


(i) To reduce S,= S) sin = am, a=m+l, (100) 
k=1 
; Nae : n _ ntl g 
If in pe, sin (6+ kg) =sin ( b+ 39) sin —5— g cose 5, 
ar 2ar . n-2 NS: ; 
we let b= re cee and write 9 for the upper limit n, when n is even, and 


n-3 : : 
4 for n, when n is odd, we obtain 


~ 


ms Om ar \1-(-1)% ar : 
S, =sin? = cosec — = —— cosec —, when n is even, (101) 
2 n 2 n 
(Om, Om 
and =sin?( —--—— ] cosec — 
( 2 a) 


2 fae cos? o 4 sin® s) eosec —— 
=( 2 ~ On, 2 2n n 
=+ (cose = —(-1)* cot =), when v is odd. (102) 
Therefore, whether » be even or odd, 
Ss oe es Wp a clN ay ay prec wae 
S, =i cosec m (-1 i cosec (-1) i cot 
=1cosec  — (eee cot eee tan on) (103) 
dace ae 4 2n 2h) ae 
if a is not a multiple of 2. 
And S,=0, if ais a multiple of n. (104) 
(ii) We shall next simplify 
[=] 
Seton ae (105) 
k=o Mm 
sea . i \ end g 
by letting in >» cos (b + kg) =cos (@ +5 9) sin —)— g cosec 5, 
; 2am ane te x - 
b=, 9-——, and by writing for the upper limit 2, first “5 and then 
Z 5 a We then find, if @ is not a multiple of n, 
[S| n—3 
och ae ak 
= cos——— aw =0 and = cos — ar =(—1)¢-11, (106) 


Therefore, whether 7 be even or odd, 


ae i eo) ee : 2 
S,=(-1)4 eee if @ is not a multiple of n, (107) 


=(- [5 | if a is a multiple of n. (108) 
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(ii) To find the value of 


Seals 
k=0 


aT. 


Then, when n is even, 


n—2 
Le Qk+1 _ » 2k+1 
S3=5, Dd (2k +1)(r tly vty 
eae _ an 
where fy=e" and =e *. 
=2 n—2 
Therefore 8.=5,| (» *)>r att (nat) Tae 
3 Spe & 1 2dr So 
_ All =(- 9+) +7 3[1+(-1)2@-))] 
24(1—7,)? 
_ {l= (-1)2(n+1)] +7,3[1 + (-1)4(n-1)] 
2(1 — 79)? 


=(-—1)¢-* 5 cose =, if a is not a multiple of n. 


when a@ is not a multiple of », and 
S,=0, when a is a multiple of n. 


Substituting (103), (107) and (113) in (99), we obtain 


al 
ud 1 7 m+1 
k 
: = oe) m—-kn+1 “3 aie . 
[SF] 
-= Dy cos cua (m +1)z log sin = TT, 


when m+1 is not a multiple of n. 
If n is even, the second summation in (115) reduces to 


ie a 


2 


Os ox! (m +1)z log tan eet 


when m is even, 
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(109) 


(110) 


(111) 


(112) 


(113) 


(114) 


(115) 


(116) 
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and to 
~ ets = as 
by cos ah) (m+1)z log G sin - a = ) - eu ih -(- 12 | log 2, 
k=0 
when m is odd. (117) 


When n=2, the summations in (116) and (117) are defined as zero. 
If m+1 is a multiple of », then 


Vall (—1)-1 


Be Ae las 118 
Ila eee cee 
where N= ~* log 2, when m+1 is an even multiple of m, 
and N=1 log 2, when m+1 is an odd multiple of n. 


The result (118) can also be obtained from (99) as follows. This method is 
given because of the principles in the operation with series which it involves. 
Applying (104), (108) and (114) to (99), we have 


n—Z 
m+i[ "5 | 


Sees > log sin ——- (119) 
[= 
2 b 
Now S,= >) logsin — = in (119) (120) 
k=0 ' 
can be reduced in the following way : 
Whether 7 be even or odd, 
n—1 1 
S,=4 ates eG (121) 
m1 4, _2k+1 2k+1 
=tlog II 5(¢ an —@ Qn =) 
k=0 
a pn a Acree 
=pog Tie at 8), (12) 
k=0 
Tt 2k ext 
But e *™—e””” is a factor of a—1, when z=e ™ ; therefore 
Ral] a ok _miyn ae) 
TT (¢ ee =(c n) lee eo (123) 
k=0 
and S,=4 log (gra I ¢ an =) 


qn 2=n =I ‘ 
1 Jog (sie 2 ‘)= - "= log2. (124) 
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Applying (124) to (119), we obtain 


he = Pa e[eue {*5--[5 |} +p" oge:; 


: 2/n-1 fn 1+(-1)" 
and since = CH -(3])- fas ea 


Ko m-kn+1 ° 2n 


Eieays 
Lh = eta | (cpm -(- 


iat 


-(=1) * (1+(-1)4) |log2. (125) 


Denoting the expression within the brackets of (125) by M, then, when n is 
even and m+1 is an even multiple of n, M=—2, and when m+1 is an odd 
multiple of n, M=2. 

When n is odd and m+1 is an even multiple of n, m+1 is even; therefore 
m is odd and M=-2. And if m+1 is an odd multiple of n, m+1 is odd; 
therefore m is even and M=2. Applying the values of M to (125), we obtain 
(118). 

Although J, is infinite for z=1 we shall nevertheless find it to our advantage 
to evaluate the finite terms that are involved. 


5. To find the value of I, for s=1, we let e=1 in (21) and (48), which gives 


[™] E ES 
I,| ee eh ee ees yeas 
2\e21 ffm—-kn+1 n A 7TH Kn 
n—1 
reek 2 2 2k 
sin (m+1)r+_ log2 2 cos =~ (m + 1)m 


k= 


= 


k= 


22 2k ker geplrts Ut 1 
a eo cos = (m +1) log sin = + (~1) —g, log 2 += log (1 -2)| 
(126) 
(i) To find the sum 
[z 
ai- «2k 
Ss= >) sin—az, a=m+1. (127) 
k=1 ot 
Then grate lalt cot when 7 is even, 
2 n 
=} oe (-1)*4 cosec— , when » is odd, 
n a n 
ar ar aT 2 
=3eot  —(—1)94 (cot or —(—1)" tans), (128) 


whether x be even or odd, and if a is not a multiple of n. 
Also S,=0, if a is a multiple of n. (129) 


S.M. L 
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“= | 

# 2 49kw . Qk 

(11) Se= my 7 Sina am (130) 
Now Sg=(-1)e 5 cot < , when 2 is even, 


Tv ar 6 
=(-1)*1 cosec = , when 1 is odd, 


2 
ay eke Gave: cae a is 
= (=1)°F (cot $= — (—1)" tan oh (131) 
whether m be even or odd, and if a is not a multiple of n. 
And S,=0, if ais a multiple of n. (132) 
. fall op 
(iii) Let So= Ss cos — ar. (133) 
f=1 ee 
Then S,= 4 when n is even, 
=-14, when mis odd, 
=f.2t (140+ (1h (134) 
whether be even or odd, and if a is not a multiple of n. 
And s,=|"5*|, if a is a multiple of n. (135) 


Then, by means of (128), 131) and (134), we obtain from (126) 


Eph 


7 mt+1 1 
I,| = Ss ea one eee 


k=1 
ol = = 
a = cos aE +1)z log sin us + log (1 -2) » (136) 
DS n nN N g=1 


if m+1 is not a multiple of n. 
If m is even, the second summation in (136) reduces to 


n—2 

Ed 
S| cos Zh (m +1) log tan iis when m is even, (137) 
ms ” n 

[= 

2 LG 
and to >) cos es (m+1)z log G sin ata | at ie lee + ( vl log 2, 
k=1 
when m is odd. (138) 


When x=2 and n=4, the summations in (137)'and (138) are defined as 
zero. 


and since . 
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If m+1 is a multiple of n, 


ue i 


= @=1 


This result can te be obtained from (126) as follows: 
Applying (129), (132) and (135) to (126), we have 


ick a 


2[n-1 2 a. [bee 
1) 7 nce tal 5) |ls2+ >> log sin = 


+(-1)™1 ae pjetine * log (_- -2)| 


To reduce (140), we shall find the value of 


n—1 
ds= s log sin = 
g=1 
n—1 : kr 
Now Ss=4 >, logsin — 
f=1 a 
n-1 2k hi 
=>) Hog (1 —en ™) —log ( Bien )| 
R= 
A 2k sary ka 
= + log TI (teen )-#log II (-2ien ): 
k=1 k=1 
ca 
But l-e” is a factor of 1-2") 2-4. 
n—1 2k. —7n 
Therefore II e —en 2) se ] =, 
k=1 l-z g=1 
dete Bad 
Also log IT ( -2ien Ee (n -1) log 2. 
k=1 
Applying (144) and (145) to (143) gives 
2n 
S_=4 log on: 


Then, by means of (146), we obtain from (140) 


[a ] 1 2fn-1 1 
I,| 7 Sa ies marital 2 ]og2+; lox? 
1 1+(-1)™ 
ee (as dea ee a 
ee 1+(-1) 


log 2 +*log (1 -2)| 


=> — — ) 


n 2n 


t=] 
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(139) 


(140) 


(141) 


(142) 


(143) 


(144) 


(145) 


(146) 


(147) 
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therefore 
[2 
ee take alee 
Ts a7 De maka a 8-H OF log 2 
1 
rae ia ass 
Now, if ” is odd, the term 

at n 

(1+ (-19] 3" loge (149) 


vanishes. If ” is even, and since m+1 is a multiple of n, m must be odd, and 
(149) is again zero. 
We then obtain 


Me 
iigee 
A —m-knt+l 


which is the same as (139). 


6. (i) As an application of Z, and J, for «=1, we shall obtain (73) without 
first finding the integrals (69), (70) and (71) and the result (72). 
Applying (126) to (67), we have 


+ jlogn + “log (1-2) | ) 


@=1 


4 T 
S,|,_=gttlog2-tlog(-a)] (150) 
S; | = ~§ +4 log 2— tog (1-2) | (151) 
x=1 t=1 
2=1 a=1 


Substituting (150)-(152) in (68) gives, by evaluating the resulting inde- 
terminate form, 
1l/x 1 
3(3-1) 
which is the same as (73). 


(ii) To obtain (62) from (115) without finding (57). 


1 d¢ a7 2 T EE Sah ies 3 7 
Then =m cose = — | COs 5 log sin — —sin To log cos 5 


ov +l Beeb 10 
2 5 
=F v5 V104 25 +3 Yolog +? + 210g, 
which is the same as (62). 
7. To find th erpenygare Bi 

. Lonn e sum oO S= 24 ath (153) 

: bees patnh 

Lett o r= th EN (pe eS 

etting r=", then S wi 2 | ary 

WE erie Bp 

| hoe ek 
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By means of (47) we obtain 


e] ae Pel rh sin ee 
s=5 i (Hee ae ain a tan-1 £ 
a —khoh —% h 2h + 
1-r/h cos 1. 
h 
h—2 
Il La 2 log ( 72ih — Qplih Bs 1 
ey cos 5 — am og (7 — 2rl/h cos T ) 
Sl a ING 
#(=1)2 a log (1 + rin | (155) 


a-l eae: 
~ (ap (1) or ar 2 a 2k+1 
Daas a3, Geuhy he hack 2s Suey Kea 

log sin +7, (156) 


if ais not a multiple of h. But if a is a multiple of h, we let a=a,h; then 


n=0 
Pek(-1)-) 1 : 
a —])a- : 157 
bs et H(— Dt log2, by (118) (157) 
8. To find the value of 
gui 1 ] ae ee ie cent ee 
Ro oh acon at+(p-l)h a+ph a+(p+l)jh 
1 U 1 1 
ea ee tise, (108 
at(p+2)h  at(Qp—lh at2ph’a+(Qprlyh ee 
This may be written thus: 
n 
= (=e) (159) 
n=o at+nh 
2 ue nh 
Let S;= (Le) ie , then s=8,| ; (160) 
=e a+nh r=1 
dS, _ = A —1+nh 
Now ai ae) ye 
i] Dal 
and 8=| roam pe ee (161) 
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Therefore, by (115), 


a (ee , 
— 1 e. <— a+nh 
S= Se = cosec ae 
Be CP cme eee 
[= 
2 a+mh . 2h+1 
oes \ 1 o 
ph 24, me cos (2k +1) A 7 log sin Iph T. 
Letting in S) cos (b+ g) =cos b+! ) sind osec 4 
2k+1 2k+1 
p-l=¢, ph at=b and T=, 
and applying the result to (162), we obtain 
; a") 
p- Pp ae il p—- h 
s=S eee = kes 7 Hae 
Petit set a+(ny—kp)h +, ph 
rh | 
Qt » 24+ (p-Ih, +1 
ph S&S (a1) os ——a (2h + 1)a cosec 2p 7 
eee 2k+1 
og sin Oph “sh 


If a=1, h=2 and p=3, then from (163) 


S=5 > cosec (22, + ye - 2 si —1)* cos (2k + 1)5 
cosec (2k + 1) Glog sin (2k + Wee 
= Sor; 
and indeed, since from (161) mi 
alsa 
then by (116) ae i= = cosec 2 — cos 2 log tan yp 


PRO pentr eee eg sp aten el 
Petal g e¢ 5 — C08 5 log an y9) 


PEACE) Nae Dar ™) Bes T 
Pais sec F5 + cos Glog tan 55, 


(162) 


(163) 


(164) 


(165) 


(166) 


(167) 


(168) 
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If, however, the integrations are carried out, we obtain 


(‘2 2 
dr 1 Rees +7/3+1 


? 
+ % tan-? —, +i tan-!r, 


of +1 4/3 SP—7 [341 I-P 
ar 00 mente Pema, 
[as3 tan-*9 ’ 
AY alt ee haat | Biles le al OR Stet 
\as is “Assia oe en 
Then Si=4 tan~*y a +3 tan-!r + 3 tan-173, 
and S=2", as bef 
=]? 2s before. 
9. To find the value of 
(ee) yn 
8=>) 5 
"= TT (na +k) 
k=1 
pri a 
Now ee ee ae, » anne: = eel 
p (p—1)! —* m /nat+m+1 
II (na +k) 
k=1 
eas p-1\ 1 
therefore Se a ) ara Sm 
s x yo dy, aA gim—katt 7 1 
Y pla <2 PN id bie RE ae a 
where me ee PS, Wega 


And by means of (48) we obtain S in terms of 1. 
If r=1, we have by (136) 


= i 1 had, n(Pa2 & 1 
Po, oe ae gam 2, ( m Vie 
na + . me 
k=1 
pl = pl 
+5 >) (-1(P>*) cot ** x + log 2 BS, (-1)"( 
= m=0 m=0 
a—1 
Pek - S\ atts 
on? Dey) ee cos (m + 1) log sin = 
m= re 
p-l 


-Sie-rn(?s!) dabatt-s), 


167 


(169) 
(170) 


(171) 


(172) 


) 


(176) 
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Reducing the summations in (176), we find 
p—1 
_1)\m pat rans 
So yo (177) 
a—l 

pa lel 
(-1)"(P= Pe iD ys cos = (m +1) log sin = 


p= [eI kr kr 
=(—1) 2 29-1 ahi sin ~(p+1)msin— log sin—, when # is even 


: is even, (178) 
au qm | 


oe, cos = (p+1)z sin log sin = when p is odd. (179) 
Also 


>, (-U"(?;, )geriles -a) | 


io) pis 
P (1 —x)?-1 log (1 *)| (180) 
Applying (177), (178) and (180) to (176), we obtain, when p is even 
aie Gi 
yy P “a5 ic >>) ie ee ) 
"=0 TI (na +k) 


as 
kel 
a—l 
7 Rol Pe p-l m+1 ie ] 
=) ( a; )eot 


7T+(- 1)? 2? > Fines © (p +1) sin log sin |. 


(181) 
If p=a the sum of these terms arising in finding the sum of (172), in which 
m+1 is not a multiple of a, can be found by the same method 


If p is odd, the last summation in (181) is replaced by 
ye 
a4 cos Hp +1)7sin E log sin cs 


7 (182) 
The sum of the terms in which m+1 is a multiple of @ is obtained from 
(148). 


(1)? 
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If a=1, then from (148) 


-) p=1 = m 
ee > (=m?) 8 ee 


Letting m-k+1=K’, then 
psi = 
Va ay? z 
(p ae’ m=1 


and since the-summation in (185) is, by Ch. III. (136), equal to rst therefore 


s e (184) 


1 
t= 185 
(@-Np-1! ee) 
10. It may be noted here that 
ee and > Plas (186) 
PTE (deen 1) 2 Moret) 
k= k=1 


i 
which are similar to (172), lead to integrals which cannot be expressed in terms 


of elementary functions. 
Operating on the second summation in (186), we have 


DN oa calaayeony 1 
i eee (n—1)! \k-1/ ak+1 oD 
ah 
k=1 
pr 2 ( Sele tl 1 
Then S-l= =S,-0>)(- 1)* re eae ei Many RSE (188) 
Letting “et, we have 
ee Syne (189) 
: Ce ae ae a (n—-k)! 
ey tk 
Se nest 
Pers 2 , (k-1)! i ak+1 ) 
Writing 2% for ¢, then 
Gee | gti a,-* 
dS, < 1 z 
d 2 
ae dix eo , 4, 
or S, =~¢t ~ ee (192) 
0 
(193) 


Therefore S;=-1+ : al eda 


1) 
and ou cei ede, «¢= (2) re (194) 
xz a 
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If a>1, the integral in (194) cannot be expressed in terms of elementary 
functions. 


We also find » gee etae, (195) 
™=0 TT (ak +1) ; 
k= 


11. To find the value of 


S= >) I (Ga) 196 
n=0 k=0 Bo) (196) 
where a and 6 are positive integers. 
n (atk 
Let TE (Grp) = Ons (197) 
(b-1)!(a+n)! (b-1)! 1 
then Q,= = ; (198) 
-1)!(b ! —])! 6=a 
(a-1)!(b+n)! (a-]1) Tene | 
k=1 
1 1 ow bag] eel 
oe Sel ) . 
bet b-a-l)!& k-1 tat+k 
I (n+a+h) aot) et noha 
k=1 
a, b-1 ee k—-1 =a 1 
hence Qn=a( A pata ( ae \—— (199) 
-1\ h—-1 b-a-1\< yn 
a Sma a yan ( k-1 )tanacs 
_ fb-1 bag y-1(0-@-1\ 1 © yntatk 
=a( - pee ( eee roe (200) 
1 é ws yntark sg 
ae Santatk ~™ (201) 
© an Dam ALK 1 om 
eee 240 Pres 
at+tk—-1 yn 
= log (Len) —. (202) 
n=1 nN 


k 
1 o=4 2 or, Alf a+k—l pn—k 
Sao gat ee mes 


n=1 


-a- b-a-1 — 1\b—a—1 
ssdiunde | "SS cap (Pate a G ae tet 


EVALUATION OF INTEGRALS 171 


therefore 


Leone ,(o-a-1 atkh—l pn—k 
tC) ab 8 
n In 
To find s<S. ee (205) 


we evaluate (204) for r=1. 


log(1-r F 
Now (1 —r)?-4— Jog (1 -)| =r | “ =Oifa<b-1. (206) 
We shall next reduce 
b—a aC heal atk—l 4 
eS aT ll aie 207 
1 24 ) k—t i n ( ) 
at+k—1 a—1 a+k—1 
Since ae : rie (208) 
m=1 % gai” n=a 7 
a-1 1 b-a Bet et b—a Ree atk—l 4 
B= >)- > (-1P{ )+> - 1)*( ) SZ. Qos 
: Dank k-1 ea! k-1 os iM ae 
a b-a-1 
if \e = = 1) \0=¢= (2 
But ie ( ae ) (1-1)-¢=0; 
as a ol a+k—-1 il 
therefore Fp a Gala ae ) be (210) 
; es , Kegan a+k—1 
Letting Si,2= 3) (-1( i ) y = (211) 
and n-a+1=n' in (211), 
b=a—1 ze 
then oe “et pa ghee i pre (212) 
Writing m for b-a-1, n for k and k for n, we have from (212) 
dS}, iw ES, i) Wd 
= 4- oa 1 )yo=t! Ss ak 
dx 24 n/ g=0 
m eal 
S71 Ne wey! ia Be ies sn) nm+1 
i) Cora 1n(™) 
nes, (= 1)9(™) an ae(1 — zy (213) 
1-2 n ; 


and Sia [or -ayntde + C. (214) 
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But when «=0, S1,,=0 and C=0, 


: . a!(m—1)! 

= =p) co 

therefore Sy -| =a x)™—1 da (ena 
_al(b-—a—2)! 
~ (6-1)! ~* 


Applying (206) and (215) to (204), we obtain for a<b-1 


£8 AGH) «07) acta. 


n=0 k=1 


12. To find the value of 


s 2 it 
= \ te See 
Letting 2a ( 1) rarer) Sp,1; 
es) 
a ; k} 
= _1)k 
then pope | 1) (n+k+1)! 
se 1 
=(n-e1)t >; ( Nees 
BY Ul (k+a) 
a=1 
1 1S n 1 
Now n+1 k ~n! ea a eer 
Tl (k+a oe 
i ( ) 
therefore 
(eS (ee 
Sn,1= = coat ej k+a 
n+l 2 +a 
_g - 1 =e") S(- | 
me| a(t PIU O(a ee 
ASn,2 0 1 Hy. ‘N : 
Now dx 1+ Pasar (0) 
n+1 * 
Sica a ; 
ae “(1—x)" 
hence Sa (n+) |" oe dx. 


Letting in (223), 1+a=y, we have 


Sn,2= ( n+) > (- 1) a EBS kyk-1dy 


(215) 


(216) 


(217) 


(218) 


(219) 


(220) 


(221) 


(222) 


(223) 


(224) 
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Therefore 
Sq,1=(n+1)2"log 2+ (n +1) $y LL" (”) on 
1=(n+1)2"log2+(n+ )> 7 a 
— (ne) Sy EY (”) on 29 
Ce agg (;) (220) 
= : = SL) 2 
and S=log 2S) (n+1)(2r)"+ S} (n+1)S) i 1) (2n)" 
n=0 n=1. k=1 
ae eal)" ny. 1 3 
-Yorny GP (7) en” (226) 


Denoting in (226) the first summation by S, and the double summations in 
order by S, and S3, we have 


S=S, log2+8, -S3. (227) 
or ore 70 >) (ar = 155 I ere al ia piel ae ice) 
Next S->) sel > és (n+1)(2r)", by Ch. I. (97), 

=> (-14t' 5s G21) Gn". (229) 


n=k 


Denoting by S, the second summation of the double summation in (229), 
and letting in it n--k=n’, then 


2 ntk+i 
= (nF ( ~ 1 ( ae é) (r)” 
k 
“7 pe ~t<r<h. (231) 


Applying (231) to (229), we obtain 


1 
Sisonee  t oe (br) r<h. (232) 
we “(-1)% +14 (ntl “ 
Similarly =>) a mG a (2r) (233) 
= k+1 ye 
Be) eat SS 


- + log (1 = 2r) —log (1 -)| (234) 
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Applying (228), (232) and (234) to (226), we obtain 


1 r(1—2r 
S=q—ypp| 1982 +108 -7)- a al -s<ar<h 


It can be shown that (235) is valid for -l<r<l except when r= 


which case S = 3. 
li r=0, S=log 2. 
The result (236) can be obtained from (217) directly. 
If =O in (217), » can have the value zero only, and 


ao il 
= 2 _ [eens oe 
S= 5) 1) <5 = log 2. 


(235) 
4, in 


(236) 


The expression (221) might also be reduced by first finding the value of 


peed 
S| = ig De i ae Pe 
Now eee : 


xe pa—l1 
and Sa el eae I 


But 


therefore Sa= ») (-1)2-8 


a—2 es a—p 
and S| a) bate) + (-1)*-1 log 2. 
t= 


0 
) 
n+l n n+l i, “WEE 
Sue] = (n+ 1)log2 fos) 2 (an) B+ 


=(n-+1)2" log 2+ (n+) > bs Siew 


fA \4/ a 


To reduce the double summation in (241), we let 


dS Se Gnd 
then FEA GS Gall gel 


(237) 


(238) 


(239) 


(240) 


(241) 


(242) 


(243) 


(244) 
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Letting in (244) 1+a=y, then 
dS, dS, (2-y)" 2" 


da dy y y (245) 
FSi etal 2” 
y Y) 
n Qn 
Tye N A oT es m—k—1_ A 
(-° ) (9 : 
n—1 
a) ee: iG Jes igs (246) 
£=0 
n—1 n k 
ing ee Set 222 
Therefore i. (-1) 2s 1) C. ay (247) 
* , = nv We = Qk y 
Letting n-k=K, nea 1) ( *() — (248) 
=0 
Applying (248) to (241) gives (225). 
Show that 
Ss a I -— ;, n a positive integer. (249) 
a) 
foo) o yr Lr 
Lapa. 2s (250) 
n=1 k=0 
Ge 
Toe rea te (+20) 
Sey yaaa ee 3| log (141) +log247 4) | (251) 
k 
13. The separation into Partial Fractions of 
m 
>) Dig | Gy AE 
F(a) = ae ate (252) 
II (@— 1a)? 
a=1 
2a+1 
where m, mand p (p>1) are positive integers and rga=e ™ * 
If it be required to find I -|\F (x) dx, (253) 
0 
the following method reduces J to (29). 
e gkde 
Let lyo= | orca (254) 
then [= 2 Om nL k, p: (255) 
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Integrating by parts, we have 


1 ghti-n kvi-n 
Tk p= Fie) Gs 1-1 n(p—1) Iy—n,p-1, (256 »_1) 
oi ane 
where Teen p-l -|' (a + 1-8 


Using (256,_,) as a recurring formula, we obtain 


k+l-n, en k+1l—-n gkt+1i—2n 
n(p—1l) *™?-) ~~ n2(p —1)(p—2) (a +1)? 
(k+1—n)(k+1-2n) 
n®(p —1)(p —2) 


Sr eC ee a i) 


Tx—-2n, p—2) (2565_») 


p—2 p—2 
II (&+1-an) II (k+1-an) k+1—(p-1)n 
a=1 a=1 
nP-2p)! T—(p—2)n,2.= n?-1(p—1)! gr +] 
p-l1 
II (&+1-an) 
+ Sa=t psd Le (o—1 (256,) 
Adding (256,_;)-(256,) gives 
p-1 h—V 
; iH (6+ 1—an) a gk—(p+l)n dx pW (k+1—an) gk+1—hn 257) 
k,p~~ p—1 any | ogtaeds wee h m4 1)P—h? 
n ! aa x” + 
aos ft ah TT (p—a) Ot) 
a=1 
0 
where TL (k+1-an)=1. 
a=1 
p-l p-1 
Now II (£+1-an)=n?-} JI (“<*-«) ; (258) 
a=1 a=1\ 
p-1 
Tero) np k+1 
hence 1 (paly 551 n ) (259) 
ie 
h-l 
Il (k+1-an) et 
Similar! ibe eee eres 
imilarly Fs = am fal ee AP (260) 
n’ TT (p-a) (e+ )( +, ) h 


Therefore 
gkti-hn 


k+l ; 1 sk+1 1 
__mp (~*"\ pegk-e-tnde 1 St /=——-\____ a. (261) 
no Pl i M egiee ara 5 (Cieie na 


Sl 
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VALUES OF TRIGONOMETRICAL FUNCTIONS OF CERTAIN ANGLES. 
. singgm™=$[-(V5-1) +. /3V10+ 2/5], 

C08 57 =2/,/3 (/5— 1) +10 +2,/5], 

tan so 7 =1(/5 + 1) (2/3 -V10 —2,/5), 

cot snr =1(3 —./5) (2/3 +10 — 2,5). 

. sin Sr =2(/3V2+ 2 -V2—,/2) 12/2 -J2—.73, 

cos fpr =2(/2 4+ 2 +./3s/2 —,/2) = pee ae 

tan S37 =(/2+1)(./3—./2), cot 8-9 =(/2-1)(/3 +./2). 


sin 5= 1/10 —2/5, cos (15), 


I 
»lR 


tan 5oN5 2.5, cob = = V5 +2/5. 


sin 7 =3,/2-J2—2 /2—,/2, 


cos 2,7 =1,/24+/2—/2 /2, 

een =x 2 —J2—(/2—1), 

cot 3.7 =, /2/2—/24+./2-1. 

. sin gr =2,/2[V10 + 2/5 -(/5-1)], 

cos 857 =4,/2[/10 +2./5 +./5 +1], 

tan 3,7 =/5—-1-/5—2,/5, cots,r7=./5 -14+V75-2./5. 
singer —3[/3(/5 +1) -VI0-2V5), 

cos 2.7 =2[./5 +1+,/3/10 -2./5], 

tan 2.7 =1(3 +./5)(-2./3+/10 + 2,/5), 


cot 4(,/5 ~1)(2./3 £./10 + 2,/5). 
ing= =1,/2-,/2, 00s B= B/D. 2, 
tan = 2-1, cot = /2+1. 


sin Fp =3(V5-D), C08 75 =1/10+ 2/5, 


ie en Ae tob a5 =/5 +2./d. 


M 
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9. sin 57 1(/6 —./2), 008 75 =: 1(./6 +,/2), 


an 5 =2-¥ [35 ee 


10. sin 8,7 =1[/2 + /2V10—2./5 -/2—./2(1+./5)], 
cos S35 w= 2[/2 —,/2,/10 — 2,/5 + V2 +./2(1 + /5)], 
tan'33,7 =2(1—/5 + 2,/2)[/10 —2./5 —./2(/5 -1)], 
cot fom =4(-1+4+./5 + 2,/2)[/10 —2./5 +./2(/5-1)]. 


11. sin 53 =31-V3(V5-1) +10 +25), 
cos 5 = 2[,/5 -14+./3/10 +2,/5], 
ane 1(3 —,/5)(2./3 -/10 —2,/5), 


cobaE= =1(1 +./5)(2./3 +/10 — 2/5). 


12, sina =1/2-VJ24+ 2, coste=t24V24 2 
tan 55 = /2V2+,/2 —(/2+1), 


cotre = /2/9+/24+/2+1. 


13 ain, =2/2(/5+1—-/10—2y), 
008 55 = EV 2(V5 +1+V 10-25), 


tan x 3 =V5+ 1-J/5 +2,/5, cots =V5+1+/5 42/5. 


14. sin 57=H(s (J+, /2-/3/2—/2) =1/2-J2 4/3, 


cos 5 = F( (J/2F— 2+ J3/2 4/2) =IV 24/2 4./3. 


tan 5 =V/(2- 1)(/3 -./2), cots =(/2+1)(/3 +/2). 


15. sing5=3[ - (/5 +1) +./3V10 -2./5}, 


008 55 = 17/3(/5 +1) +10 -2/5], 


16. 


Rie 


18. 


19. 
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tan —= 


3072 


Tv 
cot 30 


(/5 =1)(/ 10 £205 = 2/3) 


=1(3 +./5)(V10 + 2/5 + 2./3). 


sing = 2M 2+./3)(3 — /5) -V(2-/3)(5 +./5)], 


C08 = ar 


=i /2[/(2=./8)(8 =1/5) + (24/3) 6 +./5)]; 


/ [e 
sin" =(- mi [a]. el1- an me ot), i acreven: 


n+1 
=(- 8a (aN), if mis odd; 


=(-1)+ apy , if nis even, 


nm+1 
re ]s—(-t J 


(-1) ee if n is odd; 


n+l 
tan "5 =(- yb Flyshy --yt 4), if n is even, 


sin ~ —— 
- 


n+1 
(Bf (al i if n is odd. 


_ then! _yltl 


, if nis even, 


ai 
As if n is odd; 


V2?’ 


179 


180 OPERATIONS WITH SERIES 


1 4(-)e 
cos ( pee dete ye : —_.——.,_ if nis even, 
n+l] 
par if n is odd ; 


Cree! 


er ait 


if n is even, 
me 


=(-1) * 4, if mis odd. 


20. sin = (= bs si . pee J, if n is even, 
n+1 
A Cie =F / 


, if nis odd; 


[nt2 [| 
eeUe ay 3 
cos = (—1)-* te if x is even, 


nt 
(ne), Rentadaek 
[2 2 n+l 
ee ae i if n is even, 
[3] 2 
ye | y 
J3 [pe(-1 ] 


I 
| 
— 
ae 
alt 
lie 
La 
lS 
uw 


if » is odd. 


re any = Gan ee 
21. Mra ot ~V2-(-1)-*"-(-1) , lf mis even, 
[n [e 
See st aJo-(- LT] 2, it nis odd; 
[n+5 38n+1 
Pe 4 +(- yes , if m is even, 


+3 1 
Beg sl ye lye, if n is odd; 


8n+1 
mnt? a yee ah] 
3 E rae , U 18 even, 
(-17-(-1) 


[ae 


ntl 
8 yea ‘ 4), if m is odd. 


CHAPTER X. 


THE SUM OF A SERIES AS THE SOLUTION OF A 


DIFFERENTIAL EQUATION. 


Boo.r* obtains the sum of a special type of series as the solution of a 


differential equation. 


A method is developed here which applies to a more general class of series. 


1. Every finite or infinite power series in a single variable in which the 
coefficients are rational functions of the number of the term of the series can 
be expressed as the solution of a linear differential equation in which the 


coefficients are rational functions of the variable. 


Let s= yg 


be the given series in which f(n) and F (n) are polynomials. 
Let u,, denote the (n+1)st term of (1); then 


uy __ fn) F(n=1)_ O(n) 


U,_1 | F(n)f(n—1). $(n)’ 


where @(n) and ¢(n) are relatively prime. 


t t 
We then have S) $(n)u,=r vas O(n) Uy—1 
n=1 n=1 


>, O(n +1), — 70 (t+ 1) ue 


Ms i 


=f 


n = 
Adding 4(0)u, to both sides of (3) gives 


ae 7] 1 O(t+1)u +4(0) 20) 
Be a O25, (n+1)u,-7 t 10)" 
Letting b(n) = yy ayn 
£=0 
and 6(n+1)= Spout 
then (4) becomes 
t m t m “ 0 f(0) 
a me nu pe ye pela TEs Ve PO) may 


Ok= 
* A Treatise on Differential Equations, third edition, pp. 441-450. 
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(1) 


(2) 


(3) 


(4) 


(5) 


182 OPERATIONS WITH SERIES 


Letting > Un =S ; 
n=0 
t 
then >>; nFu,, = (7 a S 
= > POOH, ye 8 
=>) 8 (6) 
where Ge= ( > (ei (") yt. 


Then, by means of (6) we obtain from (5) the differential equation 


ab) )$+S)( ay =r) DY srt ToS (0) J) ~ (t+ 1) ue (7) 


the solution of which is the required sum. 
If the series is infinite, that is if w4,=0, then 


m k 
(ay— rb) 8+ S) (a, — rb) DY F400) Fa): (8) 


We shall now establish the following principles : 


YS | 


(i) If 6(n+1) and ¢(n) have a common factor, say n—p, then S=r? is a 
particular integral of the differential equation. 


(ii) If m is a common factor of 6(n+1) and ¢#(n), the substitution ro S=y 
reduces the order of the differential equation by one. 


To prove (i) we write 


m m 
IL (n—~) for d(n) and [JI (n+1—wp) for 6(n+1); (9) 
h=1 h=1 
then for t=0, (4) becomes 
(oe) ee) m 
Sell (n— vn) u n=t >) II (n— wy’) u, + TI (0), (10) 
n=0 h=1 n=0 h=1 
™m 
where wy =wr,-1 and T(0)= TT (- ») LO, 
het PO) 


Let v,=w;’ =p, that is, let the two products in (9) have a common factor 
n—p; then 7? is a par ticular integral of the differential equation. 
For, if S=r?, the first member of 


SLE am) -7 Hh rg-m) sem) ay 
becomes oy, | 1 (p-v,)—-7 IL (p— wy, ) |, (12) 


which is equal to zero, since each of the ree have a vanishing factor. 
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In general, if 6(n+1) and $(n) have 7 common factors, n—p,, n—py, ..-; 
n—p;, the differential equation has 7 particular integrals, 771, 7?2, ..., 1%, by 
means of which the order of the equation can be reduced from m to m-—j. 

The above includes the proof also of the second principle. 


2. In the preceding the differential equation is derived from the ratio of the 
(n+1)st term to the nth term of the given series. If the series is infinite and 
if f(n) and F(n) are finite polynomials, the differential equation can be written 
directly from the series. 

If t=c, we may write for (1) 


B(r 5) Saf(rF) S mat(r oe). (13) 


n=0 
p 
Let F(n)= II (n—ay) ; 
k=1 
s d a \eet 
then i (rs a ar.) S=f(r 7) pe 5 (14) 
: d P r 
Now, since ate ay) 1» = (dy — Ay) r» =0, 
r% is a particular integral of (11), which by means of S=r4/?S, reduces to 
EA age! dS oa 
ase a@pt+l —~1 _. cake) (ee eae 
i (7 dr a) dr f(r s) L717 (15) 
Let next puytt HP =r%-18, ; 
F 2 
then (15) reduces to 
eT od dS d\ 1 
Sa Op oir h 2 | ee 
U (r5. ay) ae f(r). (16) 
Continuing this process we arrive at 
d pa ve 1 t 
(r5,— a) 2004 dr =f (ra, ae iy 
dS y— 
where 72 Sy. = roth — sf 2 
‘ phe eh a 
Letting peed latagld tS 55 
ds d\ 1 
we finally obtain bait ars =f (r =) sare (18) 


If the steps are retraced S may be expressed as a multiple integral, the 
constant of integration being determined at each step. 


3. The following examples will illustrate the above methods. 
(i) To find the value of 


Bd) (-1n (Pte he, In}<l. (19) 
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Let wu, denote the (n+ 1)st term of S; then 


pilin ay ee 
a n 
and >) Ma=—7 >) (p+n—-luy-y 
n=l n=1 
or Dd) Mn=—1 >) (PtN)Un- 
n=0 n=0 
= dS 
Now NU =?t = 3 
—~ dr 
dS p 
then (21) becomes dp oie ,8=0, 
whence log S+ plog (1+7r)+C=0 
or S=C(14+r)-?. 
fic=0, S=1 ‘and @G=1; 
therefore S=(1+r)-?. 
(ii) To find the value of 
n—1 
3) Il (2k + 1) 2 n—-1 
Saye ee 2k+ 1) | =1. 
= 2"! 2n+1? I ¢ ) mi) 
—1 
Il (24+1) 
dS gw k=0 2n 
Then a S PED x 


es n 
ao io) 
and Wnty =Y¥ >) (20-1) Uy} 
n=1 n=1 
a feo) 
or >) 2ntin=y >) (2n+1)u, ; 
n=0 n=0 
dS ay dS’ 
whence 2 IS S’ + 2y ae 
, 1 
from which log S'=log Vi +C, 
Now, if y=0, S'=1 and. C=0; 
1 1 
hence SS’ =—— = 
Vl-y VJ1-2 
and S=sin a, 


(20) 


(21) 


(22) 


(23) 


(26) 


(27) 


(28) 


(29) 
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This result can also be obtained more directly from (25) thus: 
n—1 


II (24+1) 
k=0 oat 


ISM ns eee 1 fo3 On a1 
Qtnt Qn! 7 ih (-5)(-5)--(- 2 ) 


dS a =e #3 
Then Tere ( so ya =(1-2%)-} 
and S=sin-1g, 
(iii) Show that 
n—1 
‘ pus (2k +1) nee 
Pe aa ae +27). (30) 
(iv) To find the value of 
eas 1 a ge2ntl 
Eas Aa ” One Di (31) 
Ww it Pee aS (ey 
e may write ne aees (Qn+1pi" (32) 
If again uw, denotes the (n+1)st term of S,, then 
Un ye, Y =— 72 
Teg auc egIyrs where y=2?, (33) 
from which 2>) (Qn+1)nu,=—-1 >) Un} (34) 
n=0 n=0 
aS dS 
Bere ies! - ¥ 
whence 4y dye + 6y aa +y8,=0. (35) 
dS, _ dS, dx dS, 1 
Now dy dx dy da 2 2) 
SS; 1 @#8, 1 ds, 
De dy® 4a? da? 4a° dx’ (37) 
Applying (36) and (37) to (35), we obtain 
as dS 
d2 
or de (wS,) + @S, =0, (38) 


Letting z,S,=v and multiplying both sides of (38) by 2dv, we have 


d*v 
2dv Fi tal 20 du 


Ce etas 6 3 
or 3) = —-v4+C)%. 
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dv 


Hence VO2-v =dx, 
from which sin! =a, 
Ci g 
or v=a28,= C sin («+C), 
and — =C, cos (« + C4). 
Now, if 7=0, S,=1 and sedis 
x 
therefore C,sinC,=0 and C,cosC,=1. 
It follows that C,=0 and C=], 
and oS, =S =sin x. 
Show that See aie te 
(v) Show tha aa mylee +e-*), 
i Si 
(vi) To find S= 5) (-1) ET 


n= 


(39) 


(40) 


0 
If as before w, denotes the (n+1)st term of S,—which notation will be used 


hereafter,—we have 


I de 
Un -8ntl 
and >) (8n+1)u, = 3 (8n+1)u, +1, 
n=0 n=0 
; ast 1 
from which a eee aril a 
1 aie 1 1 
2 Waa: Se 
Letting in (42) 7 P and STAN Q, 
then sme lP* (os [el?e dr) 
ek [4 rigdr 1 (2 dz te 
~ 8rl8) yr + +r) fs), o841 RUAN 
‘| a J2)12 4.2 a(2 —/2)U2 — 
NO =a" v2 oos J22+1 2 =t0 =, 2yead 
a(2+J/2)F+2  2(2+,/2)##-2 
e+ a0(2+,/2)'2 +] FEST RAI 


by means of which we obtain 


1 
S= igs [(2 + 242)N2(26 + log v) + (2 — 2212 (24 + log w)], 
: is at 7/8 (2 — 21/2)1/2 aa | gilt 4. 18 (2 es QU/2)1/2 ee ; 
where “AR BQ— SAE] ) P= pe pA(Q 4 ARV T 
71/8 1/2)1/2 1/8 1/2)1 
eae p=tan-1" dl Cte au ge 


— 7ll/4 4 2a 


(41) 


(42) 


(43) 


(44) 
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@ fs uy nl 24 (2 —2N2)U2 
y= 5| @- 2U2)1/2 log aCe TOIT 


9 4. (2 4 Qil2y1/2 
aa ore tg (2. 2p | (47) 


This result can also be obtained from Ch. IX. (115 ) and (116) directly. Then 


+ (2 + 21/2)1/2 log 


S=— rg cosee = += y (cos log cot — 


+sin-= Glog cot — of 
Sed: 16 


16 
4 2U2(2 4 QU2)12 4 11 (2 4212)12 log {QU2(Q + QW2)2 4 Que + 1} 


+ (2 — 2U2)L2 Jog {21/2 (2 — 21/2)1/2 4. 91/2 — 1}), 
which is the same as (47). 
The differential equation (42) can be written from (40) thus: 


(srz+1)8 - > -1)" ma (48) 
(vii) To find the value of 
a Day 2n+1 eo 2)(2n +38) co) 
pen aS ci (n on 3) ee 
and SK n+1)(2n+38)u, =7 5) nQn- Nagas 
anal n 
and since (n+1)(2n+3)u,|n=0 = 
therefore > (n+1)(2n+3)u => (n+1)(2n+1)u, +4. (51) 
n=0 n=0 


The resulting differential equation is then 


d d ya 
(rg. +1)[ 20-275. +3-r|S=5. (52) 
Letting now S=r 8), 
d 981 _ 1. 
then [2d =r gp +3-1] Gao: (53) 
; dS, _ 4 
and letting Tp 782 


gives the differential equation 


dS, 3-1 1 


dr O(n) 2 G&A 7) ee 
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By means of (43) we obtain 
— | ey "1/2 
& l-r d il at 1+) : 


4rlB| yr 2738/2 O72 


: Ltr 1+) 
from which 8,=5| te log Tat 2log (1-7) -2], 
Ua ie elo 
and finally s=7| AR log jap +2log (1-7) - 2. 


This result can also be obtained as follows: 
Letting r=" in (49), we have — 


we p2N+3 
ca af 
y (Qn +1) 2n +2) (2n + 3) 
Boe ek nee 
; acs, 1 l+a 
from which Ti = log A zee 
dS, 1 
dg 7g l(1 +2) log (1 +2) + (1 —2) log (1 -2)]. 
2 
Hence 8,="*" tog i ee 5 log (1 ie ae 
1/l+r 
mea = 7 (Ti log #5 + Blog (1-1) -2), 


which is the same as (57). 
The following is another method for finding the value of 


os De 2n + 1)(2n +2)(2n +3)’ 


2. 
gan 


r=2, 

We then have 

(27+1)(o2 +2) (0%. +3)= Sore! 
8% a 1 


d daz d say — 7 
; d d 
Letting Ge cs 2) Ge f 3) S=8,, 
hen, from (63 Dee 
t en, rom ( yk (w+ ) Wee ee 


Ss l(a deal 1+2 
1 g)o1—a I ST—a' 


Substituting (65) in (64) and letting 
d 
(cr+ i = 84 


di 
we have (« an 2) So= = log +2 as i, 


and 


(63) 


(64) 


(65) 


(66) 
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from which So= ne \ log on “da 
0 


2a? the 


ee! Bd aan AS 5 
= 558 a( log ey 7 t log (1-2), 


Finally S= sas. E log — +log (1- | dx. 
Integrating by parts we obtain 
2 
8-5 : d — log 1" + log (1 — x) -2|, 


Letting z=7r1/2 in (69) gives (57). 


We shall now find the value of (£9) without the use of integration. | 


Since ! ze Dae = ! ) 
: Sao ee ee mel In+3/? 


we may write for (49) 


aod n 
Now > ariz es -7) 
n=0 
: et eye re 
got S2n+3 OVS r’ 
1pl+r { 1 
therefore s=5]. 7. ps: ‘ene = + log (1-1) | 
~ yn 1 2 yl/2(2n+1) 
ee raat Ia) 2n+1 ’ 
: = tL 1 L+(—1)* 
and since 24, Inch 32, ile 
= 1 ah yl/2(n+1) os oe | 
therefore Si-gin| 2 ET Las 1) itt 
ao [ — log (1 — 71/2) + log (1 + 7/?)] 
1 1+7rl2 


= 9,118 108 = aes 


Applying (74) to (71) gives (57). 
(viii) To find the value of 


Cae) 
S= >) @n+l)(Qn+2)(Qn45)" 
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(67) 


(68) 


(69) 


(70) 


(71) 


(72) 


(73) 


(74) 


(75) 
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Following the last method of (vii), we have 


ae 2 (=r 
Sea ae rea apie n+1 | i) 


2=0 n=0 
a «0 

SS pe SE Us eee lop 

a 2, 2n+1 Se Qn+l or 


al ler (— 1)" 71/2 (2n+1) u il a ] 
- f =e 2n+1 Ee 4, 


3] ae 24, 
=5 [2 —log(1+r)- Sa tani? | (78) 


4. We shall next find the value of the finite series 


; Il (p-—k+1) 
S=>) (-17=—___.,, (79) 
tes IL (k—h) 
k=1 


where h may have any value, positive or negative, integral or fractional, except 
the positive integral values from 1 to Dp. 


n 


o II (p-—k+1) 
re Sy= >) (= 1ytrt st; (80) 
a IL (k—h) 
k=1 
then S=8,}21. 
+ te pee 
Now, from S,, eee ray (81) 
D p 
and (n-h)u,= =o , P - N+1) Uy 
n=2 — 
P P 
or >) (n-h)u,= —1 >) (p-2) Unt D; (82) 
n=1 n=1 
therefore dS _ h eal ea p 


(83) 


Solving (83), we obtain 


~ pri fa al = r)r—-? (1 a pje—p+l 
= qane| ? i * + 1)(h—p)(h—p + 1p | (4) 


P ae ae 
se Sek Ns + A,(1-7)? ato 


where A,, As, Az, ... are free of r. 


let Sas (85) 


which gives 
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5. To find the value of 


We may write 


oO 
Letting =>) 
n= 


yr 
6 G +n’ 
n 


Now, from S, we have 


dS, 


Un—1 ptw 


ii 


i, 1 
Therefore S,= p(l—r)P™ 


2 [°+\a=9| 


r yp—I p-—2 
But (a LESS 


yPp-k-1 


then S= Sy)re1 . 


P 


r *rd—n) 2 rl —7) 


_1)k if 
eii—ry e, (p—b-1)(1-r-i * | 
Then, by means of (90), we obtain from (89) 


p—2 (l—r)F 
=? [S-Di pay 


1)? log (1-7). 


tebe (1 jor | 


Multiplying both sides of (91) by 7”, then, if r=0, C=0. 


Therefore ae 
p-l 
6. To find the valueof S=S)— is 
“=° TI (p +h) 
=1 
Un 0 
Now ne ee 
a oO 1 
and DS) (0+ pn =r DS) (m+ 1) uy + iY 
n=0 n=0 (p -1) 
GS p-tig_ 1 
panouce eee MCPD 
| ee ts ad tao 
ee s-G= P| 


Denoting the integral in (96) by J,, then 


I, = 


1 y?-l 


{pi —= 


107 


—Ip_}- 
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(86) 


(87) 


(88) 
(89) 


(90) 


(91) 


(92) 


(93) 


(94) 
(95) 


(96) 


(97) 
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Using (97) as a recurring formula, we obtain 
joe (ei ea yk 
JIn=(=1)? +(-1)? log (1-7). 
pa (Way onthe eee 
Hence 
és il (1—7)?-1 . (-1)? pet (—1)e-4 pea] 
8 =| (og (1-1) + So 8, ied _ (99) 
=p p-l/ _1)k-1 cs 
Bie es 7 3 : rh(| —y)P-B-1 
deed (a) Be (Jia p-k-1 | 
“( -n(PE Nghe 
( ) fal k pa) ( a go—k 
Letting p-k-a-1l=d’, 
1, ey] 1 \2-k-1 
S=5 DB y(1-5) 7 
Therefore 


(p=)! 
If r=1, & must be equal to p—1 and 


7P 


: ; = 1 (1 —r)?-2 log (1-1) + 


are 


SS Enea 


which is the same as Ch. IX. (186). 


Se ae 
7. To find the valueof S=S) II (3) n, 
n=0 k=0 \2 TA 
where a and 0 are positive integers. 
Then De ete be 
Un—-1 . OF” 
and S) (b+ n)u,=7 D>) (G+ 2) Uns 
n=1 n=1 
or DS) b+ n)u,=r >) (at+n+lu,+a, 
n=0 n=0 
dS b-(a+l)rg_. a 
from which F A) S Fe) 
yo r pb-1dy 
Tera tiaed Moe 


We then have 
We shall distinguish between the cases when 


b=a, b=a+1 


and b>a+l. 


(104) 


(105) 
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(i) If b=a, then 
yb 


GEN af ed —r)—odr 


and S=_ rape 3 (+1 yaae) — 


which is evident from (102). 
Also S(1)=0 
(ii) If b=a+1, then 


Y vA 
smal 7 dy 
ol-r 


a yk 
=a| -log (1-1) - >) = | 
k=1 
a a ye 
and =| ~l0g(1-1)— rac 
a 


“4 
We then have S(0) =a] - pi log (1-1) - page 


an} | ae eee 
~Wa4l)! (l—-7)*h20 a+1 O° 


and s(-1)=af -log2- 9) 5" 


(iii) If b>a+1, then 


1-r(] — y\b-1 
| ee 
od 1 


=(-1)a TS (Ug tote 


1 


=(- 17/5 (-ae(? 7) 


(eG * tog (1 - r) + > 1); ace “ye 


k=a+ 


S.M. N 


a3 r)a-k = 


a-—k 
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(106) 


(107) 


(108) 


(109) 


(110) 


(111) 


(112) 


(113) 


(114) 


(3 


(115) 
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b-1 


a 


whence cae S| ( = 1)( Ja — 1-4-1 Jog (1-1) 


D \gclces i -(1- meee 


got Dea Netley 
+ (orl I ) ag! 
b-1 Be: Ee — »\b-a-— 
+> (-F("7 | nee a _ 7 a |} (116) 


k=a+1 
It follows at once from (102) that S= =5, ifr =0. We shall, however, evaluate 


(116) for r=0, since the work involves ee applications of the operations 
with series. 


Now a= S — =|. : sine re -1)9(°7")tog a=») 


| 1S 
But Ns =. log (1 =| carry ~ | (118) 


2 Sal Be 


and since m can have the value 6 only, therefore 


M,=-} (119) 
_ (lene 1 @ Leeney 1 
Next W,= beste k ae -) reat | (120) 
_ (-1)? (a-ky\,,_ (-1)'/a-k-1 
= coon b )e'= b ( Ae ) 
1/b-a+k-1 
= -5( He ): (121) 


Applying (119) and (121) to (117) gives 


s(o)=(-1P §[ (1°) +(e SS ) 
(mC QC) om 
and since b>a+1, the first summation is zero; therefore 
s(o)=(-P §f(-wePS)+ Se C gt]. aes 


But (-1)9-1 (° . a is the term of the summation corresponding to k =a; hence 


S(0)= rags ( ene Ap ae al (124) 


THE SUM OF A SERIES 195 


Now if k<a, anne) = 0, and we may write for (124) 


seo)=(- 99 (HP CZ HEN, (125) 


Ee b-1 
‘ = boar + terms in k of lower degree than 6 —1; and since 


—1 
SS Se ie if p<b-1, by Ch. I. (136), 
—1)°-1(6-1)!, if p=b-1, by Ch. V. (192), 


therefore S(0) = 


lt 7=1, S a 


the same result as in Ch. IX. (216). 
We shall finally obtain S for r= -1. 
From (116), 


8(~1) =a (~1)"( os Pan a-1]og2 


79>) 5 3 )-8(3") ae (126) 


k=0 k=a+1 
Opiate =u 


But NE ly 2A shlog2c 
b= ih Vile Neha h 
Meretore =a) (- 1)k eG a (127) 
Qe-k_] 
= Qh—a- aS (- 1) a -) —— (128) 
8. (i) To find the value of 
- ! n+2 
caer Dag reare (129) 
nee Chae) 
k=0 
‘ OE n(n +2)? 130 
on Una (wn +3)(Qn +b)" (90) 
and B (n+1)(n+38)(2n4+5)u,=7 ba n(n + 2)*%Uy_4 
n=1 n=1 
=r >) (n+1)(n+3)u, 
n=0 
or a (n+1)(n+3)(2n+5)up_=r >) (N+1)(n+3)Puy + 2. (131) 
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We may now write (131) in the form 


ye \(n+3 ea =2, 
from which Le tebe Roe Si= 2: (132) 
Since the indicated operations may be performed in any order, we let 
a Se aes 378 2 ASy _ 2 Ws 
then (r5+3)S8= -3) S,+ 37738, +7 Tie ers: 
and (132) becomes 
d d dS 
9—r — Pe aed = 
k Ir +5 — 3r| ¢ + 1) pa 9, (133) 
dS 
Let now tote oss 
then (133) changes to | @- ryr ae Tey, * 2. (134) 
And again, if we let oe Sis 
: es 
we obtain (2—r)r— aah (5 — 3r) S3=2. (135) 
Solving the differential nae gives 
73/2 
Se PR(Q rie 6 2 al — r)il2 ar |. te 
Letting in (136) 7 =sin?0, then 
1 : ; 
3= Tandd cos 9 (27-2 sin 20 +7 sin 40), C=0, 
1 a 1 +3 é 
Sse sin 1 oe rl2(2 - ye]. (137) 
, UWS, _ dS, dO, 
mon ie dr = dO dr’ 
hence Sy = 3 cosec?6 — 3 cot?6 — 6(cot?6 + 3 cot 0) +C,; (138) 
and since C,=%, 
Sy = — 8 cot®6 + cot?d — 36 cot 6 
5 2 2(r+1) Se Sule 
a5 OE e—nytesin-1(2) (139) 
d , aS, dd 
oO i = Sal cael 
Again So=? ee "6 ee 
therefore S, =8(3 sint0 - } cost6 — 362+ 3.6 sin 40 


+ 1, cos 46 — 18 sin 20 — + cos 26) + Cy. (140) 
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We find C, =23 and 


Brace. vy 1/29 — p12 gi Ag) 13,2,5.., 
8, 3| sin (5) (1 +r)74/2(2 —7)/2 sin Oy us CE (141) 
therefore 
Sie r\i272 l+r 1 ee I Aa 
S= -5,| sim G) ] — aR ri®(2— 1) sin (5) + mg tg ee) 
1/48 37? 
ead s=1(5 -"P-2r). (143) 
(ii) We shall now obtain the value of (129) from 
(2—r)r — +(19 —10r)72 2% + (41 — 23r)r oe +(15 —97)S= (144) 


which is the explicit form of (131). The work involved is somewhat simpler 
than in the preceding method. 

Since n+1 and n+3 are common factors of the two summations in (131), 
rl and 7-8 are particular integrals of (144). 


Let therefore S=7-1y and a =z 


then (144) becomes 


dz dz 5 
(2—r)7? 73+ (13 —Tr)r 7 + (15 — 9r)2=2. (145) 
Letting now Rear *u and ot v%, 
we have (2—r)r os +(1l-r)v=27? (146) 
1 * edt 
hence C= rll2(Q — rie (C1 ie 2f’ 4) ° (147) 
Letting r=2 sin?0, then 
2 U2 ES 3 
ream | sin- 1 (5) 12 (2 =] (148) 
and u=66 + 4 cos 26-1008 40404, ie -15, 
1/2 gf 
6 [sin (5) i - Br. (149) 
1/2 
We then find 2%, [sin : () |- a _ = (150) 
See ia, otch La, “Sct Ae a ed 13) ae 
y= -3[ in (5) ] ara (2 —1r)1/2 sin (5) aS ZG: C,= 12” (151) 
and finally 
ie r+1 W250) 5> 13 
tee -1 2 (2. — p12 sin-2 Dba ede 
S= “| sin (5) |- ee 2 (2 —r)1/2 sin (5) + t+zatyo (152) 


which is the same as (142). 
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Show by both methods that 


—1)"n! N42, 


0 
UR (Qn (r-1(Q+r)2_ AA+ (2472 5 18 
=—~—— =| log 91/2 eae pore Oe otk cae +5 - iar° (153) 


Ifr=1, S=15-$log (2+ /8). 


The result (153) can also be obtained by eae —r for r in (152). 
Let f(r) denote the first two terms of (152); then 


1/2 7 \4 
f(-1= - | sin-*i (5) | 443i ne (2 +1)¥2isin-¥i (5) ; (154) 


2 L\ ,2k+t1 
ae Sal Se ee 
Now sin Sl 1) ( : arn 
ed al 2k+1 
= Te ™s = \ 
and sin—4u = a ( k im 
ioe) 
ie IG GS ) ee du 
du 
(+22 
eis [ut (1+ u2)¥2]. (155) 
Applying (155) to (154) gives the first two terms of (153). 
Show that 
~ ! — )l/2 in—1yt/2\2 
2en! a gn Loy ae, ee (156) 
=a n 2n+3 wl2 x x 
7" (n+1) TI (2k +1) 
k=0 
9. To show that 
Hi sin (2/2) 
Sn =— am = 2") ae] — day oo 
(2n +1) ( ) 
n 
ao 
Let S= SS Spa. 
n=0 
Wh 8x 
ao Un—1  2n+1 
and ») (2n+1)u, =8x > (n+1)u,+1; 
n=0 n=0 
dS 1-82 1 
whence 


de * 2(1—4a) 2a — 4a) ' (Ss) 
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dx 


1 x 
a = 
herefore S Qat2(1 — ar). gll2(1 — 4a)1/2 
~ datR(L — 4a) V2 (159) 
sin-1(2a1/2) 
Sy = ((x”)) Qat2(I] x 4y)1/2 iF (160) 
(161) 


and 
From Ch. V. (156) we conclude that 
2k ee. a eat ie 


)( 


n 
Pie 
In Ch. II. (108) we have found the expansion of x cot 2. 


We are now prepared to find another form of the expansion. 


gt) f(6) |, (162) 


? 


Let z=sin-16; then 
eek 2 2\—4 gin-l | 
a cot x= 7 (1 — 6) (1 — 6) sin“? é=sin x 


where {(@) =(1 — 6?)- sin-16. 
sin-16= 5) (- (7) 


Now 
i] aan | 
(1-4 = (1952) 
ul 
) geksanet, (163) 


& 


n 


and 

therefore f(#)= + (- 1)*( z 
&=0 

(164) 


Letting k+n=n’, then 
by Ch. I. (68), 


2k+1 4 
# (na) a1 
(i n—k} 2k+ 1? 


and (162) becomes 
Oe Hie pe ;}) Sane | 165) 
woota=(1— 6) >) (—1) e ( Wigs duane” ( 
2n-k\ 1 (Ee 
— = 3 (166) 
)aen (en+1) (7 


) 


n—-k 
(167) 


But 

ee ial 
28 k jee 9k+1 22” e4\n 
ESS a ee : 
n=0 (2n i 1) Ca) d=sin & 
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Substituting in (167) the value of 6?”=sin?"x from Ch. II. (85), we obtain 
(after interchanging the letters k and C 
jyngen OP Sy BK = Is Ohare 
zeobw=1— 5) (-1)"22 eet 7 el Gee LS) 


n=1 


10. To find an expression for 


ea) yr 0 
Pao » Il (ka+l)=1. (169) 
Heir (kee Dee 
k=1 
Now un eae 
Un. an+l 
and S) (an+1)t,=7 >) Uy +1 (170) 
n=0 n=0 
He dS 1- ae 1 
dr ar ar 
ey oe | 
whence S= ala \, =F riiae-ria dy, (171) 
Letting r=az%, then 
S J hed ‘ — ea r ue 
== 68) o-* de, «=(7) (172) 
If a >1, the integral in (172) cannot be expressed in terms of elementary 
functions. 
ioe) wv 
We also find 2, nifehns | e** da, p(s) (173) 
oe tu (ka +1) ‘ 


CHAPTER XI. 


THE SEPARATION OF TRIGONOMETRIC EXPRESSIONS 
INTO PARTIAL FRACTIONS. 


WE shall here consider the separation into partial fractions of some trigono- 
metrical expressions and then the separation of powers of the trigonometrical 
functions. 


1. To separate into partial fractions of 


cos? x 
COs NX’ 


eae (1) 
We must first find the factors of cos na. 
Now cos nz=0 is satisfied by 


2k +1 
a Oe? 


k=O, 1, 2, 0.2.2 —15 


n—1 


therefore cos nz = A JI (cos ZL — COS sia n), 
jer 2n 


We then have 


n—1 

forz=0, A (a — cos eee =, (3) 
k=0 n 

1 


and forz=7, A 


( 
or AJ (1 +008 ttn) =1. (4) 


Hence 


and since sin ——-7r=.-e 2% 
2n 
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Sel 
Bute * isa root of l+a"=0, and 
2k+1_. 
TL er ")a1+a"| SH) 2 
k=0 \ z= 
therefore Aves 28k 
a 2k+1 
n—1 eae 
and cos nz = 2 eater cos = 7), (7) 
p n—1 
We then have Ses ee ) (8) 
cosnz & fe 
k=0 cos 4 — cos 7 
2n 
cos & eae 
2k+1 a 2h 
= Dp 
from which A,= cos on™ ae: eH, 
1 2k+1  . 2k+1 
= k Pp T 7 
(-1) noo oy 7 85, 7 (9) 
gooktl kt 
cos! 1 tl Fs 2n 2n 
oe COs NL n pa! ) 2k+1 ay 
cos v — cos T 
an 
In a similar way we obtain 
ee si Benes 
Se k ites ll 
COS NX ate N) 2kh+1 
COs &— Cos 3 
2n 
For example: 
costae IL 1 1 
cos 38x AGpa an ee C2) 
sin? 1 1 Lt )- 1 13 
cos 3x ole 2cosa—./3/ 3cos2’ rg) 
cost xr v2 2+,/2 24+ /2 
cos4z 32 \2cosr+V2+/2 2cosa-J/24+/2 
ee 2—-/2 
) a4) 
~ 2Qce0sn+J2—/2 J2 2cosa—V2—/2 
from which 
*cos®a dx _ V2—/2sec®la +4 tan 2 Le 
2+1)V2+/2 log 
[, cos 4x =v a SEP secta +4 tan La 
Oa ener 
= (/2=VlTS Blox v2 +,/2 sects +7+4 tan kx (15) 


~ /2+,/2 seca —4taniae 
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2. To separate into partial fractions 


sin? x 


gin (Qn + 1)2’ p<an+1. 
Since sin (2n + 1)xz=0, for values of 
kr 
Spe |? K=O} ll, 2, cory N 
therefore sin (2n+1)ce=Asi rt (si 24 —si a) 
(2n+1)r= sin ¢ TE (sin ino, 1)? 
where A =(—1)"22", 
ae BINT Pa sin?—1y 
sin(2n+1)e sin (2n+1)x+sina 
= A B 
a k k 
a kr ae ee, 
*| sin x—sin mai B® +sin 5 x i| 
and we obtain 
sin (sin « sin ps ) 
A, =sin?-15 = ae a na 
2n+ sin (2n + 1)z rer 
eles es co ee 
Onl . -amerl. ln 1 
it i ey kr 
ad EG ance Ii ay 
Therefore 
sin? ae 
sin? x S- 1) mie Son +l 
sin (2n+1)a_ irl kr 
sin “—sin 
2n+1 
: sin? — cos ee 
aia)e (-1)* an+1  2n+1) 
: ae | 
pst sing +sin > 
We also find 
sin 2? ar eel sin x 
sin?? a 2 Sy (-1); 2n+1°~ 2n+1 
sin(2n+1)x 2n+1 a oy 
sin?a — sin? — 
[2n ai 
: kr kr 
: sin2?+1 a 2 SY ( aun ES Gea TS 
ae sin(QQn+1l)a 2n+1Z4 WG re 
sin?z — sin 


2n+1 


? 


2038 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(23) 


(24) 
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For example : 


sin x a V10=2 75 __ ¥10 +25 


sndz 8/5 \4sinz-VJ10-2/5 4sine—J/10+2/5 
__ V10=295 " /10 +295 ) (25) 
4sinz+J10-2/5 4sine+/10+2/5 
1 ( J5-1 See! ) (26) 
~~ 4\8sin?a-(5-/5) 8sin?a—-(5+/5)/ 
3. To separate into partial fractions 
costly 
2 , 
Sone? ee 1<2n (27) 
; 2 ancy pa. 5 ee 
Now sin 2nz= A sin xcos x J] (sin? - sin?) (28) 
oes 2n 
where A= (‘= 1)e-t oi. 
2p+1 n—1 
then aa ae >, Ae ce Pi | (29) 
sin2nx sing fal mee - hn 
sing—-sinz— sing+sin-— 
2n on | 
: £3! Sees 
and we find A aor A,= mmo On? 
(-1)* 9 kr 
and B= Sore cos2?+ On (30) 
Therefore 
cos? tly 1 iss ne een sin & 
sindnz  Insing n poe) ae ane Okan Cy 
sin?x — sin? -— 
2n 
We also find 
coe 
2p+1 
cosa 1 < 2 us l =e ; onl en 
snQn+)@ Qn+lsne’ Intl ey! ne Ce) 
= sin?z — sin? 
2n+1 
2p<2n+1, 
a mots. . 2k+1 
4 oe _1)% ; on on™ ne 33 
a COSNe nN 2k+1 ‘ ss ) 
a COs @ ~ COS 5 — 


4. We shall next separate into partial fractions powers of the trigono- 
metrical functions. 
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(i) To separate tan? into partial fractions. 


: ve Qa Qa 
S = SS SS Se 
a kee @ On + (1 oe! (34) 
Oe a | 
we have tan?x= >) >) | An,» eee te (35) 
n=0 


+ 
Qa \P-? Qn ~«(\P=? 
v=0 Ee nae oh a pent te PT 
ie (n+ a € *@nt hz] | 
Multiplying both sides of (35) by 


€ Ji eet 
ee : 


taking of the resulting equation the vth derivative with regard to a, and then 


: 2 ‘ 
letting x= eon 7, we obtain 


2 


(1 ee reek Te | 
- y(2ntia)? ad Fade) 
Ann —(—1) 2°y! = dz” cot? x Jea2tt 8) 
ale cot7? a Cee 
Tofind + Sone P| =O y arate (37) 
( ~(Qnt+1)r/ |_pn2+1, é 


we make use of 


d’y-? DE DVL) GN. ee | 
da? [ ang, =? ( p ja pt+k @r ee us ay ee) 


by Ch. I. (169) ; 


: i Qp+k 
and since pe ] on+1 ~ (Qn +1)? teeth? 
eg = 
therefore 
d” vo) 1 2 2 1 sv 
—* 4j—P = 92? a Ot 8 cs) 
da“ | ma, - ( p / (Qn+17)? iNet) Qn+1njept+k\k 
d” 
=| ee (39) 
ere 
: dee 
We shall now obtain ay ] “nth! 


2 
By Leibnitz’s theorem the (v + k)th derivative of the identity 


2x i k = k 
(a a Gat ye) u ih Dane cot 4) Pee (40) 


ease 


v 


; +k vo+k qetk—4 om k qa ° 
e th ‘ Vee Go ere iat Joma: (41) 
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Now the first member vanishes, except when a=», in which case 


v+k\ d Qn \kd’ , Cees 9 
( k ) a (pasa. dae” | ones, ~aarree™ 2 | ae 
2 5) 


“a 


Therefore 


d® ,(2n+1a)ko! d°t® 


k =f! } k 
dae” lle ic 2e(u+k)! davtk a a | has ; 
2 


(43) 


If we now let z= cll el a in Ch. IV. (111), we have 


2 
cotta las, =88rS)(- ne(") >» (ares) = 
Si -1) & are (44) 


But ye HON \ = ee OG ab B=k, by Ch. IV. (73). (45) 


Applying (45) to (44), and then replacing r by r+, gives 


qrt+k 


+k é 
| eotke =(—1)hirteortk SS B-l Sey p rtk; (46) 
dar +h pact &, \k-1/) 28 & yee? 
2 = y= 
: qdrtk . ; 
and since darth cot A rates is real, 


therefore 7 must be even and 


qzrtk 2r+k 


8 
de ECO Mel 2041 =(—1)r2¢rtk 2a Ge 1) 3 > (-1)" © yertk, (477) 
a y=1 tf 
Then, by means of (47) and (43), we have from (39) 


Ga aa en ee 
dg? gate (2n +17)? p / gh 2v+k)!(p+k) 


Q0\ "th (8-1) 1 
CYS EDEL wes w 
and from (36) we finally obtain 
A s=(~1)? <P? (0?) ee Ais 
as (Qn+1r)e-2\ 20 / 4 (Qv+k)i\k/ prk 


2u+k eal 1 B 
ue i ( ) Qv+k, (49 
ela) ge yD Oe ae) 
We also find Bn, 2 = (—1)?*¥ An, 90. (50) 
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If p=1, then v=0 and 


too} 
tang= >) [ Ano re By.6 | f (51) 
n=01]— 2x 1+ 2x 
[ (2n+1)7 ae 

and from (49) and (50), 

2 2 
Ans aeatye fo PS= "Op alle Ca 

(ii) To separate cot®x into partial fractions. 
Since snzg=a IT € = ~.) (a + =), (53) 
Pe nT nr 


we may write 
p-l ee) 


D << Cn,» 
cota = See 3 a, S02 “ieee (54) 


2) (1+=)" 


Multiplying both sides of (54) by x, taking the vth derivative with respect 
to x and letting r=0, we obtain 


poe. alee @ ar] 
A= age cot?) | ai dat Do Ea 


ca aa 
v! da? ee (55) 
Following the method in (i), we find 
ee 0+DP\ (=) \ = «| 
da" 7] 7 ?( v ee 7 ae bay (56) 
ih k = v! qot* ‘ ] : 
dae" ere A Pray aaa leds BOY (57) 


2 +k Qo+k 1 B 
oe tants F = (—1)othQ2e+k i Ge 1) 58 = (-1)’ e) y2+k, (58) 
was y=1 
and finally 


Asy=(-1)"»(""9h? a Ss mrnamrpi(e) 24 (boa) 


3 (-17(P) ee, 69) 


In a similar way, we obtain 
S p22 re 20 (-—1)*2* Ge) 
By, 20= (— 10+? Eos Qn 24 +h 4h)! k 
2u+k B-1 1 B B 
Sa eee =1)°( 2+k (60 
Peis lar 60) 
and Cn, 2v = (— 1)? Bn, 20 (61) 


208 OPERATIONS WITH SERIES 
If p=1, then v=0, and 


cobe= les Bro a0 Cao (62) 
Om! I] ee ee a 
nr nT 
From (59), (60) and (61), we have 
i! 1 
Ay=1, Bn,o= ae: On, 0 (63) 


(iii) To separate sec?x into partial fractions. 
We may write 


eh ey A » Bn,» F 
sec?’ = >) yy - oot on = (64) 
Dope) ( ee) 


2a P 
(Qn+17) d (1- - oar) 
2n+1 


then An, = =(- 1 Dv! dx” cos?a (65) 
= ee 
a v aS Py, a” a 
Now ip =| =a 2 Aen s (66) 
(1- on + 1 orcs) flee ciel ; 


ty ie oo EE ("1 ) capstan 1 @ ‘| 3 
( 1) (2n+1 x)? u)) Crear k pth da” a (67) 


lf ( 1 | uk = cos*x 
and from ~@n+)= = 
die ,(2n+1 mo! d’t* 
we obtain To | ona =(-1)* (VERDE darth OS "a _2n+1 (68) 
aD eal 7 a 2 
u cos "= 96 Dy a 
v+ic getk & 
and Tyork OO ems Sie Sie \( k—2a)ethelk— 4] Pe 8) 
Sa a=0 oy 
To evaluate 
: 2 ae 
Re A eae =(-1) (cos “S : 7+7s1n a 4 «), (70) 


we must distinguish between the cases when & is even and when k is odd. 
(a) If k is even, then R=(-1)#+2, 


and (69) becomes 


etek ge tek 2k I; 
sar COe | owed = (=U age Dy (1) f ) Gk - —2a)"t%%, (71) 


® i 


SEPARATION OF TRIGONOMETRIC EXPRESSIONS 209 


hence v must be even, and 
(20+2k ( Ss 1)” 2k Ik 
serves] as = Gee D(-De(7) Gk 2ayeezs, (72) 


We then have 


=(—])nPre _p2? (20)! ie + zy 20 1 
k=1 


dae ie (Qn+17)P\ 2v — (2v + 2k)! 2% 
Gi) pam S-r(er-agme 9 
(b) If k is odd, R=i(-1)rtht+a-1, (74) 


and v must again be even. 
Writing now in (69), 2v for v and 2k-1 for k and for R its value from (64), 
we obtain from (67) the same form as (73), except that 2k—1 is in place of 2k. 
Therefore, whether & be even or odd, 


qd | a , p2”P(2v)! 
dae" | Sele ay 


Eos, 2 
and Ana =(—1pete PE (MP) Se 


(Qn+17)P-2\ 20 / 64 (2v+k)! 
bat 
20) bo 204k 

Guise e ( )@ Qa)2+k, (76 

We also find Bn, =(-1)?An,20- (77) 
If p=1, then v=0, and 

= A By, : r 
ea ae ia e | (78) 
"@n+)r ~* Qntl)z 


and from (76) and (77), we have 
2 Ton 2 


Zor ad Oa) er rare, LEB eal es 1) a remo ey (79) 
(iv) To separate cosec?x into partial fractions, we write 
gl A ee Bn,» Ca,» 
ee eles Gar). 
nr 


Following the preceding methods, we obtain 
k- au 
Qu te 9b 2v 1) [ (i re ep 
2,=(-1)p ay ) aterm me Neer yf —1) mX 2a)2+%, (81) 


S.M. oO 
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By, ay = (—1)%-Dete obo) k= arom (rs: 
k-1 
> Cc Dele al (k—2a)2°+%, 


and Ca, 20 = ( eT 1)? Bu, 20. 
If p=1, then v=0, and 


C 
owen i “=| 


n=1 


and from (81), (82) and (83), we have 


A,=1, fig a Cn,0 = 6 


(85) 


CHAPTER XII. 
TRIGONOMETRIC SERIES. 


In the preceding chapters the sum of several series involving trigonometrical 
functions were found. Additional methods for obtaining the value of trigono- 


metric series are given here. 


1. We shall first consider a family of series which is related to Fourier’s series. 


(i) To find the value of 


sg -. sin 2x 
n 


i, Vee 1. 


n=1 
2 1 (2) (re'*)” a es) 
Now S=5. ps fae 


l—reosxz+irsinz 
24 °l—reosx—irsin& 


ad - l+iu ala AAge rsin x 
Ee a! ~ 1-reosa’ 
: 1+ ; 5 
and since log ——— = 2: tan-1 u, 
1—wW 
rsin x 
therefore S=tan-! ————_. 
l-—rcosz 
2. sin nx 
Iiv=f, S=S* =4(r-a2), 0<a<2rz. 
n 
n=1 


In a similar way, we obtain 


ao 
COS NX 
m= —1 log (1-—2rcosa+7°), 
n 
n=1 
ioe) 
COS NX 
D3; = — log (2 sin 42), 
n=1 
© sin nx 1 7rsing 
»S (-1)*-1 — 7” =tan-1_—____ 
oS, 1+rcos# 
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(1) 


(8) 


(9) 
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2 sinne £ 
= 1 =—- —T7 TT. 

24 | tye Fy 9? TL< (10) 

Dd) (= Dat Sr =F log (1+ 2r cose +74), (11) 

n=1 

2 COS NX 

Zeilal - log (2 cos 32). (12) 
(ii) To find S=>) Sem, |r, (13) 

Aa OER 


aw a positive integer. 


Resim na 1 
1 4 a+n BeBe ly es 


Now S= 


dS < . 
then oe =12'5) sin nart—1 (15) 


n=1 
il a ex ye e7te 
~ Qt\re®—-1 re“ —] 


Caz 
—i(n—1)2 ,a— Sos i(n—l)e,a—n _ 
0S € Ve aie zy 


—(a—lix ela-Lia 


) (6) 


— + : 
bare, Varen 


f\ sin (n—- 1 : ih 25s : 
and NB ra ake ara: ne piers om eel ed (We Ce aoe log (1 —re-*) 
ey Ree ; 
ia Sp sin (n Ge eae, 1—re-* 
ah rah aa Rtd 9; C08 ae log - Sens 
+4sin az log (1—2reos 2+ 1%) |. (17) 


Therefore 


ae : 
sin(n—1)a r sin x 

Sai “ibs (oa 2 ja-nia + cos a@ tan~t—_—__—_ 

i= o—av-l 1-rcosz 


+ Jsinazlog (1—2rcosa+14 |. (18) 


0 . 
If a=0, then ~ oa te is defined as zero, and we have 
is l-n 


a ; 
sin nz 1 =tan-1_7 Sin # 

ic > 

a ee, 1-reosa 


the same as (5). 
sinng  ~< sin(n—1)a 
7 a-n+1 


If r=1, S=>) +4(7 —2) cos ax 


n=2 


+sinazlog(2sinix), O<a<2r, (19) 
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Show that 
a ‘ 
= (ijt, en Ake ilh\2 [Sy t- 1)- nin (n Ve anit 
Peg a+n 7 , a-n+1 
rsin x 
+ cos ax tan-?————_ — 1 gin aw log (1 me 
Tape g (1+27r cos x +7?) |, 
ro es ome aaa 
fA at+n i Ss e=hel 
re rsin x 
+ sin ax tan~-1-——_—_—. — }. cos ax log (1 -2rcosa+ |, 
l-reosx * 


2 _1 COS NL (-1)*7 2 ees CORT GL as oe 
yee 1 yh = “a | > (-0 n—1 pau gant 


cs at+n ~ 
; sin x 
+sin az tan-+ Oars eee 4 cos ax log (1+2rcosa+ | ; 
2. sin? nx 
(iii) To find the value of S=>) Bees te ey at 
n=1 


Now, if p be even, then, by Ch. IV. (29), 


p : 
2 p 
1 ~~. COS 2nke 2 9” 
ya om 5 —K 24 z An 
ao 
But >>. 2 es r= —1 log (1 —2rcos 2kx+1*), by (7), 
n=1 
io) yr 
and Dea lat) 3 
n=1 
therefore 7 


yr Ok ae ay log (1 — 2r cos 2ka + 9°) — 5, £ log (1-7). 


If p is odd, 
-1 
2 ; \ 2 sin n(2k +1 
then ae vt (p=1 “i ) nay ee n : ee 


and by means of (5), we obtain 


2 P : 
SL Vent ee pee ue es 
pre walaay (=1_, i 1-rcos (2k+1)a° 


mits ; 
sin na r sin & 
If p=1 S= gy” = tan-) ——_— 
te g n 1-—rcosa’ 


which is the same as (5). 
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(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 
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If p=1 and r=1, S= VY 12-2), 0<a<2e, 


the same as (6). 
Show that 


P 


:) log (1 + 2r cos 2ka + r?) 


1 (P 
+p(2) toe -l<rSl, when piseven, (28) 


pal 
i " r sin (2k + 1)x 
ai 2s (v-1_,)en 1+~rcos(2k+1)a’ 1Srsl, 


when p is odd. (29) 


MY 
(> . log (1 — 27 cos 2kx + 1?) 


n=l 5 
hy AZ e 
~9p\ P log(l-r), -l=r<1, when piseven, (30) 
2 
—1 
ark gt 4? ae 
=-5 »|\p-! i log (1-2rcos2k+la+7?), -1lSr=l, 
2 e=o\F - when p is odd. (31) 
Also p 
S yn ee nat 4 log (1 + 27 cos 2kax + 7?) 
2ae : us ~ 3 2 b-k . 


Lye 
+ op (>) log(1+7), —l<r=1, when piseven, (32) 
2 


p-1 
1 2 
2? 


p 
(v-1 , be t+ 2reos dF + -lsr=l, 
a when p is odd. (33) 


2. We shall give here a method for finding the value of another type of 
trigonometric series. 


(i) To find s-S)(-1 @ sin kx. (34) 
F iP ae -1(”) cin il nay (ON ae 
Now Saya te ria! @E ika (35) 
1 Heel | # nee 
== 5, (ec) t5.t5-(l-e a) 5; 


1 me, te ny Le te _tn 
=-—e2 (¢ 2-6?) +=.e 2 (c2 -e =) (36) 
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: nia nix 
= ~ Or sin 5 ( -1"eP 0? | (37) 
n+2 
=(-1) 2 2"sin” 5 sin > , when n is even, (38) 
Cer ty ee : 
=(-1) 2 2”sin 708-5 when » is odd. (39) 
=(-—1)"-12" sin” 5 sin we 2). whether » be even or odd. (40) 
Show that 
n n+2 
BS, (eal eat () coskx=(—1) 2 2"sin” 2 CO8ee 1, when is even, (41) 
sl c 2 2 
a 
=(- 1) 2 2" sin” 5 sin xt 1, when nis odd. (42) 
= (= 18-12" sin” Z cos MTF) 4 1, (43) 
whether n be even or odd. 
Pp n 
(ii) To find the value of 8,= 3 G) cos ke (44) 
n=1k=1 
p n 
and S.= > iB sin ka. (45) 
n=1k=1 


Following the method in (i), we obtain 


2 (nN Cnet 
> (;;) cos ka =2" cos” 5 cos 5 — 1 (46) 
2 (n\ .- Pe 
and >> (;) sin ka = 2” cos” 5 sin >. (47) 


Applying (46) to (44) and (47) to (45), we have 


inx 


P gina 
S,+18,= >) 2” cos" 5 ¢ 2 —p 
n=l 
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=2 C08 = 5 5 (2 cos? ~ 9 008 p-l 5 — COS 3) 


} © Op wage? al Dy ene 5) 7 
+2i-cos'5 (2 cos? 5 sin p Iotsing p. (48) 


From (48), we obtain 


os Oo Neb ava pas le eoee Ne 
S,=2 cos 5 (2 Cos? 5 COs p 1 9 ~ 008 3) p (49) 
and $,=2c0s 5 5(2 cos? Ssinp—1 5, +sin ) (50) 
D Ly, 
If eo (st Os G cos ka 
n=1 peal, S87 
on nm . 
and Si, (ly ( : sin ka, 
n=1 ¢=1 k 
show that ip 
p-l pele ay 7°85 eee 
a P-19P cog? ia (Soe a ee So 
S,= |(- 1) cos 9 (008 5 x +2 cos 5 w) +30085 | 5 
and as 
2 cos = 
By e Te ie) eat ae ey On eal ha = ft 2 
8,=|(-1? 129 cos? 5 (sin y &4 2 sin 9 s)+sing | 
eee n 
If Sas (= 1F4f ) 608 he 
n=1 k=1 k 
p n 
and S.= >> >> (=])Fs} () isin kz ; 
n=1 k=1 
then, if p is even, ys 
4 sin? = 
8,=| ( -1) 220 sin®? | (cosp—la— 2cospe)—cosw+2]-— = 4p 
and 4sin2® 
So= ( — 1)?22" sin?” 5 (sin p-1 #-2sin px) +sin =| RPT ree 


and if p is odd, 


S,=| (~ 17-122? sin??-15(sin PF yg sin Poly )+1— 20082 | =o ae 


2 2 4 cos x 
and 
S.= [ — 1)?2?? sin?” 5 (cos 2S zi xz —2cos 2° : 2) 
2 sin $x 
— (2 cos # — 3) cos 42 | ne 
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3. THE SUMMATION OF TRIGONOMETRIC SERIES BY MEANS 


d\P 
OF THE OPERATOR (r 7 : 


dr 
n 
(i) To find the value of 8 Pe) k? sin ke. (51) 
n 
Let S,= >) sin kart ; (52) 
i=1 
d\? 
mon ae C a ) s, | (53) 
Lis r=1 
1.o(-)t< 8 er ks | 
aa) ()er 5 esa (54) 


Carrying out the summation in (52) gives 


r sing —7™1 sin (n+1)¢+7"+? sin Ua 


ey 1 -—2r cosa+7? (ee 
Designating the numerator in (55) by N, and the denominator by N,, 
we have 
q%—-y dy 
vi 2S 316 eee ‘ae ial ae ie ey 
But 


oes M| =(a—y)! I(. 2 ) sin @ — Ca) sin (n+1)x+ (eaee) sin ne | (57) 


y 
: oy sepeaiena 


Applying (57) and (58) to ( : and the changed form of (56) to (54), we 
obtain the desired result. 
An expression for (51) may also be found as follows. We have 


n qm 
> K?? sin ka =(—1)? 7 a5 a sin ka (59) 
n (2? p—-1 nh 
and Pai k?P—* sin ka =(-1)? 7 oo ea cos ka. (60) 


Combining (59) and (60) gives 


Sponniee (inh eesyiclie 


f=1 
dP 
=(-1) 555, (61) 
where S,= >> sin (+ ke) ‘ (62) 
f=1 
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Carrying out the summation in (62), we have 


_ (pr n+l = x 
S,=sin +—, x) sin > cosec 5 


2 2 2 2 


al pr x pr il ih 
=5| 008 (F + 5) — cos lee +n+= 3 x) | cosec ge 5 


Pal PN ee | pr I pr 1 d* x 
dag 2 3 Oy @ qgp=a cos & +52) eos( 5 +n+52) | Facosee 


Pp a 
aay p\. (am wel ) . ne d x 
=(-1)? 2, a sin| 3 ——9 # ) Sil > ga Coser a, 


and by Ch. II. (120) 
eo x (ye 


dat COSC 5 = 94 


a 


ei goed a 
where Mayis= S* (-1)%( + 5) eotents 5, sat 5 1)" 


LS 
¥,=0 


Substituting (65) in (64), and the resulting expression in (61), gives S. 


(ii) To find S =>) k? cos ka, 


k=1 
; : d\? 
we either operate with (« =) on 8,, 


rcos x —1*} cos (n+ 1)a+1"*? cos nx — 1? 
1-2rcosx+r? 


where S,= -S) cos kar* = 


b) 


and let then = ; or, by means of 


n (2? 
pal KP cos ka =(—1)? +35 >) cos ka 


k=1 
n qt 
and me [ev cos ka = ( = 1)? dppak me, sin ka, 


n 
from which S k? cos ko= Sy cos Ce + ke) 
=f 
d 


+ x ) sin LS pepe 
2 2 ) 2 21 


da? 
n 
(iii) To find S= S*(—1)*-!k? sin ke. 
é=1 
Then 
S Gay Ss (-1)*-1sin kar | 
(oy, 4 ral 


d ye sin2+(—1)"-1r"+1sin (n+ 1)a+(—1)"-17r"+2 sin ud 
Ss Ge 14+2rcosx+r 


Following the method in (1) leads to the result. 


r=1 


(63) 


(64) 


(65) 


(66) 


(67) 


(68) 
(69) 
(70) 
(71) 


(72) 


(73) 
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The sum might also be obtained thus: 
We have S%(-1)§-1#? sink pS -1 sj 
ave eae ) sin kx =(-1) date 24 (Wk sin ke 


q2p-1 
dg2P-1 


>) (-1)'-! cos ke. 


n 
and >) (-1)*-1h9-1 sin kx =(-—1)?-1 
kal k=1 


Combining (74) and (75) gives 


n 
Dy (DEW sin koa Sree (+k) 


da? <4 


chai ‘ Sn 
=} 7pa| sin (FE +32) +(—1)"4sin (FF +n4ic) |seoyx 


(iv) In a way similar to the above, 


n n 
D> (-1)*-1k? cos ke=(r5) 3) (=1)"=<cos kar 


a (> eee (-—1)"-17r"+1 cos (n+ 1)a+(-—1)"-17r"+2 cos nv +1? 
dr 1+2rcosx+7r? ern 


or, by means of 


ey Oe, 
re cos kx =(— 1)? Fe 2 (-1)*-1 cos ka 


P= 


q2P—- -1 


n n 
and ee iE qq 24 (- 1)*-!sin ka. 


Then, from (80) and (81), we cy 


n 


Sr eel) k-1}? cos kx =(—1)? iy )k- 1)*-1 00s (FF + ke) 


— P fP Se 
= © eal +2) t-te PE s7 He) sec. 


4. (i) To find the value of 


ie) 
S=S) vn? sinner", |r|<l. 


n=l 
ie 9) 
Let S,= >) sin nar” ; 
n=1 
d\?, 
then S=(rz) 8. 
1 i! J 
Now ep erarere 
where f,=re*® and r.=re—*, 


Therefore, from (86), 
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(74) 


(75) 


(76) 


(77) 


(82) 


(83) 


(88) 
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Ghee tek Ghee a 
rk 5 ee 
where Dy, ="; ieee To ane ean 
past k+1 sin (k — B)x 
= ot _ Bp yk +B 
et 2s 1) ( B )) (1—2rcosa+r?)#r1 (32) 
If p=0, then from (88) 
<. 7 sin © 
a a) ea = 2r cos @ +7?” ) 
; = : ¢(1 —7?) sina 
= nm — 
and if p=1, De: nm sin nar (=i ea (91) 
Show that 
ea k 5 k+1 
(ii) 7? cos nar™= > (—1)* > (-1)% @ke Si(-e(" Bes 
n=1 a=0 p=0 
cos (k—)n 
(1 —2r cos @ + 177)e+2’ (2) 
, “ 1-rcosx 7 (cos £ — 1) 
n — n = 
from which De) COS NUS =o A Sher xaaann Rogie TRO: Re (93) 
. pp Til Pt) cose = ay? 
and 2 OTE Gla eax ree aE (94) 
fhe lysates ee Peete a1 (b\ pr (B+1) 4, 
_1])\n- 0 — = = p | -k+B 
(iii) a! )"-1n? sin nar >> 2, 1) @r pai )) 
sin (k—f)ax 
(1 + 2r cos @ + 7?)e+1 (25) 
ice) . 
rr 9 San ae ey a r sin x 
rom (95) ea! )*—-1 sin nar (eae (96) 
fee) ° 
Wie eas hater n_ r(l—-?7)sine 
and Zui 1)"-1!n sin nor (Ls deena (97) 
ee) k Fs k+1 /}, 
(iv) ya (-1)"-1n? cos nar® = > ~ (Gee © aS (‘* 4 *) ate 
n=1 k=0 a=0 p=0 
___cos(k— f)x 
; (1+ 2r cosa + 72)k+1° We) 
This result gives 
ns 1+rcosx r(cosz+r) 
~1)"71 r=] = 
ue ote one! 1+2rcosa+r? 14+2rcosa +r? (99) 
eo 
Ree nm _t(1 +7?) cos % + 2r? 
and 2 1)"-1n cos nar” = (eoreosg ae (100) 
n 
S= >) ksin? ka, (101) 
(102) 


Then 


5. (i) To find the sum of 


=1 


f=1 
S= (rs): S* sin? kar | 
1) tel r 
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Now, by Ch. II. (29), if p is even, 


2 n P mn 
rae (a! ND cs2atants (9 =? (103) 


a=1 


n 
ps sin? kar’ = 
f=1 


Applying (67) to (103) and operating on the resulting expression by (* i) 
we obtain the value of S. 


If g=0, we have from (103), when p is even, 
es p . 2 
oe. . 2 cos(n+])azsinnax n 
ne sin? kr = Se r(2 2 :) Shae +5 (>), (104) 
p-l 


and when p is odd, 
fo ae a p \sin 2a-+1)"4*esin 2-41) 
Dy sin? ke =a5 4 7 (-0 (a : 


(105) 


sin (2a+1)5 


n n 
(ii) Dy cos” ko =(15 ai) ae cos?” kar | : (106) 
k=1 fa1 =1 
Then, if g=O and p is even, 
p 
: ieee l)axsinnax n Ap 
rae osPkt = 55 =e p eee +55 ») (107) 
2 


k=1 a=1 sin ax 2 5) 


and if p is odd, 


. el ci) ae a a @a+ 1s asin Qa) 
my cos? kt =a >) (v= -) 7m (108) 
k=1 a=0\ 9 sin (2a+1)5 
Sat 2 ; d\4 Baier 
Gi) (- 1) 4 sin?ke=(r ) pany sin? ker | (109) 


If g=0 and »p is even, 


ee eae tS 
Pp eed 
> (- 1-1 sin? ke oE, p>, ae 


k=1 a=1 
Pp 
1-(-1)" 
5r"(2); ao 


t 


: ar( iy eras (ayer One tee 


and if is odd, 
n 
>) (—1)*-4 sin?ke 
i 


eas Gis 3 sin Att a 4 Liss tsin @a+1) "oa 
Bliss: (De( p= ) (11) 
9? ——_— — (yf 4y 
a=0 2 cos (2a+1)5 
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s 2% d\¢ 
: Be \e—-11-4 cosh lip el pe Seed k 
(iv) ae 1)*-1k? cos? kx (5) Pay 1)*-1 cos? kar dhe (112) 
If g=0 and p is even, 
P , 
= I 1 Z Pp =) oo! 2 it 
S> (-1)*-1 cos? ka = — cos ax + (—1)"~* cos (2n + 1) ax 
es >2y(2) COS ax 
Pp 
1-(-1)" 
0 ; (113) 
and if p is odd, 
n 
(—1)*-1 cos? ka 
f1 
ce p cos (2a +1)5-(-1)"-3 cos (2a+1) tt a 
> e ) : . (114) 
a=0\ 9 9 cos (2a+1)5 
6. To find eda ULI Ir lal. (115) 
Then S=(r 5) S* sin? nar”. (116) 
OTe argaadk 


If » is even, we have 


D 
0 2 p re P\ «w 
y3, sin?nar” =D) (a1)S (ip >} cos ana" +5, Dp) Soy (ALD 
n=) c—t 2 n=1 2Q/ n=1 
. n__reos2ar—r2 Ny 
But Dae Zana” = 5 apnea by (93) ; (118) 
Wy p> p 
bee e od Nae 9) r 
Phen S=a= D (-) (2 .\( =) neo »)( s) ro (1l9) 
d\2N (<1)? < k dk N 
But Gala SS V8(4) aps SO 120 
de Geetk em ee 
and Pipe lay eel 2 (121) 
dt, dk- s a2 
= N, 5. y+ k(cos 2a ~ 27) Sa Not — bb 1) Fag Ne, (122) 
Now, by Ch. I. (6), 
dk ( 1)*2*k! [2] k-y 1 No” 
le pee Oe la Mee Ma pr Ie =) 5) : 2s ee ies 
dre? Noe? hetgeege) ae 4 ( Y1 72 (7 —cos 2ax)™ ed 
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Writing k-1 and then k-2 for k in (123) gives 


hat k-2 
Ces and é 


In this way the result is obtained. 
Similar considerations lead to the value of S when p is odd. 


Find the value of S= SS ni cos? nar”. 
n=1 
(i) To find the value of S= > Be (124) 
n=0 
Now sin? (a + na) = ( oe Say —1)* © DAE NEM), (125) 
See pos pee De Ha) eilp—2k) a ae 
— oo ! 


Wh ; 
=(-15 53 (-1) cs or c0s (p—2)2[ 008 {(p — 2k) a +1 sin (p — 2k) a} 
+7sin {(p—2k)a+rsin (p —2k)a}]. (126) 
And since S is real, therefore 
ied 
S : =e ee fer en P20 cos {(p — 2k)a+r sin (p —2k)z}, 


when p is even, (127) 


TR 
sa 


(<2 > “( P cos (p—2k)& oj Sl = 
eaten See (-1) aha (p—2k)% sin {(p — 2k)a+r sin (p — 2k) a}, 


when p is odd. (128) * 
Combining (127) and (128) gives 


MEE 
caine P= Bi _ = pate 1) #(B )erom (e201 o0s| 5 8 — {(p —2k)a 
+rsin (p ~2h)2} | (129) 


where B=—3—-. 
Show that 
[2] 


< cos? ( (a+ nx) yh = Pp r cos (p—2 
ee, n! ~ 9p mys (4)e (p—2h)@ cos {(p — 2k)a 
n= 
+rsin(p—2k)x}. (180) 


Be Re 
sint(at+ne) , (—1) 2] E 


(iii) os - 1 n | Uae Qp-1 ph ( = ee ea e—? cos (p—2k) & 
cos [56 —{(p—2k)a—rsin (p— 2k).2} | (131) 
where Geert), 


2 
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n! QP ed \ 
cos {(p — 2k)a—rsin (p—2k)x}. (132) 


Letting in (129)-(1382) p=1 and a=0, we obtain 


2 
2. 
(iv) > A 1)" cos? (a st ed) pra 1 SO @ e—? cos (p—2k) & 


ico} 


(v) 3, a = = 08% sin (sin 2). (133) 
a 2! 
: ~\ COS N& : 
(vi) 7— = e°S# cos (sin 2). (134) 
n=0 nN: 
(vii) Seay? — =e-©8# sin (sin). (135) 
n=0 ; 
(viii) Se “= = e-°°# cos (sin @). (136) 
n=0 i 
ye ; Exo 
8. (i) To find the value of eae wee (137) 
1 & (e@r)™ 1 (ertep)n 
\f — 
pop. pacha Sho ea eee) 
We shall first derive the value of 
eas yn 
ms 5; (nh)! (eo), 
oO gnh 
sph. = 
Let r=a2"; then S, pa; (nh) (140) 
Let now 6, stand for one of the / roots of unity ; then 
oO mn 
CUES L (141) 
n=oll: 
and SIA (142) 
a=1 n=0 :g=1 
h h  2anni Qnri 
But t= Set =F 
a=1 a=1 Th 
ps 
=0, if m is not a multiple of h, (143) 
=h, if n is a multiple of h. (144) 
h QO ginh 
Therefore Sd) eat@=h>) | = RS, (145) 
= Za (nh)! 


h 
and By = 5 By efat -1 > Bes (146) 
a= 
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‘ 2ant 
To reduce S, we have, since 6, =e ” 5 
2am 9 
eat aa ght 8 | cos Ge sin gue <) +7sin (nm sin—— —)| ; (147) 
h Qar 9 
and since 8, is real, 8, =+ ea eo (nu sin “—). (148) 
a=1 
If h is even, 
il er *co Ghia 
= +e7r! cos (r¥* sin a) 
S,= <5 |e enn st “0s ( i 
hol jh 2am Yam 
Sy eh 8h cos (VA sin =) : 149 
a=5+l 


Letting h-a=a’ in the second summation, we obtain 


. 

Ly 

S,=; k en ear! ‘aS gine “00s (1 sin a) | (150) 

h — h 
If / is odd, 
ant 
1 Ou PUP eng OE 2ar 
S\= ion t2 > °F cos Ce sin ="). (151) 
Combining (150) and (151) gives 
SES ee ee ae a er eos Uh gi 207 9 
Si j fae oe eee vi) a cos G sin alk (152) 
the summation in the second member of (152) being zero if h<3 
If h=1, ew a (153) 
n=0 
£8: ed es Sait 1] —7lt 
If 4=2, > Oat te. (154) 
Applying (152) to (138), we obtain S in the following way 
Letting etr=7,, (155) 
iz 
then gfe ere? 
x n 
il" cos j, E (at sin 4) +7sin Ge sin 7) | (156) 
(157) 


pple oor 


1f/h x mw oe 
é suk | eos a sin ap —7sin Cu sin | 


P 
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2 
7! cos == cos 2 Wh OTe 
=€ ¢ hi cos( r Us al Mies 


2anr 
rplh 
eae 


+7sin Ge cos ce sin il (158) 


h 
2 20m . . 2ar x 
cos (7.1 sin <<) =(e* + e-8) cos ce sin —— cos ;) 
— li (es —e-8) sin Ge sin an cos i) (159) 
= PAS og 4 
where s=7lh gin = sin 5: (160) 


From (158) and (159) we have 


2 Qam+: 
Pl cos Ay ei mer 608 are Speen oad Tease 
e cos (7; * sin —— =e cos ( 714 sin —>— 


2axr—2 2ar+a 
1 .rl* cos ; rue 2ar —2 Sire rh cog 2242 ; L/h e: 2ar +2 
= 3@ cos| 7 sin peas San +4 ze sin {| 7 sim a 


1h 2ar—2 


oie eo Oar (Fe sin aon 2) | (161) 


Applying (156), (157) and (159) to (161), we obtain the value of the first 
summation in (138). The value of the second summation in (138) is the same 
as the first, except that 7 is negative. 


Therefore 


io) & 

sin nz 1 1heos” 1+(-1)* —Alr cos? . - £ 
Ss \ gh = h pi lh se AE er ea h L/h f, 
& il? sin ¢ sin ii i) é sin G sin h 


4, (nk)! 2 
Je al 


Dip 
en leo 0s —— = z th ot Qar +4 
>) sin Hi sin acy 


2an—2@ 


/h et a 
=¢ = 2 hain (7 sin as =)t I (162) 


If h=1 and r=1, then from (162) 


. sin nx 
n! 


= €°0S# sin (sin 2), 


the same as (133). 
If h=2 and r=1, then 


x x 
> ei iP) 3 ( i 4 
24 Omyi 73 e e€ 2) sin sin 5 ). (163) 
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(ii) Show that 
2 aan pith Aas 1+(-1)* —liieeye x 
oe h 1h B h Uh ein ~ 
nk ; ile cos (r sin i)+ 5 e cos (r /h sin 5) 
(‘Se 
2 anr+az 
- SS bee cos 7 cos (nm ean — *) 
a=1 
1h 2anr—2 
+e cos (nm Sie = ht (164) 
9. To obtain the value of 
Rie ee _ yn sin ne 165 
(166) 


iting in (151) —r for 7; we then have 


If h is odd, S, is obtained by wr 
=i 
=) (167) 


we shall first find 
n=0 


h 
= 2 am 207 : 
ae ad +25 6 78h COs (ne sin —— 
h a 
nt 
If h is even, then (—1)Mh pth = eh plik 
and 
1/h 2a+1, . 2 1 : 
ak RE of OR | e0s (ni sin - r) +7sin (nm sin as : )|. (168) 


(169) 


2a+1 n) 
h 3 


and (148) becomes 
Uh eog 24t1 
h” cos (nm sin 


Gay: 

ies 

Now the terms corresponding to a=0 and a=h in the second member of 
we may therefore write 


(169) are equal ; 
h—-2 
Re yer a 
S, Al ee OP. obs Ga sin J r) 
a=0 
cael 1/h 2a+1 
+ ye Fh ™ Gog GE sin 28 ) | (170) 
h 
ae 
2 
Letting in the second summation h —- 1 -—a=a’, we obtain 
h—2 
Ee am, 20t1, 
thee 3 gilt eos cos(r Piety, coat r). (171) 
a=0 
Then, by the method which led to (162), we find by means of (167) and (171) 
the value of (165), and also of 
a nCOSNL ,, 
Cy (nh)! °° 
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% sin?nx 
10. To find the sum of Shp, (nk) | r”, (172) 


Then, if p is even, we have from (24) 


P 
ie Ve “cos 2knx , 1 P\ yn 
Sept (74) Tae” +H(B) S53 (173) 
and if p is odd, from (26) 
pol p 
ee °. sin ( re 
Se a (ot : )Seae eee ee (174) 


Then, by means of (162) and (164), the values (173) and (174) are obtained. 


Se <\ COS?nX 
In a similar way 2S, ARIS r (175) 
and (172) and (175) with the terms alternating in sign are found. 
yr 
11. To find the value of S= = 2s eat (176) 
1S gotnh 
mor. a7 2s . 
Letting 7, =2", then S ep » G+ nh)! (177) 
We now define f(n)= a ye peli (178) 
where as before 6, is one of the A™ roots of unity. 
h 
Then, since S) 6a" =0, if mis not a multiple of h, 
=h, if nis a multiple of h, 
heref Sia Se 
therefore n) = n 
: eal a Ot) ceo ae 
a gh 
=4>) Bap 8 (180) 


Mm 24 (btn)! (181) 
ue it Ee (O,0)2+” 
~ 4 (a0) 4 (b+n)! (182) 
on ee (G.2\" 
Daal 3, ol (183) 
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Lteety (etae et ao : 
Therefore S= hal by {Fs Se i \] ; (184) 
h 
and since S) 9a"-=0, if n—b is not a multiple of h, 


eR 
ll 
pa 


=h, if n—b is a multiple of h, 
we need consider only such values of as will make n—b=ah, or n=b-ah. 


Now when n=0, oe and when n=b-1, pe hence 


h h’ 
h a 
bol yn IS gb—ah 
Sy ie N n—b on an 
Ramee” Bea! pay 
1 he eat a gb—ah 
and S.=75 ps eS boa} (186) 
h L/h : “oat 
= eit: efar!” rh 
Neca tnen yy Syn pemess oe ae t 
o 246 aa = jr = ae 2 eae ap} | ett 
In the following we shall give another derivation of (187) : 
i) ginh 
Let areas S0=8: (188) 
® nh 
then (o- Bras ¢.) Ss Perera (189) 


If now to f are assigned the values 0, 1, 2, ...b-1, b relations are obtained, 
the one corresponding to 8 =b—1 being 


gh 


(1493, )Sa= 3) (nh)! 


n=0 

1 h 
= >) ea, by (146), (190) 

a=1 

dSy—4 1 say So C Oq% 

va dat. 2 oe ty 
Solvi 191) gi S abe > eel 192 
olving (191) gives imi 2g ta (192) 


To determine C, we write 


Ty ea 
C,=2Sp1-7 >) a. (193) 
a=1 


Qa 
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Now when «=0, S,_; being finite, 


ees, Wk 
Cy= Ben 
and since Osh = 1, 
1 h 
C= 7; = O,%-2 
a=1 
=0, h—-1 not being a multiple of h. (194) 
1  ea2 
Therefore S,-1= ie 2a (195) 
d 
Next, from (2 + 27. Sp—2 =Sp-1,; (196) 
, BeAr rep 
we obtain Sp-2 = ho? Dy @2 + ge? (197) 
h 
and again, since - Oar-2—=0, h#2, C,=0, (198) 
a=1 
1 4 ear 
hence Sp-2= ha® 3S Siapee (199) 
Ae 
W ae ne el 200 
e now assume b= haw Oa Og? y<A-1], (200) 
and shall show that this form holds also for Sp—(y+1). 
For, from (y +1+ as) Spayal = hey (201) 
] hy @%a% = (y+1 
follows eee en a O,v#1 ures (202) 
and since y+1<h, Cit O 
1 heat 
and Sp-y-1= havtl x Gti? (203) 


which is of the same form as (200). We therefore conclude that (200) holds 
for all values of y up to and including y=h—-1. 


1 Be ea” Ch 


For y=A, we find Sp, = hah 24 Oh + aa (204) 
from which CO.= ae > ie a =-] (205) 
1 ed TM h : 


Th f i = o _- 
erefore Sy-n hak 2s ah gk: (206) 
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In a similar way we find 


€9a,% 1 


1 
Ses ee eu ee 
ae jaa Dy GA (h—1)!a* 


1 ePaX 1 C 
and So—2n a hazh a Oa 2h hiak ms “ah 
C= 
where Ca= —1. 


We further obtain 


e954,” 1 1 1 
Syn 72 3h D3 6.3% (Qh)!ak hi arr gh 


Let now b=ch+m, m<h; then 


é 5 1 J bax 1 1 
mE Igeh £4 Gye (1h)! ah (e— 2h)! a 
1 
~ hl gle=h~ 
1 . eg,” = 1 
~ hah Oo 40% >> (c-—ah)! ao 
b 
1 us ea” ke 1 
Therefore Sp—-v= ha? 2, 64° ~ os (c-—ah)!a% 


which is the same as (187). 


he ebqrilh 
We shall now evaluate N= pa; nae 
a= 
and show that N is real. 
Denoting 71/" by u and writing 
ea, h-b— 6,4, 
a a 
h 
then N= ey Oh e%a". 


1 


gn 
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(207) 


(208) 


(209) 


(210) 


(211) 


(212) 


232 OPERATIONS WITH SERIES 


(i) If r is positive and A is even, the real roots of wu are 


6; =cos 27 +4 sin 27 = 1 


and 6,=cos7+7sin7 = —1, 
2 
: OTe OL: 
and the conjugate roots 64, = cos Spot sine 
2 Kae 
and Ohag= cosy —7sin 


corresponding to the sets of subscripts 


h-2 ht+2 A h 


Ie ao PY ie aCe ee Oe aCe 574, atl. 
We then have 
oy 
2 
N=e¥+(—l)teu+ >> (O40 + 04 _, e%h—a") (213) 
a=l 
=e +(—1)¢e-v + Nj, (214) 
where N, is the summation in the second member of (213). 
Now, since 6,4 =cos une +¢2sin uN 
h h 
2ard =. . 2ard 
and Gian = cos —7sin a ) 
hy s 
2 lh cos" . 2ar abr 
therefore N,=2 De € ” cos (nn sin =~ — =) (215) 
Ay ; 
2 Uh one nom 
and Nae" 4(-1pre™" 42 Dd) e ~ ® eos (ee sin 70 - o (216) 
a=1 


(ii) If r is positive and h is odd, then a=h gives the only real root, 1. 
The pairs of conjugate roots correspond to the set of subscripts 


h-3 h+3,h-1 h+l 


1 haley 2h —2 3 205 5: a eee 


We then obtain 


h-1 
Be 1/h 2am 

N=e"™42>2€ — * cos(r™ i ee (217) 
ei h h 


(iii) If r is negative and h is even, we let 


TY 
Al lie. 
i= Clonee 
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1: 2 ean 1 h etaril 
ae ad 24 OP = rth 24 Heb 
1 h 
= ~ poi Ry ateta, (218) 
2a+1 .. 2a+1 
where t, =cos ee +2sin 5 


The roots t, and poe are conjugate and correspond to the sets of 


subscripts 0, h-1; 1, h-2; 2, h-8; ...; My 2 It is to be noted that 
th=t). # 
Therefore 


h 
h a 
> taitetav = >) (t, detgu + 2 1— ache l-a «) 
a= 
h 


a=1 
oe 2a+1 
=-2»> go ORR 0s (nm Mfipesaesag Pe cor) (219) 
a=0 h h 
9 2 phe tthe 24+] (2a+1)b 
Sa oe h . a Lie 
and N= iil 24 € cos (nm eel es Saar ), (220) 


By means of the above results the values of 


sin?(4 +79) 9 _(- sea a p Sh gee 
B= yy ED yn ea 


— (b+nh)! (b+ nh)!’ 
where ry = reP—2k) gt 
cos? (a+ cos? (a + ng) Pa 
an as (b+ nh)! 


are obtained. 


iv) If r is negative and fh is odd, then wae) ives the only real root, 
g g Me 


2 
—1. The pairs of conjugate roots correspond to the subscripts 
Ohl, h=27 2-3; ee Ee 
Hence 
ee 2a+1 
2 rh cos = . 2a+1  (2a+1)br 
=e eon ep api gin etl at) ) 
N=e* ene cos (1 sin —— 7 h . (221) 
12. To find the value of 
Ms ' 
ie. nsm(a+ng) = oy) 
S= (I we om, |r|. (222) 
1 fer 2 gotnh e-ai © ) 
i aa are ee SNS 223 
Dow 8 ai(a 2, ) b+nh 2," 24 J b+nh (229) 


9g. 
4 -4 
where a,=e" rh and a=e * rh, 
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Letting + (ah —bg) =f, then, by Ch. IX. (47), 


vied [a2 
a Lh 0 —kh eh x o—kk 
em fi —1)k-1 “1 ~ of —1)k-1 *2 
eC yee Weir a al seg 
h—-2 
lz] 2k+1 
+eosf {7 SS, sin h bx (tan—1m, — tan~1mz) 
k=0 


h—-2 
Zoe 
a5 ye C1 blog Bt + 55 (—1))-2(1 = (=1)") log 7S 


+sin f r SS sin = : br (tan—1m, + tan—!m,) 


h—-2 
1 hex +1 


a 1 ss 4 
sa 2 cos bx log (PrP2) + 97 (— 1)? 1(1 —(-—1)") log (1+2,)(1 +x) |, 
. 2k+1 22%) 
@, sin —>— 7 
where m= PEATE x1 (225) 
1 ae as 
and P, =x," — 2x, cos —_ J 7+1; (226) 


My and p, are of the same form as m, and 7, respectively, except that x, takes 
the place of 2. 


We shall reduce (224) and separate in it the real and imaginary parts. 


2k+1 
h 


ee + re 


12h sin : sin T 


Now  tan-!m,-tan~1!m,=tan~1 


(227) 


1 —2rUh cos q cos 
then, by Ch. IX. (86), we find 


j 1 —2r1/h cos : Ay + 12lh 
9 log ? (228) 


tan-1m,—tan-!m,= — 7 
1 -—2rl/h cos i Ay + r2lh 


where A,=(2k+1)7-g and A,=(2k+1)r+g. 
Similarly 
DamAe nines tie 
tan-1!m,+tan-!m,=tan-1! Vee o (229) 
1 —r2/h — QrUhA, cos 7. 7 
where A, = cos 7 _ jh eos ra TT. 


h h 
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Next log p, =log (2ama, cos ¢ +] —12/h + QarVhA, sin 2), (230) 
where A,=rh cos ; — cos a i; : T, 


and the same form for log p, except that 7 is negative. 
Then, by means of Ch. IX. (33), we obtain 


Qrl/hA, sin : 
lose = Or tanec (231) 
Pa 1 —12/h + Ql/hA, cos : 

and log (pyp2) = log | saan + (1 —72/h)2 4 4A rVh(] — r2/h) cos | ; (232) 
also log ir s = 24 tan—1 —_____—— (233) 

a 1+ cos 

h 
and log (1+ 2,)(1 +22) =log @ + 2rUh cos + 72!) (234) 


Applying (228)-(234) to (224), we obtain the value of S. 
If r=1, then, from (224) and by means of Ch. IX. (115), we find 


zd, 
Sy (7 )n Sin (a $.79) _ SH 9g 
2, 1) = ey pa = a iq iu (O=E -k< E+f) 
[S 
W227. (2k+1 br . (k+1)r+g 
as >>  sin( i flog sin "55" *9 


. (2k+1 br ; eg) 
- sin ( k +f )log sin "9 


F ap sing [5 (cot gr + aie 1)! tan ST) - (l-(- 1)") log cos £]. (235) 


By Ch. IX. (136), we also obtain 


had a 
®\ sin (a+ ng) # (0-5 ) 
aa a > hag ae sin(6—-k2 ros 


] 

all «(zee sin et +9 

+5 Dy [sin -4) loesin“S; 
—sin (a +f) log sin aed 


Set (3 (cot 5 ~—(-1)*tan i) (1+(-1)*) log cos o 


n=0 


Tv 
+2(—1)>1 og sin & | + 5 cos f (236) 
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The above methods enable us to find the value of 


2 sin?(at+ng) ,, <\ sin? (a +79) 
See rae) 


nN 
oy benkh "? 24 (4nh)! ”’ 
= sin? (dg + 299) 
pare aisle +nhy! ”? 


and similar forms. 


13. We shall now consider a type of series the terms of which are products 
of trigonometric functions. 


n 2k 
: as 
(i) To find the value of Po) A sin aT" (237) 
2k 
Let sin es De 
any | ah +1 
2k et 
— e2k+1 
then jpeg poe hams Us (238) 
ates 
oN "ertl  * 
Zant 
Now 1 —e%*+1 is a factor of 1 -at1] ; 
t=1 
2k 2ant ] —72k+1 
therefore P= (a - ek) | =2k +1. (239) 
a=1 1l-z t=1 
We also find P= (—2)**itkekri — 22h, (240) 
2k+1 ‘\2k+1 
Therefore P= ab and S= 5 = . (241) 
Letting }=7, then 
Re S ke kel dD on 
oh +1 a ae er] 249 
et ‘ ray dr r= ee 
gd pe — 2nt3 1 1 
a i : Ju-s oe = (6n-+11) |. (243) 
Show that 
n 2k 
7, rey rere ly (Shae ] 
DUT Ange ras [13+ (10n+13)]. (244) 
n 2 
s ar (-1)"—4" 
DSSS oyerca aa (245) 
n 2k 
si ¥ Rest ar ah 1 = qn 
24 1) i COs Dee Sean (246) 
OR art cee 1 
ay = — —— 
a aus sin ~ 97 7 =2 nai" (247) 
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2 nk cad ty 8s a in AES ee 
ye 1 sin T= S+—— S71 (248) 
au! TT sin—og- * = 345 gaa 


é=1 a=0 k k=1 on 
n 
2 ( = 1) - n 9 
(ii) To find the value of 
nm k=1 
2a+1 
S= TI cos TT. (250) 
2 a=0 2k 
Let S=>)P, then P= p53 
and since P is real, k must be even. 
And indeed, if is odd, then for a="5*, P=. 
[z] 2k—-1 2a+1 [3 (ie 1)* (251) 
Therefore S= 2s I cos see 5aR=T 
Be = — when n is even, 
n—1 
_9n-1 
SS , when n is odd, 
3 1 eh Qn-1 
L+ (= 1)" (-1)2-2" 1 -(-1)n (= L229 se 
ae oe om overt 3 Bx ane” eur 
whether » be even or odd. 
Le [e] 
And since (—1)+24(-1)"= -(-1)- ?-, 
we obtain, after reducing (252), 
n—1 n 
gate [(-u 2 ].,3-[2]_aen). (253) 
as SONY Gr, . 
(iii) To find the value of S= 5 II cos + (254) 
k=2a=1 
k-1 
n — 
Lease »? : then, if kis odd, P=(- i (255) 
us at 
[(F] 2k—-1 an [x (-1)* 
and ps II iaOne te ot Oak” (256) 


k=1 a=1 k=1 
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We then obtain 


S=- : E a ir when » is even, 
n+l 
= -3 [1+ Ga i when v is odd ; 
n n+1 
and since (-vL2 ean a ] 
n+l n 
and fears 2 Jip yl 
n n+l 
therefore = ~ pte ore (-velaa(—yl a ih (257) 
whether n be even or odd. 
ow that >, Il sm =3=55— 5 (258) 
k=2a=1 ki an 
n 1 
24! 1) pu sin | =5 +(-1) 9x 9n=1 (259) 
ky 2k-1 
Oi ak a 
We find au sin a =2 3 Tt C08 5 = () 
2k-1_1 2k—-1_y Ok 
ar a 
it sin 3E H cos = = Qi? 932k? 
(2m+1) 2k-1 ke 
if? ea ar _ 9 (2m+1)2 
aie, (2m + 1)2* 2, (2m-+1)2k 
ee, eee a poate i cos 07 2 (2m +1 yz oNes 
sor (2m + 1)2* ee (2m + 1)2* — gll2(2m+1)2k ? 
2k—-1_-1 2k-1l_y 
. 2a+1 a 2a+1 2 
au sin, 7 = (= 1) cs au cos 5 7 = ak 
(2m+1)2k—-1_-1 9a+1 (2m+1)2k-1_-1 9 
an = (—)2m+1)20-2 a+] 
iT (m+ tae" = '—}) cto am + 1) 2k” 
2 
es g(2m-+1) 24-1" 


It follows that whether 7 be even or odd, 


Ge ale ar nilz 


Gi oo net 


n—1 n—1 
Oke 3 

TI sin 7 ont and JI sin 

a=1 =1 a=1 


and when n is even whether it be of the form 2” or (2m +1)2*, 
cede nae 

2 ; 

Tl sin 22+ a Thdgsee tte 2 


7 =(—] ee 
met n Cy) pen n Q2n 


iS) 
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(iv) To find the value of 


Then S= 


«© 1/2\ 2k41 
==> (2k +1)(-) : 
int fond 2 


rl 
Letting “7 =p we have 


S,= S\(Qk+ 1) 72441 = (1 in) = rk 
=1 


E=1 
<P 3-17) 
~ (l=7,2)?’ 
_ 7(12-r) 
and ie at 
Show that > (=e = an. SUZ Ts) 
k=1 i 2k+1 0 (447r)?’ 
wo an 2 
2 a be erage 
o 2k 
iG 1 )\e—1pk OD tae et 
Ay! 1 ade HCO ar = 


239 


(260) 


(261) 


(262) 


(263) 


(264) 


(265) 


(266) 


(267) 


14. By combining the results obtained above we can find the value of series, 
the terms of which are products of tangents and cotangents of certain angles. 


We find, for example, 

. Bil aT = ee k 

(i) SS II as el 1)* (2k +1) 
=n, when n is even, 
= -(n+2), when n is odd, 
=(-1)"(n+1) -1, 


whether be even or odd. 


n 2k-1 n 2k—-1 n 
(ii) Sari ot Selw cor 241, S*(—1)h 
k=1 a=0 4k k=1 a=0 4 %=1 


=0, when n is even, 
=-1, when is odd, 
pba Golr 

Wy 3 


whether n be even or odd. 


(268) 


(271) 
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240 
ose a Nee 2 (= 1)F ang 
ci) cotaeey~ Sheet ~ yore toa (272) 
cS 2k 
ma 3+7) 
Se Sve TT tanges = -TSA8, ric, 273) 
Zo” gsi dene |! (273) 
— od ar 7(3 oo r) 
k—-1yk = . 
Ay! ay i ‘an ee (l—7)?’ |r|<1. (274) 
15. We shall here find the value of series, the terms of which are products 
of powers of trigonometric functions 
(i) To find the value of 
s ie 2k 
ce ee oe +1 (275) 
wy 4 (2k +1) 
S= 2 opkp (241) (276) 
k=l a=1 
(277) 


Now 


n 
eine ==7, then S=2? >) (2k+ Bel 
2 k=1 pest | 


_9” p> jok+1 
-» SGM Sree See]. oFs) 
r=55 
But a sree | 
3 Z 
Fy {(s ae: seater (ej 
wba Sil(o!,)- Cbs lsat echea}. 
(280) 


Denoting the summation in (279) by Py,, 
B 
we obtain S= ea se 1)8 Sy (-1) 
p=1 y=1 
Letting in (275) p=1, then from (280) 
4 eae 
i[{3- (2n +3) lama} 3+ +(1 - 5m) 5 | 


éne 1), which is the same as (243) 


her 


S 2k 
SS) dhe 
Fah ote se 

1 


J 
=3|1- apn ( 


(281) 


(ii) If in (275) we let n=o, then 
ao 2h 
= ee 

Sie ant 1 2k+V 


k=1 a=1 
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and similar to (277) =2 51 2k +1) yaraesa : 
te r=}. 
iJ p B B 
= S*(-1)3F = mi pp! 
gpa 24 ( ) 2 | 1) a Py 
Otros (-1)% 1 
where Py = 2 Cecmlay 34 Tati t @e aes 


Ifp=1, S=1}, the result also obtained by letting r=1 in (264). 
(iii) To find the value of 


n 
(— 1) Q2np _ | 
Now ae SED = Dan (> —])’ when p is even, 
g2np __( 1)” : 
~ game BP + 1)’ when p is odd, 


Q2np _( —1)nP 
=(- 1)? oanpp az -—(- 1)?)’ 


whether p be even or odd. 
(iv) If in (283) we let n=oo, then 


ar ° 
S=>~ I] cos? = , when # is even, 
Fa ee Qk+1 227-1 
i : 
oe a 927 4 1? when p 18 odd, 


il 
= 5 — Lt + (-1)?2"7I, 
whether p be even or odd. 


24] 


(282) 


(283) 


(284) 


(285) 


If in (285) p=1, then S=—1}, the value also obtained by letting r=1 


in (266). 
Sh cad anv —] 
Show that pe Tene Qk” 2n—1)P (27 — 1)’ 
n 2h—-1 1 
and that the value of >) IL cos? = 7 
k=1 a=0 
is 2” multiplied by (284). 
16. To find the value of S= > IL tan? aoe 
n 
(i) If p is even, S= >) (2k+1)?. 
k=1 


S.M. Q 


(286) 


(287) 


(288) 


(289) 
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n 

Then S= S) (2k+1)9e+1| (290) 
k=1 geet 

d\? = k+1 . =a) : -2k+1 
-(r5) rats] a Bi 4 -1p(“ BF ape Dt 2] rae (291) 
k=1 r=1_ p=1 y=1 r=1 
de att] artes (Eh, 
Now Naa! eat > RB) 


6 
‘(3 | 
and since the value of S in (288) is one less than the value of (157) in Ch. V., 
we have from Ch. III. (85) 


SecieSy = 3-1 (6) 8 (292) 
B=1~ y=1 ie 

where Sy, aX -1)% ae ") ou+1, (293) 
(ii) If p is odd, $= S)(-Fek-+1P, 


The value of S being one less than the value of (162) in Ch. V., we obtain 
from Ch. ITI. (99) 


Se “145 3 (-9(F) a7, (294) 
where Sy,= > (0 (ae aes | 
B=" 
Sana) 2 
A oat 


If p=1, then from (294) 
ae ar : ‘eval n(2nt3 
2p ogee 1-5 (ieee 


k=1la=1 


=o Y2 
= -1-${1+(-1)"}+2{1+(-1)"(2n4+3)} 
=—l+ : —1)"(n+1), the same as (269). 


c 2hri 
17. To find the value of P= i I (or e*tn+i). 


P ag 2kri ae 
i . rie 
Since ef +e 2"+1 is a factor of a2"+1 4 1, v=e% , therefore 


P=cos(2n-+1)F7 + ésin (2n +1) +1, (295) 


where p and q may have any real value. 
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Similarly 
2n De 2h 
II (ei *_ inti) =cos (2n-+1)FF +isin (2n + De : (296) 
k=0 
ced P i 2h l 2 
II (ci Pe 2n *) <0 APE 4 isin MPF 1 (297) 


ma ee Se, eae a > 
(c2 +e 2ntl ) = 008 (201) PE + isin (Qn +1) P™—1: (298) 


II 
k=0 
2n Ps 2k+1 
Il (ca * gant *) =e08 (20-41) PE 4 asin (2-41) PF 41 (299) 
k=0 
18. Show that 
% 
n B sin( 9 -5) 
- 21 si ee 
i) a 1)L2J sin ke ces 
{eos (‘+ +5)- (-1 )Llleos (™ F +a+ie)|. 
_ (nr @ 
(ii) ne eee ae Poulin) 
Poms “2 cos 2 a hee) cos & 


{sin (ME -) —(~ 1) sin (* -weds))}. 
(iii) a -1) [2] si sin ka = eee {\ - ya] cos (2 H + 3)e- cos se} 
+ (nil ~ La sin H ae. 
(iv) es _ ye] cos kx = a Li sin (2/5 |+ Gieley 5) — sin ie 
rte if -_ ar Aap 
iv) si (-1) [3] tia ee ee ne : nla cos ( H = =) % — COS te| 


© vee ulla[g} atte} 2) 
+ TRL 121508 Mes] 
EE] op 
and a similar form for (- ile Jk cos ka. 


k=1 
Additional examples will be found in the Appendix. 


CHAPTER XIII. 
EVALUATION OF DEFINITE INTEGRALS. 


THE evaluation of a definite integral from its definition as a summation presents 
in general considerable difficulty. Moreover, in many cases the value of the sum 
of the series resulting from the definition cannot be expressed in terms of known 
functions. 

For example, from the definition we have 


[ae soppy Wfeneae 
h=0 


fh atkh 
2S p2k4+1 ar qekt+l 
= _)k . _)k : 
= 2s! "Gk D@k+ hi 4!" kek Ty (1) 
b ex n—1 gatkh 
[52 arm pan ee 
ey pk+1 oo gett 
a ae Se k+\)(k+1)! an (+1)(k+1)!’ (2) 
b let \e 
[,(tana)tda =) {tan-2(a-+ ki) | » nh=b—-a, 
q k=0 J h=0 


=b(tan-1b)? — a(tan-1a)? — tan~40 log (1 + 6?) 
yee — greet 


o k 
+ tan71a log (1 +a?) + ay ELI ee |G | se Toile Ves ets) 
Z Kai" 


No methods for obtaining the sums in (1), (2) have been devised. 
If a personal reference be permitted, the author has spent considerable effort 
in trying to express in terms of elementary functions 


ey gn 
vs ay nin (@) 
n= 
and the solution of the differential equation 


OPS ibe l-vd8S _ Z 
dz « dx 


which is satisfied by S in (4). 

It is hoped that mathematicians will feel induced to take up this and similar 
problems in the operation with series which are waiting solution and which have 
such an important bearing on mathematical analysis. 
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We shall now evaluate the following integrals : 


b 
LG 1=| (sin-1z)2dz. (5) 
Then, by the definition, 
Tens lent ca hei 6 
= (at =b-a. 
payee (a i ts N a (6) 
ca en 28-42 
Now — (sin~2zy2= 5) —P! Bri? by Ch. VIL (52) ; (7) 
P=9 TT (2y+1) 
y=0 
then 
CMS peered nn és 
I= 5) ——-* bh 5 (a+ h)*#*9}, 20, mh=b—a, [b/=1, a |E1, (8) 
BEG a1) TL (2y3) 1° : 
y=0 


We shall first find the value of 


o—. 
S=h>) (a+kh)8+?], 0, nh=b-a. (9) 
k=0 
Writing p for 20+ 2, then 
Pp n—-1 
s= >" (7, )amtar—m Ss (10) 
in=o 1% k=l 


f Rf et Ean) 
Now, by Che Ve (95), ak Pe Pe tie 


where F,,(n) is a rational, integral function in x of not higher degree than m; 


therefore 
Wat! F.(n) po = 0 


Gira 
and sS=S> ( )ar—m(b— ayes 
m=0 m 
a 1 ie PEM) aet-m(b—aym— ar 
Pd oy 
=r (bP+1 — Pt) = og gO — q28+3), (11) 
Therefore Lal Ss oes x87 3 (0?)?, (12) 
°° (8 +1) IT (27 +1) 


y=0 
minus the expression of the same form, and in which bis replaced by a. 
Letting in Ch. X. (156) e=6? and then x=a’, we obtain 


1 =2(1 —b2)) 2 sin-1b + b(sin-1b)? — 2 


—2(1 —a?)!® sin-! a —a(sin—! a)? + 2a. (13) 
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(ii) By means of Ch. VII. (53), we find 
n—1 
\. (sin-1 a)8de=h S {sin-1(a+kh)}],20, nh=b—a, 
a k=0 


=b(sin-1b)3 + 3(1 —B2)!2(sin-1b)? — 6b sin-1 — 6b(1 — 02), (14) 


minus the expression of the same form as (14), except that b is replaced by a. 
And by means of Ch. VII. (54), we obtain 


b n—1 
iL (sin-1 x)*dz=h me {sin“!(a+kh)\4],20, nh=b-a, 


=b(sin~16)4 + 4(1 —6?)1?(sin-1b)8 — 12b(sin-*6)? 


— 24(1—6?)!@sin-1b + 246, (15) 
minus the same expression as (15), only a appearing in place of b. 
b 
2. To find the value of 1={ x (log x)? da. (16) 
n—1 : 
Now T=h)>) (a+kh)}log?(a+kh)|n20, nh=b-a. (17) 
k=0 


I can be obtained by evaluating 


nol 
uae + kh)? log? (1+kh)]n=0, (18) 
first for nh =b—1 and then for nh =a —1, and by subtracting the last result from 
the first. 


lah 


Now log (1+ kh) = So (= 10 OE, | kh | =1, 
iA P 
nd Slog? (1+4h) = 5) (~ 18-2 ERE Ss (ya (19) 
p=1 p y=1 ye 
Letting B+y=y’, then 
ws 1 2s (kh)¥ 
S= — =I! Y 8 
P48, St,' ! pie Se 
ao (ea) oo y-1 
and since a Aga) Ap, y, (21) 
B=k y=B+1 y=k+1 B=k 
a khye B 
Sei nes 22 
24 ) y=1 y(p =) ( ) 
alg fal bat 4 
But = Ss —-+ Sete 
ye 7) sae), eet 
Letting in the second summation B —-y=y’, we have 
p-1 p-1 
Suey 1 
55 
wan Py) ay 
co) B—1 
and (22) becomes S=2S)(- {yp AE ee (23) 
p=2 B y=17 
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Applying (23) to (18) gives 


1-28 S) +h) S(- Wear (24) 
We may write 
1=2hS) Sb 1S keh (1 + kh) At 
Sop sree 
aSyem[epajeors (igo 
+3(5-g43)0- ve] 33 (26) 
=30*—1) SP aye 5) 9 ET oe 
-25) Pro-ne St -4 GO nS, eC 
=1(b8—1) log?b +2 SP o-wys 
-2 CoM op Sit +e SGM o-SF (28) 
=1(b8— 1) log®b + ere (6- Ss 
2 34 (- WOW eg Wie acaba: 
+25 Mo aye (gty gig) +8 Sy G" o-ue Se 
“35 6- (gait + gat Bs) (29) 
— 18 log — 4(0—1)2 + (0-1) yy - 1)! 
“4g O- a Ga" =7=3* +53) (50) 


= 158 log’) — 4 (b-1)2 + 3 (b-1)8 - ay iG* (b-1)? 
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(Deen el ee a rg Nad ha. 
See ari *(gai-paat pas) pe OD 
w ye ie 16-14 (b-1 aS (SDE? @_ yee 
SOS S pe reapla Ve UCU s 
~ (-1) —3 
Saas SIE 
AON aye 
=158 log b -3(b-1)-3(b-1)2 + 4(b-1). (32) 
Applying (32) to (31), we obtain 
T, =10? log?b — 20 log b+2(b-1) + 8(b-1)? 
—g7 0-1) EO 1)t Fao) 
= 103 log’b- 2B log b+ 2,03 - 3, (33) 


and finally 
I = 36° log?b — 2° log b + 2,63 — 10 log2a + 2a? loga- 3a’. (34) 


3. To find the value of 


b 
I= | uPemz dy 
a 


=X a+kh)?em (ext th =b—a.7 00202! (35) 
f= h=0 


In evaluating (52), we shall make use of the method of Finite Differences. 


n—1 
Letting S= S*\ (a+ kh)Pem(a+kh) (36) 
k=0 
and S, =e 48, (37) 
n-1 
then S,= >) apt, (38) 
k=0 
where Up=(Aa+kh)? and t=er, 


Subtracting tS, from S, and designating 


ip 
Unga — UK by A Uk» 


and in general ACD —-AC-Vu, by AMuy,, 
n—2 

we have (1 —t)S,—uUg= >) Aut  — unit”. (39) 
k=0 


Subtracting the product of (39) by ¢ from (39) gives 


n-3 
(1 —t)38, — (1 —t) uy —tA’'ug = >) tPA", — t°(1 —t tin-1 + A’'un—2). (40) 
k=0 
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Subtracting next from (40) its product by ¢, we have 


(1 — 48S, — (1 —t)?u) —t(1 — t)A’uy — PA’ Uy 
n—4 
= >) HA", — t[(1 —t)?un—1 + (1 —t) A’ uno + Ang]. 
k=0 
Continuing this process, we obtain 


iy 
(1 —4)P+48,— S> #1 -2)?-FA® ug 
k=0 


n—p-2 p 
= S) REYe My — 0" SY (1-1)? *AMun_1_p, 
k=0 


&=0 
where AU = Uy, 5 
and since A@+1) yy, =0, 
ve tk P. 1 
therefore S,= » ens A) uy — t” Payee A®Un—1—4 
and 


IT =hS)j 20 =he™S8,|n=0, by (37), 


2 tk a 1 , 
—heme 3) ape AM ug — heme” 3) as Aan | 
=( ee 


Now uaa, Auo= @ ha? ..., AMu, =k! e h¥q?-* 


and GeO Na fm G) hoP-l, ..., A(t tp-1-2=h!(%) hebe-k, 


We then have 
tk 


k+1 emkh yp—k 
k = (—1)F-1h! Ns ee 
MG ss ) | ao Gael) n(t AmEuAP, |, 29 


1 an (P\ het bee 
ae i (I-94 oe tat |, a ar i @E helm kP,, aT |, =0 


: com h)" } k+1 
P;, = [sy Ue ] = ib, 
a Lyre dh 
P 1 
Therefore = pals ye (4 ‘as Fe [oP b?-* — ema], 


h=0 


? 
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(42) 


(43) 


(44) 


(45) 


We might have developed (35) first for nh=b-—1 and then for nh=a-1. 


But the work would not have been much simplified thereby. 


CHAPTER XIV. 
DERANGED SERIES. 


Ir has been shown * that if the terms of a conditionally convergent series are 
deranged, the sum of the resulting series is, in general, different from the sum of 
the given series, but no method for finding the sum of a deranged series seems 
to have been given. 


1. We shall consider the sum of the series obtained by deranging 


oO 1 
pal sees 2 


so that m positive terms are followed by n negative terms, that is, we shall find 


1 n—1 1 
S aa ee ee S 
S= a(S b+2kmh+2ah <4 Nrarsexoraiy ey 


where b and h are positive integers, and without loss of generality it may be 
assumed that b<h. 


ao 
Let now R= >> Syr2mnkh, (3) 
£=0 


where S; is the expression within the brackets in (2); then 
S=R),21. 
If R is ae convergent, we may write 


=e a yn (b+ 2kmh-+ 2ah) 
ce > snd, 00 ea 3 4b + 2kmh + 2ah 


> 1 2. ym (b+ 2knh+2a-+1 h) 
A yn(b+2a+ih Hb + Qknh + (Qa+ jh’ (4) 


2 pn (b-+2kmh-+2ah) 


Let now 4b + 2kmh + 2Qah k, a (5) 
2 ym (b+ 2knh+2a+1 h) 
ane 24b+2knh+ Oath Che (6) 


* Dirichlet, Werke, vol. i. p. 318.—Riemann, Werke, p. 235.—Scheibner, Ueber Unendliche 
Reihen und deren Konvergenz.—Pringsheim, M De nak Annalen, vol. 22, p. 455.—Pascal, 
Repertorium der héheren Mathematik, vol. i. p. 425. 
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dP, A mr (b+2ah)n—-1 


Then eo anh 


r y(b+2ah)n—1 
and Peon (oe dr. (7) 


Letting (b+ 2ah)n-1=2mnhpat+ da, Ja< 2mnh, we have 


b+2ah) n—1 : Pa-l 
y (b+ 2ah) a Va _ So p2mnh (Pa—-A-1) 44. : 
1 — r2mnh 1 — r2mnh fren ? ( ) 


aS A c kri 


da we, 
where p;,=emnh, (9) 


] = r2mnh~ fo ree 


1 
ie | = pyfat 
=p, 


and if we write 


Px . 
oe Ay = p20 7 omnk Zminhpemah > 


and since pee 1, 


1 
ae ante (10) 


Aye 2mn 


1 2mnh 
therefore Ppag=- oa Da py t2ah)” log 


? 


Pr—-T 
Pk 


[ergahent 
2mnh y(b+2ah—B+12mh) n 
ih 7G ay LT TALE GO ii 
Kb + 2ah-(B+1)2mh 
Now Qy,a is of the same form as Pz g, except that m and n are interchanged 
and that 2a +1 is written in place of 2a. 


Then (4) becomes 


Le pg — 7 (py \Oretinm 

R=z=— > log *— (£«) 

2nh gr : Pr 23; r (12) 

er ee apts 
a es rey ( : Te 
(b+2 2a+1h)m—1 

n—1 [' =a ea = if a 1 l f 

pi a=0 2 (b+2a+1h—B +1 2nh)m rO+1)2mnh (14) 
(b+2ah) n—1 

i - 7 1 1 
(15) 


aM s P= (b+ 2ah —B +1 2mh)n 1841) 2mnh 


Now when r=1, the terms in (12) and (13) corresponding to k=2mnh 
cancel each other, and there remains 


1 2mnh—-1 Pe - he (pyr 1)2mnh 
] Y (Grey) ieee Se ee 
See rg T= Gr, iyi) 


ap eee pea! ~iyim La (ea =i | 
mh Dy log Pr (Prt ) 1 ” (pyr2)2nh lee . (16) 
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But for r=1, 
unless & is a multiple of n, in which case 
Lp eee 2mnh _ 
1 = (prem pers = (17) 
Then (16) becomes 
ee, (b+h)m 1... Pkn — 1 a Suan heen =| 
51-3; a Phen Lee card 2 Prem log ll (18) 
1p! kbr ker 
on OL aL. 24 (-1)¥ cos —, log sing 5 
2nh—-1 2mh—1 
S kon kar kbr 
=> log sing +} >) (-1)*cos—— 
PEE Sih vet ee ee 
2nh—1 2mh— 
Is Nea ke 
* aS peat log 2- a -1)8(1 - 54) sin 
faa h i 2 pa) ( ) h s h 
2nh-1 
7 k\ . kb) 
- SS 1-5 sin" | 19 
es Lael G2) 
2. To reduce the summations in (19), we proceed as follows 
Letting p=2mh—1 and «= a in 
p +1 
> (-1)* cos ka =4(-1)? cos xsec ig —i, 
k=1 2 aks Y, 
br . 
and p=2nh—-1 and «= z in 
Ss bee rien a P i 
Pa, 9 ng w cosec $4, 
2mh—-1 
= kbr 
then Pe (-1)* C08 — = -l (20) 
2nh—1 
= os 
»» cos = — 1. (21) 


and 


Again, letting p=2mh-1 and x= h 


(-1)¥sin ka =3( ~1)rsin=2** soc $e —} tan fa, 


and p=2nh—1 and oar in 


Ss sin ke = sin? 5 * x sinB « cosee } da, 


k=1 
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2mh—1 
we have » (~1)'sin 2 =0 (22) 
k=1 
2nh—-1 
and = sin =o, (23) 
The results (20) and (22) can also be obtained in the following way : 
2mh—1 2mh—1 
._ kbr m kbr 
Let S,= a4 (—1)*sin =~ and S,= 2, (-1)*cos——; 
; Cm kbr . kbr 
th = \) (-1)F = +4810 —— 
en S, +8, os (-1) (cos 7 tesin 7) 
2mh—1 bat 
iat, 
&=0 
2mh—-1 _brivk 
and S3;-W,= S) (-1)F(¢ v) : 
E=0 
bri 
Letting now e” =r, then 
2mh—1 | 1k a: eu 
P= l+r 
and since p2inh = — 2ith ae |, 
S,;+S8,=0 and S,-18,=0, unless b=(29+1)h. 
ae kbr 
Hence S,=S8,=0 and 72 (- 1)keos—- se = 1, 


If b=(2g+1)A, then, since 
sin(2g+1)kr=0, S,=0, 


2mh—1 
and since cos(2g-+1)kr=(-1)%, Sg= >) (-1)*=2mh. 
£=0 


In a similar way (21) and (23) are derived. These results may also be 
obtained by replacing b by b+h in (20) and (22). 
We shall next evaluate 


S,= >) (-1}ksin—. (24) 


Now Ss=>- >) (-1)**cos ke 


d 
a (2+ deos 


4mh —1 
9, 


nsec xn), L=— 


br 
=mh tan ah 


=(, if b= 2h. (25) 
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Similarly 3 han aa — nh cot 5 
=0, if b=(29+1)h, (26) 
2mh—1 tie 
and & (-1)*k cos a = —mh. (27) 


Applying (20)-(23) and (25)-(27) to (19), we obtain 


ein a kor ke "1 kb _ kr 
S,= Th LS *cos = — log sin 5-5 - & cos = log sin at (28) 
Therefore 
(b+2a+1h)m—1 
n—-1 [ + a = ‘|- : il 
S=m S* — a 
&=0 p= (6+2a+1h—-B+12nh)m 
(b+2ah)n—1]_, 
m—1 zmnh fl 


bmx) s=0 (6+ 2ah —-B+12mh)n 


where S, is the value in (28). 
If m=n=1, then, from (29), 
byes kbr ke RS kor, ke 
$=53,[ 2) 1)* cos" log sin > _ x cos S— log sin ar | 5), 
Now, within the brackets of (30), the terms of the two summations corre- 
sponding to the same even values of k cancel each other, and the sum of the 
remaining terms is equal to 


Tv br 
+=, cosec 


i 


(30) 


be log sin ae (31) 


al Ok 
=) SS cos Th 


0+ 
E=0 h 
Denoting by P, the expression under the summation sign in (31), then 
if h is even 


a= -2 
= P= a P,+ x, Py 
h-2 
oO 
5 
=2 >) Pe: 
k=0 
h—-3 
: h—-1 2 eal 
and when h is odd, Pim > Pe = P,, 
; k=0 k=0 path 
Tae 
h—3 
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We then obtain 


gle 
wT os 2 +1 2k + 
S= 5p, COSee — > D>; h br log sin aon, T, (32) 


which is the value of (1) and the same as Ch. IX. (156). 


From (29) the following is evident: If the terms of a series like (1) are 
arranged in groups so that a group of positive terms is followed by a group 
of negative terms, each group containing the same number of terms, then the 
sum of the series is the same whatever the number of terms in each group 
might be and is equal to the sum of the given series. 


3. We shall now evaluate (29) for b=1, h=3, and then for b=1, h=4. 
That is, we shall find the sum of the series obtained by letting n negative terms 
follow m positive terms throughout 


1 
_1)k 
pa 1) Ta 3k (33) 
and Ss (- (i (34) 
f=) 1+4k 


(i) Applying (29) to (33), we have 
m/s 5 pete is, be . kr Sal kr kr | 
po el (-1) Oo ey ET ae, = cos logsing |. (35) 


Denoting in (35) the summations in order by S, and S, respectively, 
we have 


2m 
3k -—2 . 3k-2 
= S* ( —1)8k—-2 eo; eANSES 
S, ey! 1) cos —3 r log sin creat 
<% 3k-1 . 3k-1 
Y ( _ 1)8%-1 e 
oa 1) cos —5 m log sin reel 
=n) 3k Ey: 
RO a oad or lee aie 
- a (—1)** cos 3 m log sin at 
2m—1 en pel eo ¢ Shoo 
ape log sin == = >> log ii deka 3 oa logsin—--—7. (36) 
ea ithe ee onet mae bees mas 
But >, logsing—=5 2, log sin 5-5 > log sin 5. (37) 
k=1 k=1 k=1 
Applying (37) to (36), we obtain 
3785" ee ORS a Ket 
a? » kr IS Lm 
S a ea log sin a 2 log sin ean (38) 
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We may write 


a7 3k = 2 Sh Ogee or . 3k—-1 
Sree 3 log sin Teen oe 3—m log sin— —= 
2n-1 
+ 2) cos eae sin oe 


3 2n-1 kr 1 2n-1 Ten 
OS yer ee —1)k ine 
5 Pa 1) log sin 5 2, (-1) log sin 5 
12 a oeael _ 3k 
5 2. )* log sin pet ears S (—1)* log sin an 
3 2n-1 kr 1 6n—1 kor 
= SP SING hesine ea = SS Kk log sin — 
3 24 (—1)* log sin ag re (-1)¥ log sin én 
n—1 2n—1 
kr 3 2 kr 
=3 au log sin — — = 3 D4 log sin — — S Y log sin ae 
MS fy kr 
3 4 og sin én’ 
To reduce (38) and (41) we first evaluate 
pn—1 
S3= SS log sin sae 
pat pr 
kn 4 - thet 
Now sin —=~¢. m(1-e™ ) 
pn 2 
rhe eee 2Qhnt 
and log sin “ =logi—log2-"* +log(1-e"). 
pn pn 
We then have 
wi rey. ee se 
S3=(pn—J) > — (pn —1) log 2-(pn—1) 5 + log II € -e™ |; 
k=1 
Qkri 
and since z2—e””" is a factor of 2?” —1, 
pn—1 2krt gen _ | 
therefore I @ -em ) ore | =pn 
k=1 @—1 jest 
and S3 = log (pn) — (pn — 1) log 2. 


Applying (44) to (41) gives 
S, = — dlog (6m) + 4(6m —1) log : + 3 log (2m) 
— 3(2m — 1) log 2 loge 5 
and S_= 4 log (6n) — 3(6n — 1) log 2 — log (3n) + (3n — 1) log 2 
— 2 log (2n) + 3(2n — 1) log2+3logn 


~3(n—1)log2=lo S75: 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 
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We then obtain 
< 4m n 
PAE t= =5v3+% § (los 5 — los 75) 
1 1 4 
=5 V3+glog—. (47) 


(i) We shall next find the value of the series obtained by deranging (34). 
Then, by (29), 


8m—1 


S=Fv2+3) Ss (-1)* * cos “log sin - 3 cos © log sin =|. (48) 


k=1 


To evaluate (48) we separate the first summation S, into groups of terms 
corresponding to k=4k’, 4k’ +1, 4h’+2, and 4h’ +3. Now, for k=4k'+2, the 
group is zero, and the sum of the remaining three groups is 


2m—1 2m—1 
. 4k+1 
mes (- I)Flog sin S™ — 4/2 2 | 1)* log sin = = 
eat . 4k+3 
+4/2 >) (- 1) logsin sat (49) 
&=0 


Denoting in (49) the summations in order by 8, S, and S,, we may write 


2m—1 


Ty log sin & +2 Ss log sin > (50) 
2m—1 P 
S=- >) log sin ##+1 5 4.9 Sea 22 (51) 
= om 5 te) 
= —83,1+S3,2 
at 4b43 . 8k+3 
S,=- PD log sin = +2 3 log sin— 7. (52) 
Now, by means of (44), (50) reduces to 
S,= —log (2m) + (2m —1) log 2 —2(m —1) log2+2log m 
=log m. (53) 
To reduce (51), we write 
2m—1 (5 (g-“E) wi S| Aas 
S31=log [] E Ces ee (¢ sag a iN (54) 
=o L2 
_ mi kei mas 
Now e 4m _¢@2™ is a factor of 22-1, whenw=e *”; 
therefore 
2m—1 ui) 2krt Y re _ at 
I ae (aid =(¢ a l=e ?-1 ae: (55) 
k=0 v 
—4 
and Re og 3, (56) 
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In a similar way 


pel (2 
Ss.o=log I [Ze & (c mo I, (57) 
as reo L2 
: l-—4m : : 

from which S32= Oe log 2+ log (/2 —1) is obtained. (58) 
Therefore S, = log (/2—-1), (59) 
and similarly S,=log (/2+1). (60) 

Applying (53), (59) and (60) to (49) gives 
S, =logm+./2 log (/2 +1). (61) 


Denoting the second summation in (48) by S,, then if in S, in (48) nis written 
in place of m, we have 
4n—1 


S,=—-S,+2 ay cos = log sin a (62) 
2n—1 kr 
= —-8,+2 a cos kr log g sins 
2n—-1 kr 
= -S, te ee (63) 
2n—1 
Now a) log sing on = 2 a log Age (64) 
which, by means of (44), reduces to 
Sg=logn. (65) 
Applying (65) and (61) to (63), we obtain 
S;=logn—./2 log (/2+1), (66) 
and finally S=F 2+ log 2 +4 /2log (/2+1). (67) 
If m=n, then PAG rary a =3v2 log (/2 + 1). (68) 


In a similar way the sum of the series obtained by deranging 


= 1 
Ss Yr aa as 
>, ( 4) 1+5k 


ie 79 (log +3 YSVIOFEIB +25 log? 5 20g 2). (69) 
4. While the series treated in this section do not come properly under the 
definition of deranged series, they are in a sense related to them. 


(i) To find the value of 


ciel : (70) 


Ae ct 
c= 1-754 Po veesO Sia 8 
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which may be written symbolically thus: 


cele fe 3 (71) 


=, ed 1+(-1)" 
10[* 5 ]+$ 


Medal), bee (— 1) 
nye oes me 


Let axe) Bee 
: Ss eyo MET] HED 2) 
2 2 
then S=S,|221 
as, l=a . 
pe ‘dx 1—g 0°? 
1 dz 1 dz 
hence S= -| ort | a0 le (73) 
1 dz 1 daz 1 dz 
Now [seta | 4 “4 er = 21, -3],. (74) 


To find J,, we denote in Ch. IX. (17) the terms in succession by 7, 7, 
and 7; then, by means of ou IX. (48), we obtain 


al 
[ tide ease 1) log 252? — 85x VI0 +28, (75) 
0 
sh +3 
 tede= =75(V5 +1) lo ee +qhg7V 10-25, (76) 
0 
1 
[ Psde= flog (1 —a)Joas. (77) 
Therefore 
1 
|e = ayVB log + ~ sty log 5 - 7 ( 3/10 + 2/5 +/10 —2,/5) 
; +4 log (1—2)]ee13; (78) 
and since (3/10 + 2./5 + /10 — 2./5)? = 20(5 + 2./5), 
1 dex Jos. we - ee 
| genta wv log 9 — gg log 5 — FH V5V5 +25 


+}log(1-2)Je-1. (79) 
This result can also be obtained directly from Ch. IX. (136). We then have 


|wa-- a cot = - flog 2+} log (1-2) Jen : 
bn Qa sis rg eT: 
+3 (cos = log sin 57085 log sin =) 
which gives (79). 
We also find 


1 
| sar Fo TO+AYS + Vlog "+ + 4 log 2 (80) 
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Then, by means of (79) and (80), we obtain from (74) 


[gon gm ~ qo 3 0 BYE + V5 +25) + ZovV5 log (V5 — 2) 
0 


— J, log5 — yy log 2+ zy log (1 - 2) ] 2-1. (81) 
But J10+42/54+V5+2/5=JV542/54+V5-2/54+JV54+2/5; 
and since (2/5 +2./5 +/5 —2./5)? =5 (5 + 2,/5), 
therefore 
| wats 5p V0 + 2V5 Hah LV/5 log (/5 — 2) — zy log 5 
— x1; log 2+ 75 log (1-2) a=. (82) 


This result could have been found directly from Ch. IX. (136). 


1 9 
Next | — 1 log 10 + yy log (# — 1)Je21 — zy log (-1) 
jo 


=,/, log 2+ 4) log 5 + 4 log (1 - x) ]z-1. (83) 
Applying (82) and (83) to (73), we obtain 
S=FV5 +25 - ay/5 log (V5 - 2) + log 5 + flog 2. (84) 


(ii) To find the value of 


Plato 1p 820) Se eo eal ee) 
oS eles - (36) 
n=01() “S |+ ae y 
Following the method in (i), we find 
~\aoet- [are (7) 
Now |, aa = zp log 2, (88) 


and by means of Ch. IX. (116), we obtain 


plate ~ cosec = 1 log cot l om 
ore = 56 = +5 (cos 10 og co or G 0g cot 5) 
= gy (V5 +1) + gy V10 +275 log (/5 +1475 +2,/5) 
+sV10 — 2./5 log (\/5-1+/5—2,/5). (89) 


Subtracting (88) from (89) gives (87). 


The advantage of the use of the formula Ch. IX. (116) is evident in the 
evaluation of integrals like the first in (87). 
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Replacing in 


10 1 #2 (V5-laetrd | ~(Y5+1)e+4 
D+1 o+1 @+h(fo-latl P-d(J5+ lor!’ 


(90) 


x by x, we have 


10.2 __ (A= Vd)at-4 = (1+ /B)at 44 
0+] w+ o+h(J5-letl wth 5+] esl 


(91) 


from which 


bet ae /10 -2./5 2+4 i —/10 2/524 4 
OO+] +l g244/10-2/5a4+1 a -4/10-2/524+1 


J10+2/5 2+4 ~/10+2/54+4 


92 
+h /10+2/5e4+1 2%-4/1042/541 So 


We then obtain 
| poy = J5V10 - 2/5 log u + py V10 + 2/5 log v 
+ y5(1+./5)9-gy(1—,/5) p+ % tanta, (93) 


_@+4J/10-2/50+1 - a2 +4/104+2/5a4+1 
a —4/10-2/5a+1’ a —-4/1042/50+1 


where 


% _, (1+./5)z a _, (1 -./5)e, 
6=tan "30 —a)’ p=tan 2(1 — 2)’ 


ath eae 
=1 


Bel 210g (V5—-14+./5 - 25) 


and since log u| 


44/10 +2,/5 
aed 


56 (/5 +1) + pyV10+2./5 log (/5+14+V5+2,/5) 
+ gyV'10 —2./5 log (/5-1+V5—2./5), 


=2log (/5+14+/5+2/5), 


and log v] =2 log 
_le=1 


1 
therefore | ae 


oo +1 


which is the same as (89). 


5. To find the value of the series obtained by retaining throughout 


(94) 


groups of p successive terms—beginning with the first term of the series—and 

omitting g successive terms after each of these groups. 
Denoting the series thus obtained by Sy,,, then 

Pp. ( = Lyeeres mt 


n(p+q)+m eo 
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We may write 


00 Pp (- 1) (p+q)+m—1 re 
Sa a Me ci 
sa peo n(p+q)+m . eek 
el 
m=1 r=1 
Bs (oe) (= 1)*eracmat pyle 
where Se oF me het qn (D+a)-+m, (97) 
AS ee < “\n(p+-q+m—1 ( 8 
Then Te ed : (98) 
If we let x= —7, we have 
AS in co) jf gil 
Un os gn (pt+a)+ ee Sa 
g—lde 
and S=| ary: (99) 
where the upper limit z= -1. 
DP (-1)™ x ym—1 da 
Therefore Spam >) Se oe ae (100) 


Now, by Ch. IX. (48), 


mle 1 mak 

1—r 
poeede te 25 SED ener 
ee ae eit 


l-—2xcos Ae 
n 


We ‘ 
k 2k 5 
es > cos [mm log (1 2ecos +2) 
nN E=1 nv i) 


+2 log (1— a) +S 4 (19 log (1+2). (101) 


We shall next evaluate (101) for = —1. 
Denoting the first and second summations in (101) in order by S, and S,, then 


nt 
$; | ye — — sin ee mm = =—- “81 ; (102) 
t=—1 k=) 
and S,'=(- 1)™-15 cot = when ” is even, (103) 


=(- 1)"-17 cosec = when v is odd. (104) 
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Therefore, whether » be even or odd and if m is not a multiple of n, 


m™ LG De gang on 
S| =(-) 7 | cot oe — (— 1)" tan | (105) 


. We also find 


Boks 


8: | =2 log 2 pS, ey pee >) cos ee log cos li (106) 
“=-1 k=1 n nN Nn 


k=1 
[> 


and since >) cos = = ${1+(-1)”], when 1 is even, (107) 
k=1 

= -}, when n is odd, (108) 

Ses ee SL (109) 


whether » be even or odd; hence 


[= 1 


82|, =2 5 cos “ma log cos = — 4 [2+(-1)™{1+(-1)"}]log2. (110) 
=-1 k=1 


Applying (105) and (110) to (101) gives 


—1lym-1 
| Z f=(- 1)" (oot $2 -(-1" tan on) 
5 n n 


ze” —) 
ak "2 | 


kr 1+(-1)" 


i) cos ~~ mm log cos + (—1)"-3 9 log 2 
pea eo ee NS ; 
+(-1)8 2 og al x)| 3 (111) 
and by means of (111) we obtain from (100) 
os ma rae ud 
Spe Tq >» (-1) (cot = -(-1) tan a) 
eal 
Pp _1)r D 
as ¥S, 008 ma log cos = + ** (= M" og 9  (=1)"-1 
m=1 k=1 2n ma 
1+(-1)" P =| 112 
er -log (1 40) 2 a Soouae (112) 


In reducing (112) we distinguish between the cases when n=p+q is even 
and when is odd. 


(i) Let n be even. 


ZL 1-2? 
Now N =log (1 +2) ya lee ai oes (l+ o)| 
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Hence, when p is even, 


1- 
oer = 113 
Ns eat *| e ( ) 
: 1+? 
; = 114 
and when p is odd N (uae log (1 - -2)| > (114) 
Therefore, when n is even, (95) is convergent when p is even. 
=a he 
Next S; (-1)j1= NS 5 1) 
Iaslee Bie eet en 115 
au 2n 2 Nee ore ta fi eo 
; 2 2k cras kr eae 
Since ce ama (2p + 1)— cose —~ — 3, (116) 
therefore 
“ kr 
» cs 008 ms log cos — 
m=1 k=1 Me 
n~2 n—2 


Pent. kr kr jor kr rs 
cor pan MC ea Merah el Sead ip MOE (117) 


Denoting by S, the second summation in the right-hand member of (117) and 
letting in it 5-k=%’, then 


a Pe Sy as 
SCE aca Ny. (118) 
n—2 
Now Se SMM, | -- » metS my (119) 
k=1 k=1 =? 
n—2 
hence >) log cos = 5S) log sin (120) 
= 5 log as, by Ch. IX, (146). (121) 


Applying (121) to (117) and the result, together with (113) and (115), to (112), 
writing p+q for n, gives 


p+q—2 
P 1 2 kr 

Seen AND ert tation eee sin (29 +1): 
Pd (p+ q) os | ) p+q a (2p es 


kr kr 1 pt+q 
Be alo Sevan ren mee S opta-i' 


(122) 
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(ii) Let n=p+q be odd. 
To find the value of 


D 
Sy=[.+(-1)"}log (1 +2) >) om ae in (112), (123) 
: = 1 
we write S,=(1 —2") log (1 — 2) Se (=aym | (124) 
m=1 t=1 
and since (1 — 2) log (1 - x) =(, 
t=1 
therefore S,=0. (125) 
Now, being odd, the upper limits of the summations in (117) are . - : : 
Letting a -k=k' in 
nl 
< ker 
=) ae 
Ss 24'8 cos, (126) 
sod 
2 . 2h+1 
we have a log sin 08 (127) 
—4(n—1)log2, by Ch. IX. (124). (128) 
Applying (125) and (128) to (112), we obtain 
2 =f 
pers —1)™=1¢9see 4 PFI Jog 2 
m= Fp+q) ge, ") p+q 2p+g) 
p+q-1 
ue > sin (2p + 1) ae cosec 7 log cos ; (129) 
P+ f= Pog Prq p+ 


6. If in (95) p is even and q is odd, or when pand gq are both odd, the signs of 
the terms of the series do not alternate throughout. If the signs of the terms 
are changed so that they alternate, then (95) changes to 


ea) Dp Ge Teeter mat 
Ea ot bee 130 
Dd 24! ) rs n(p+q) +m ( ) 

; Pl 
We may write Sxqg= >, 58m | , (131) 
mai! n= 
°.(-1) (—r)nera 
eee al, 
where Sm=(-1)™ a (p+q)+m (132) 
Then Aim _ (_]ym=1pm—1 3 (—1)"(-r)r ero ; (133) 
dr 


n=0 


266 OPERATIONS WITH SERIES 


: pe gm—-ldaxr 
and if we let = —7, Sn= — |, yeta_y’ (134) 
where the upper limit v= —1. 
PD (—1)m-1 (x gm—1dy 
Therefore Spz= = Fi i apne Th (135) 
Now, by Ch. IX. (47), 
lew 
— QE 2 S9h 1 4s. Weed 
cae ee 7 sin mr 
0 a+) nm on n 
ig ce? 
9 z Qk+1 ere 2k+1 2kh+1 
—=log2 cos mx —— S) cos mr log cos Sant 
k=0 k=0 
ED (I) og (1 +2)] (136) 
Qn 2 rail, @ 


[= 
ae] ge) ae ah 

sin mr 
2n n 


But 


£=0 
=(- Vict cosec =, when nis even, (137) 


T 


=(- Ley cot =, when » is odd, (138) 


3iffh m—17™ ie es, ' Was 
=(-1)e14 (cot Or +(-1)"tan s (139) 
whether » be even or odd, and if m is not a multiple of n. 
Then, by the methods given above, we find: 
(i) If p+ q is even, p and q must then both be odd, 
ce P mr p+q-1l 
Sp,q= — 1)™-1 cosec —— + log 2 
P24 ea p+q* 2(p+q) 8 
p+q-2 
1 c Qh+ +4 +1 
See os SN (2p + 1)m cosec log cos . (140 
DEG Ey Bp g ee Ta EG) pry” O89) 
(ii) If p+q is odd, p must be even and q odd, 
p 
= T wet felis rae 1 p+Yq 
S0- 249) Z| tO eg Bptg 8 Bre 
p+aq-3 
1 GS .. 2k+1 2h+1 2k+1 
+ — sin 2p + 1)7 cosec -——. x log cos sr. (141 
P+ t= Apr geet”) Tes ora 


7. To find the value of 


Tiel 
Sr=lootseg oe lse id = 16, 16 17 20a cos 
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Then, from (140), 


ss m—1 +t ay < yar 2k+1 
5,7=94 De 1) cosec yo (24 +1) 55 7 cOSe¢ —54— 


1 5 
log cos (2k-+1) 55-75 34 og cos (2k +1) — aq | Ate) 
Evaluating the summations in (143), we find 
5 

ei cosee WT == /3 + /24+2/6 -2; (144) 

and since sin (Qk +1) er =(- 1)* cos (2k +1) 57, 

the second summation in (143) becomes 
5 
—1)* cot (2k +1) — log cos (2h +1) =. (145) 
>) (— DFeot (2k +1) 37 log eos (2k + 1) 55 


Denoting by P.;,,, the eagT under the summation sign in (145), then 


> Prey Pas + y Peat (146) 


Letting 5—k+k’, the last summation in the second member of (146), we 
have 


5 2 
> Paa= _ ye ioe nL ie cog eT AR +) 


k=3 k=0 24 Patt 
Re eee ren GR (147) 
Seat )¥ tan (2k+ Joy og sin (2k + Jaq: 
Therefore 
5 
Fa 24 1)* cot (2k +1) 5 log cos (2k +1) 55 
2 
k 
- pave tan (2k +1) s7log sin (2k+1) 53 (148) 


= (/3 +/2)(/2 +1) log 2./2 +V 2+ /3 - (3 - /2) (2 — 1) log 2. f2-V2 4-73 
#3 £0) M(/2 = 1) log 1/2 +23 — (3-2) 2 + 1) log 2/24 /2=/3 
+(/2—1) log 2/2 —,/2 —(/2 +1) log3 V2+/2 (149) 
= (J/3 +4/2) V2 log + (V3 +/2) + log 3 (/2 + 1) (/6 - /2)] 

— (/3 —/2)L/2 log 4 (V3 —/2) + log 3 (V2 + 1)(/6 +./2)] 

+J2 log (/2 -1) -logi 2 (150) 
=2,/6 log (/3 +./2) + 2/3 log (/3 — 1) +. /2 log (/2 +1) 

—1(5+2,/3) log 2. (151) 
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5 
We also find >) log cos (2k + 1) x7 == 5 log? (152) 
E=0 
Applying (144), (151) and (152) to (148), we obtain 
2 1 
Ss, 1= 54 (2V6 +2423 -2) + 7p [2/6 log (/3 +2) 


+ 2./3 log (/3 —1) + /2 log (/2 +1) + (8 - Y3) log 2]. (153) 
8. Show that 


{1-(- a 


7 
tr} FT}] 0 


t 
2] y vv n+ 

6 Saat Lal-L Jj eat a a “2 055) 
=;( al) + af i-( (-yellf fbt2l- lll. (156) 

» no], [n+ n+ 
ay Sola GD Ce Dy ao 
=i Plas c-nEl. (158) 
[3] . 


w= yor FI hi-(- piel pes?)_4 1+(-nl ed] (159) 


» SEPHOSCEP ES) 
HCD CLV + C2Y CEES oo 


SCANS -[ “|-{ f-vlFle (yt sl}. (161) 


6 
(vi) See §l-a {en tree yPl[e)—1} 
panier ie sles! "|. (162) 


CHAPTER XV. 


THE NUMBERS OF BERNOULLI AND EULER. 
BERNOULLI’S FUNCTION. 


In this chapter expressions for the numbers of Bernoulli and Euler are 
derived. The results are believed to be simpler and the methods by which 
they have been obtained less laborious than those given heretofore.* 

The numbers of Bernoulli and Euler enter as coefficients in many expansions, 
especially in those of the trigonometrical functions. The expression for the 
Bernoulli and Euler numbers will be obtained from their definitions. We shall 
denote the nth Bernoulli number by B,, and the nth Euler number by £,,. 


1. (i) From the relation defining B,, 


2nI., 
B,= 370 (93 — I) , (1) 
2n—1 
where 7',_, is the coefficient of * D! in the expansion of tana, we have, 
from Ch. II, (16), (ent) 
B af 1)" n 2n—1 1 S(-1)* BY gan 9 
n=(— pn Oy OF Qu ( , (2) 


and from Ch. II (37), 
n—-1 k 
By=(-1) amo Dap) (ME (e earned. (3) 


-1 
92m (D2 J) 4 ome \ j; ) Co k-a 
(ii) The definition Baoan Vin» (4) 
sn 
where V,, is the coefficient of Gayl in the expansion of xcotz, gives 
— kl (k—-1)! um a an 2n “€ 
Ee a ys 1) ee a2" by Ch. X. (168), (5) 


and by Ch. II. (108) the form (2) is obtained. 


* An expression attributed to Laplace is given by Lacroix, T'raité des différences et des 
Séries, 1800, p. 106—and by the same author in Traité du Calcul Différentiel et du Calcul 
Intégral, second edition, vol. iii., 1819, p. 114.—Saalschiitz, Vorlesungen tiber die Bernoullischen 
Zahlen, 1893.—Eytelwein, Abhandlungen der Akademie der Wissenschaften zu Berlin, 1816- 
1817, Mathematische Klasse-—Scherk, Journal fiir Mathematik (J. f. M.), vol. 4, 1829, pp. 299- 
304.—Stern, J. f. MW. vol 26, 1843, pp. 88-90.—Schlomilch, J. f. M7. vol. 32, 1846, pp. 360- 
364.—Bauer, J. f. M. vol. 58, 1861, pp. 292-300.—Worpitzky, J. f. MM. vol. 94, 1883, 
pp. 203-232.—Kronecker, J. f. M. vol. 94, 1883, pp. 268-269.—Shovelton, Quarterly 
Journal of Mathematics (Q.J.M.), vol. 46, 1915, pp. 220-247.—Sheppard, Q.J.M. vol. 30, 
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(iii) From the definition ee We, (6) 
where W,, is the coefficient of ; in the expansion of « cosec a, and by means 
of Ch. II. (138) Gy 

Qn 2k) 1 2k 
Ey ae |g 9h ee NN Aye 2 
aaa hah uh (a) o 
is derived. 
(iv) The definition 
p-1 
(2, p) = aS nP-l= oP —LpgP-1 + > (-—1)"*- a Pp) B,ae-™ (8) 
n= I 


is given by Jacob Bernoulli, the originator of the Bernoulli numbers, in his Ars 
Conjectandi, p. 97, $ (x, p) is called “the Bernoulli function. Writing in Ch. V. 
(95), p—1 for p, x for n and multiplying the result by p, we have 


= 


S KP-lagP —1lpgP-1 + Se ko 
De, See > (3) eo, 9a 
2 (—1)é! (Qe = (9) 
Comparing (8) and (9), we obtain for B, the expression (2). 


gan 
. Euler’s numbers are defined as the coefficients of —— 9 in the expansion 
of sec x, or (2n)! nm)! 


SeCn — (10) 
We then have, from Ch. II. (55), 
; ES 
. 
nw (-1)* (2n4+1 k 
Bn=(—I" De (441 ) Oy gy ee / (il) 
from Ch. II. (69), 
n < 1 ra a k 2 

B,=(-I" 3) xe (“0 ((,) + 2a" (12) 


from Ch. II. (77), 
1 k 
E,=(- nya} aK72 08 ( (k+1) eae! te aan; (13) 
and from Ch. II. (86), 
Bee 2b ne 
B,=(- 1219) sa) 
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3. The coefficients of the expansion of 


y=tano+seca—tan(7+5) (15) 
4 2 
4 gent+l 
are equal to E,, for even powers of x and to 7,—the coefficient of Ona 
in the expansion of tan z—for odd powers of a. (nA) 
Now pee: where pe) 
u+1 
dy 5 .wn (= 1)? = 2(*) ick or et 
pen Et Da k! a, \a)” dam diFu+1 a) 
d”y _omngiwn < , eg 4 ] 
ane el, ia 24 24 ' » ( 7 (wt 1)**? Jeo me 


=>) = DS (-"(4) (ways | 


=0 


far eaag! k k+1 > 0, eae ll 
= /2i" > SEB Do (=1)°( 7) (cos4=# +isin ; r). (18) 
Now, if is even, 
den ed Te, ek Cy 
iat, = E,,=(-1) SEE i fares ai -1) (a) a2”, (19) 
and if n is odd, 


Mee fen) 2 al (x 1)e tan (20 
part 9 £=0 * ONS: 24 ae 4 a=1 te , 
4. We shall now express the sum of the reciprocals of the powers of the 


series of natural numbers in terms of the Bernoulli and Euler numbers. 


(i) By Ch. XI. (62) and (63), 


ed he evle 1 
EOS oe ar ae ig 2 (21) 


L nm nT x 
N27? 
7241 2k 
and mooie 1— >) ae Dy aie” . (22) 
= n= 


Letting Ss. = >) ae» (23) 
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(oo) 
then xcota=1— 2a zl : 5p Sant? ; (24) 
fA" 


and from the definition (4), 


xcot r= Hes Pe: Be oy (25) 
Comparing (24) and (25) gives 
Q2k-1p2k 
Sox aaa B,, (26) 
and from (5) we have 
Q2k—1p2k EF gt (q—1)! 
Bel) Soni os Gaetl | (-1°( 79) A. (27) 
Other expressions for S,, are obtained from (2), (3) and (7). 
5. To find So, = > (-1)” se (28) 
- ; Qar-1 _ | 
Now Sox = Sox — ithe =—ppea1 Sexes (29) 


and applying to (29) the expressions for Sy, we obtain corresponding expressions 
for So,. 
Values for S3, can also be derived as follows: 


From Ch. XI. (84) and (85), 


2 —1)\n-1 or) aT, 
cosee e=— + 5) | 1) 1 Bol Lg 1 
T= ULES BL rer Ue © 
a ee 
nT nr 
x 1 2 ( - 1p 2a £2 zk 
ae as Qn! (30) 
ao [ee) — =]; 
and a cosee r=1+2 5) a >) ( ae 2k 
h=1"  n=1 n 
=1425) 7 Sop 0% (31) 


But, from the definition (6), 
x cosec e=1+ we, (11) Boe 
Comparing (31) and (32), we have 


2 oe Be. (33) 
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We then obtain 


: Q2kp2k k 4 79 tS 2 
Sae=(-D" apr Dy g(a gaat (lang) 


from (7), and other expressions from (2), (3) and (5). 


6. We shall next find the value of 


as 35 
Un= >) oe (35) 
Now, from Ch. XI. ne and (52), 
< 1 = 2 1 
sige oy erie I) jo 24 Gn-De |_e ce 
(2n —1)m (2n—1) 
Bh erin 1 2k—-1 
22 pak 2, (Qn — 1)” 
Deke ee 
“SES @ 
But, from the definition (1), 
© 92k (92K 2k—1 
tan 7 = pa) a — “YR Boer (38) 
Comparing (37) and (38), we have 
__ (2% — 1) n% 


and applying to (39) the values obtained for B, gives corresponding values 
for U4,. 


27k — J 
Also, from (26), Ux = —oa9— Sox (40) 
Beat & 41 
™ ek ak + O2k- ( ) 
& (=i 
7. To find the value of Vors1 a nS Qn — 1th (42) 
n=l 
Now, from Ch. XI. (78) and (79), we have 
a) Dy) 1 2 2 1 
eae ae -1 — eis n-l1 
pea > | De oan Qa 2, | aun 20) ree 
(2n —1) (2n —1)r 
2k+2Z _0 (-1)"-1 : 43 
= 2 pe (Qn — 1)eFi” (43) 
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zoe 
and we obtain 
/ mete] = 2a 
O on = Ty 2a, ae ; pant UC, a) B, 
from (14), and other forms of we from (11), (12) and (13). 
8. To find the value of S= 3) I cot? ma ret 


Now, by Ch. XII. (272), S= 


1 1 
then when pis even, S= > Qua)? -> , Onl) -1 
_ (22? = 1) 0” 
[2a sae ie 
and when » is odd, 
— nee 2 (2st 1 
S= 2 Gna ea mA <4 (2n—1)??-1 
2p-1 
a een ene 
2?7-2(2.p — 1)! 
If in (49) we let p=1, then from (50), 
ke 
re 2» i cot I= ries! 


=1 k=1 
which is the same as Ch. XII. (272). 


9. RELATIONS INVOLVING THE NUMBERS OF BERNOULLI AND EULER. 


(44) 


(45) 


(46) 


(47) 


Stern,* Glaisher,t Worpitzky,{ Sheppard,$ and others have established 
recurring formulae for the Bernoulli and Euler numbers. But these results have, 
as a rule, been derived by the use of some artifice. The following methods 


enable us to obtain such relations in a more direct manner. 


gekt1 
Let tan a= ay —— —— @kr! 
g2k 
and sec r= Ex aim 
>, Be ay 
fe Q2k+1 
where T, = (2* PV) To Bett: 


Po=1, T,=2; T,=16, T,=272, ete. 
E,=1, £,=1, E,=5, E£,=61, etc. 


* J. f. M., vol. 26, p. 88. + In numerous articles in the Q.J.M. 


+ J. f. M., vol. 94, p. 208. § Q.J.M, vol. 30, p. 18. 


(51) 


(52) 


(53) 
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(i) We shall first derive the relation 
2n-1 
SCHR) hae (54) 


which was obtained by Stern and is reproduced by Saalschiitz.* 
2 gent. 


d 
Now, from (52), oF ae hee ORES: (55) 
Multiplying (51) and (52), we have 
f R 2 g2ntl < 
sec x tan = » any pan "Qne)! (56) 


Letting in ris n+k=n’, then 


gent S( +1 


5, ae ) BaD anes by Ch. I. (68). (57) 


Equating (55) and (57), we obtain 


Writing n—1 for n gives the relation (54). 
(ii) From secr=1+tanztaniz (58) 


we will obtain a relation due to Scherk. 
Applying (51) and sc to (58), we have 


q2kt+1 © gant 


> eg (2n)! > =14+>) T;, mT ee ” (In +1)! (59) 


gan +2 gent2 n In+2 
gy D3) Pcie (2n+2)! 145) oat (2n +2) rey aye (on 1) Te Pa lls 


Equating in (60) the coefficients of equal powers of #, and writing n—-1 
for n, gives 


1 
= gn-1 > (61) 
Sore s- St ox ee jee ae (62) 
tao 


* Vorlesungen iiber die Bernoullischen Zahlen, 1893, p. 27. The relation is derived by means 
of the following expansions : 


x? a4 xe 
log (By + Bi 5;+ Bat )= ea a ae 
sin x OD SS OKI Bo) ea 
lem ts RORY The 3 Bagi t 


2(2-1) p x 23(24—1) ,, xf 25(28-1) a 
l oh 247 3 1a 


and log cos “= — 
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If n is odd, 
n—8 
2 Qn * on 
= 2k es 
Sou (2 ; 
ea a Cee ee ke) 
p= 
2 


Letting in the second summation in (63) n—~1—k=Kk’, it becomes 
es 


panes 1 =e a JE Tiree 


fh, Q2k\ Ob +1 
Therefore 
Lisa 
lps Qk+1 (Q2n—Ak—2 2n il TT 
En= 24? (2 ieee Ly ee x (= *) at 1 ie (64) 


If n is even, the expression obtained differs from (64) in that the upper 
limit of kis “5 
Therefore, whether » be even or odd, 


2 é eee : 
and that the term outside the summation is wanting. 


n—2 


2 Pay (eee n 
By= 5m Dy BAM) (op) Pele t pe Pat Pana * (6) 


2 2 


(iii) Similar to the above many relations involving 7',, B, and H,, may be 
obtained. 


From sec xcosv=1, 
< Qn : 
we have Dae ae 1) Ee=0, iin>0, #,=1. (66) 


cos atanx=sin gx 


: ZL Qn+1 
_1)\k eh 
gives Pa! Sse 1; (67) 
from sec vsinx=tan ae 
n 
we find P= (-19 3 (-1E( EB, (68) 
£=0 
B ye n ae p(2n-1 
and aaNet ee (69) 
and from sin @ tan ©=sec x —cos x 


* Saalschiitz, bid. p. 29. 
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we derive De ie Dee oe Ch )e, (70) 
n—-1 2k+1(92k+2 _ Buss n 
and 1) S(- 1k ees )2 (ge —1) PHA 4 (1), (71) 


10. We shall now find relations involving the coefficients of the expansions 
of cot x and cosec a. 


1 @&., get 
Let hee Ne Qk+1)! (72) 
Se ep ee 
and gas prs Oi W,. @k+1)? (73) 
; Q2k+1 : 9 ay 1 
where V;, = ay ERS Dray and W,, =—By 7 Bat: (74) 
(i) By means of (73), we have 
sin t —— , eektl 2 2 antl 
sin x cosec ¢ = ——— es Geary ey) @nthr (75) 
Letting n+k=n’, then et becomes 
: o ea) g2kt1 @ g2nt+2 
sin eosene—= >) {— 1)" pay a hs W;, Te ire arr 


Se (2n + 3)! pas 1 Ga payi ey) 


and since sin z cosec x= 1, therefore 


2 2n+2 1 
Bear a : 
2 4) (ea) 2n+3 (77) 
(ii) From sin cot = cos £ we obtain 
<I 2n+2 , 1 
= TF Pi ae 
&,' ) ei)” mentee” (78) 
Comparing (77) and (78) gives 
. 2n +2 ee 
> (-1(5p 1) Fe — Ve) =1 (79) 
=0 
n In +2 D2k+2 _ | 
DY ff xe TINE bee a 
pnd ea) Ging 0 aha ae (80) 


(iii) From 1+ cos 27=sin 2x cot x we derive 
an +2 _ _ 2(2n+1) 
phe oe (era) 7 - In+ 3 We 


n 
n 
(= eae _2n+1 
— 2) k+l ob 41) Be Fee" (82) 
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11. NUMBERS RELATED TO EULER’S NUMBERS. 
Glaisher* has by induction and comparison obtained the expansions 


reine Sh 9 
and i@= dons = a Qn one? (84) 
Sie In dH(- FG 1) aE (85) 
Pe ae oe 2 ‘E,,, (86) 


but no formula for #; is given. 
We shall consider here the more general es 


Cos? a,x 
tee COS? gx ->)P ae Gay’ eu) 
sin?a,x gent 
and ola) = Be = S) Onna? (88) 
rez 
and derive 
p—1 
FEEL ant al, 


_ sc (fr (89) 


Ds | 
Ee pa 4, emery (ay Se ; ?) 
Grimm (=U Gear D-H PYG) @ 
(p—2y)"-***?H yx, (90) 
gen 
where Hp; is the coefficient of (Qn)! in the expansion of sec?x. The number 


n)! 


Ep,x is called the Euler number of order p. 
By Ch. IV. (96), 


2k a 
Byxm(-1* (PE) any (P(g) +28) (91) 


a=0 


and 


If p=1, a=1 and b=2, (89) and (90) reduce to Glaisher’s expressions. 
To derive (89) we multiply 


p 
cos? a,x2= op) 2 (- Ifa? ah a iG \ (p — 2y)* (92) 
=0 y=0 
co) p2n 
by sec?agr = >) a,” Z Zo, n (93) 
Rex (2n)! 


*Q.J.M., vol. 29, pp. 59-69 and vol. 45, pp. 187-222. 


NUMBERS OF BERNOULLI AND EULER 279 
giving 


1 2 qontek 
Fa) =55 Dy (~ DRS) a Ten) )(@-2y)"*Bpn. (94) 


1 ee) 2n D 
F(z) =< SY (-1)*a,* 2(n—k) a a 
oo) ee Pe Qn Ai ani cy y 
(p—2y)"*Ep,n-z (95) 
ao n 2 D 
apa I)tay*(5 ast DS Gla say) 


Ey, n—z, by Ch. I. (68), (96) 
and letting n-k=k’, we obtain 


F,(2) al = Irae 5) ( a IG cae 2G) 


, (p= yen Hy. (97) 
Now, whether p be even or odd, 


>) (7)@-2)*=2 S (?)p-20% 


y= 
Dp 
Sls 
d =) )- 
an Pas @ 


when p is even and k=0; therefore 
p—1 
ak ke ] 


Py n=(—1)" Fr) (- (52) (2) dy (2) tp- 27) Bn 


y=0 


fee P ) 2 
re p+1 4 a ia pas (98) 
ue Hl 


in the expansion of 


The coefficient of Gn I 


cos?a, © 
COS? yx 


is of the same form as (98), except that in L,,, and H,,,, q appears in place of n. 
The expression for Q,,,, is obtained by multiplying 


kewl 
2k-+-—p : 
Na" Boy 24 (- r) ates 


i a,” 

sin?a,¢ = st Dy > (- es 

by the expansion of sec? a,x and following the method by which P,,,, was obtained. 
12. (i) We shall next oe the Bernoulli number—defined as the coefficient 


of am: in the expansion of 5 9 cot 5—in form of a determinant. 
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For that purpose we first expand 
oe en 


in powers of «. 
Taking the (2n+1)st and then the (2n+2)nd derivative of 


x 


(e* —1) f(x) . (e* +1), 
Bee nd q2n+1— ny 
we obtain a ( k ) zt) ae * (e -l)=Ze +3 (2n+ le 
re /2inc QN Td” q2n+2-k z 
and aa, ( k ) Int) rane 7 (e- Ne +4(2n+2)e* 


Now, since f(x) is an even function, we may write 


i) gan 
I (2) a Dy Von (2n) ? 
i q2n 
where Von = aan fe)| , 


From (100) and (101) we obtain 


£ ran 
Uy =N+4, V=1, 
ma Qh: 2k 2 0 


e Ge 
<j \ 2k 


) =n+1. 
Subtracting (103) from (104) gives 


Sli OE eR = Cell 


Gate 2n+1 _ (an+1 
2k ( 2k yee 


and 


and since 


therefore 


Solving the system of equations resulting from (106), we obtain 


2n—1 
1 ( ; 

= 
ania 0) 
1 0 


) ( 


aia) 
4 


2n—1 
2n —2 


) 


i ee ry 


oO 


Serer ewinlen EC) 
mi 


( 


(99) 


(100) 


(101) 


(102) 


(103) 


(104) 


(105) 


(106) 


ue 
2n 


ee 


(10' 
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The determinant of the denominator reduces to 


2n+1\ /2n-1 5\ /3\_(2n+1)! 
i )( 2 )@) G)-S =. m*) 
If now in the determinant of the numerator (2n+3-2a)! be removed from 
1 


the ath row, a=1, 2, 3, ..., n, and (Qn 41-26)! from the Bth column, except 
the first, 8 =2, 3, 4, ..., n, the determinant becomes 


l eu 1 
(Q2n+1)! 4! 6! “  (2n)! 
seal tins ap = sl 
(2n+1)!(2n-1)!... 513! (yay 2a aes (72), 
lat | fc 
(2n—3)! (Qn=5)t... 3111 1 Rhein mes oe (109) 
(2n—3)! 2! (Qn — 4)! 
: 1 
Bias eee zn 
Therefore 
1 i fh 1 il 
41 6! 8! (2n)!  (2n+1)! 
ee de 1 1 
2! 41 6! (2n—2)! (n—1)! 
ee ee 1 1 (110) 
21 4! °* (2n-4)! (Qn—3)! 
1 1 
YO - 5; 


Denoting the determinant in (110) by 4, (A, not being defined), we have 


gett 1 22 Gea Te 
ae a (ie, (111) 


n=1 


Substituting in (111) 220 for a gives 


asia Te i = 3n—2 / Uae 
er mere =Ocot 0= I~ 312 RAL (112) 
1 2) aaa 1 
therefore cot O= 5 — oe 2-2 A mE (113) 


and by the definition (4) B,, =(2% —1)!2*-1A,, . (114) 
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(ii) By means of tan 6 =cot 6 —2 cot 28, 


ca §2n-1 
tan 0= >) 28"-2 (22n 1) A, , 


n=1 n 


we find 


which gives for B,, the same form as (114). 


(iii) By the use of cosec 6 = cot +6 — cot 6 


G2n 


: 1 < 
we derive cosec = 5 + eect g (ota iA oa 


n=1 


and obtain for 5, again the expression (114). 


13. To represent Euler’s number as a determinant. 


co 2k 

= Bay \eae eee 

Let sec x 2 ( 1)” toy, CINE 
then from sec xcosz=1 


we obtain a Uo. =0, n>O0, u=l, 


or 


n 
Le a) 

ap | pee ll, Si 2 BS) noon We 
> (a 2k 


Solving the system of equations resulting from (119), we find 
ae a a 2n ) 
( 2 ( - a (on 0; 
2n—-2 2n-2 
eer oh 1G! 


U2n = 


ee ec i ed 


Removing in (120) (2n-2a+2)! from the ath row and 
the Sth column, we have 


1 et: 1 
(2n)! Q) 41 (2n —2)! 

1 1 1 1 
(2n —2)! 2! (2n — 4)! 

Usn = — (2n)! Breath a i 1 
(2n — 4)! ““~ (Qn— 6)! 

1 
a1 ORO 1 


1 
(2n —26 -2)! 


(115) 


(116) 


(117) 


(118) 


(119) 


(120) 


from 


(121) 
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or 
ali) 1 
214) 6! (2n-2)! (Qn)! 
ls a age 
2! 4! (2n-—4)! (2n—-2)! 
Uan = (—1)"(2n)! eee 1 1 
2! (2n—6)! (2n—4)! 
1 
OF 0.0 1 om 
Denoting this determinant by A,,’, then 
U2n = ( >= id) (2n) ! hye 
and since E,, =(—1)* ten, 
we have Ee =(—1)"(2n)!4,,, 
We also find cosec naa + > a es 
n=0 
where 1 1 1 il 1 
Siete (Q2n-1)! (2n+1)! 
ee 
EY 3161 (2n-—3)! (2n-1)! 
Seen alr 1 alee 
pees (2n—5)! (2n—3)! 
iL 1 
6 tea Ti 31 
and by definition (6) we obtain 
(2n)! A” 


Ba =9(gam-1 1) nn? 
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(122) 


(123) 


(124) 


(125) 


(126) 


(127) 


APPENDIX. 


1. WE shall give here expansions of a few expressions similar to Ch. I. (157) 
and (166), but of a more general type. 


(i) To find the expansion in powers of « of 
y = (3 — 40° + Tx}8)?, (1) 


where p is any real number. 
Expanding (1) by the Binomial Theorem, we have 


Sor OesomOOe — @ 
Letting 5k+18a=n, (3) 


we shall solve (3) for positive integral values of k and a. To this end we first 
find the smallest value a) of a and the corresponding value ky of k, satisfying 


bk+13a=1. (4) 


Now dp is the solution of 13a=1(mod 5). 

It is evident that the absolute value of a is the denominator of the next to 
the last convergent of the continued fraction in which 32 (the quotient between 
the coefficient of a and the coefficient of k) is converted, and the absolute value 
ky is the numerator of this convergent. We find ky= —5 and a)=2, and 


k= -—5Bnt 13] =| —13y, 


a= 2n- (e+ Dy. 


Now, since k& and a are both positive and ka, it follows that 


y=0 and r=([F|-zh 


where if f is a proper fraction [ —f] is defined as zero. 


Therefore ae 
Qi 3? SS ( = 1)"a” Lees oe [ 5 13% a [ +5 
ee) f=0 


Srna is 5 | Cai 
Qn 


p 
aa an | . (6) 
De 5 |+ bk ( os | wt) 
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For example, 


((a!9))(8 — 4a + Taye 27(3) (4 )(5) =144: 


cepeantasronen—(§OG)(3,)-0 


((2%9))(3 - 45 + 1238) = — 34 (2 3) a; \(e\=F v3. 


(ii) To expand in powers of z, 


y= (1 + 08)?*(1 + 08)”, (7) 
where p, and p, are any real numbers. 
Then SSE SEE 2 (8) 
ab \ & a=o \@ 


Letting 8k +3a=n, and following the method in (i), we find 
pa -n+3[ 3 |-3y 
a= 3n-8| = |+87, 


. (8 P 
and Teh a4 i - ss) (on-6{$#] +08) 2) 


Denoting in (10) the product of the binomial coefficients by Pn,z, we have 


3n 
(1 - x8)\P1(1 ae 3)P2 = (<< yl] (F ak I) 


2s 2 


(9) 


—1)*Py, x. (11) 
Show that 


then ASF _ ayes 


2, pe 


One ae Qn + fs] . Ale of Fs i a) (12) 


(iii) To expand in powers of zg, 


(5- — 3x4)1/3(9 — 2x7) 1/5 = 518915 5% 


y=(1+4™)? log (1 +22). (13) 
ao p «a eee 

Th s ( jen haath (14) 
ee y 2s k p> a+l 


Letting mk+qa=n, we find 


ae nik + | “a Mao | a; 


(15) 
a =Ndy-m nao] + my 
0 ii ) 
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where a, is the smallest value of a and ky the corresponding value of & 


eomehe mk-+qa=1. (16) 
We then obtain rr a 
on Sc je ales 2 evap (17) 
‘a f= 
where Ny =Nay — M EI + mk +1, 
(18) 
and Ng =Nky + a| “| - 
(iv) Show that ae 
2 pele stl ay 
(a) tan-1a° log (1+ 25) = Ea eos > TMy (19) 
nao i=0 
where m= 4n- 10[ | 104 +1, 
(20) 
Bae he ~in¢18 18 | +18k-+1. 


If n, and nz either or both are negative, the corresponding term is zero. 


ols] ae 


(b) tan-ta? log (1 + 28) =a* $7 (—1)"28 > aa 1 n—Sko 1 en) 


n=0 
CPT —yp 
(c) tan-1z? log (1 + a) = at (1) 0 90 iS (22) 


i=0 MN 


where N= 22n-6 Ee —6k+1, 

an (23) 
and Ng = —3n+10 Fal +10k+1. 

™m_[13i 
oe) 2n eT eli il 
in-l yt -1y7 — ese aa) 35 ———s 
(d) sina? tang? = Pus 1)" a Ps sa( ii ee (24) 

where m= 14n-30 Eae 30k +1, 

ase, (25) 
and ny= ~ 26n-+56| 3 + 56k+1. 


2. Show that 


[2] 


: 3 tenet ; nt nx 
(i) (3p) sin k= 2" | cos 7sin7y + (—1)*sin® fin (S +), 
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+ ~ L ne nT ne 
(ii) >») (5;,) £08 ka = 2" 1] cost Foos + (~1)" sin” Tos (“7 9 +), 
ew 


(i) ea ,)sin (2k +1)a 
=2+1[ ow sin? (prune Zen(e-+2)7] 
n—1 
. [% n 
(iv) 2, (op 1 )008 (2h + 1) 
=0 
=2"-1] eos" 5 cos" —(—1)"sin™ S008 (x +2) 5 | 
[Ss] 
(v) a en 1 )sin ke 
—9"-1| cost sin (n—-2)~—(—1)"sin"” sin! PS: 
Se | cos q sin (n 2)5 (-1) sin” 7 sin 7 (2nm +n 2)|, 
n—1 
[te] 
(vi)=>5 (cop's 1 eos ke 


k=0 


2 [ eos" F208 (n 2) 5 (-1)"sin 4 008 4 (2nm +n 24), 


(vil) S (-1)* cf sin ka 
=2r-1 | eos" = 
(viii) Son (- U( op 1) 0° ka 


+0 THE me ed —- 
= 2-1 | cos —— COs n+(-—1)"sin” 7 08] (Qnr+m7+a v) | 


+E. T+ 
sin 


ig hte 
zi q n+(—1)*sin® 7c ‘sing Qnn+ a +a) | 


4 4 


eee 
; 7 tae ae 
(ix) pa; (-1) ee ee a 


= ana] (— 1) sin =F" COS> i (8ne +2 2 x) — cos” TF 0085 (nw +n 20) | 


(x) yas (-1)* cn 1) 008 ka 


=9n-1 |( —1)"-1 sin" = ; ® sin (3m +n-—22%)+ cost + 


“sin F(a +n—2 2) |. 
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